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ABOUT THIS BOOK

This book is written for students following the Pearson Edexcel International GCSE (9-1) Further Pure Maths
specification and covers both years of the course. The specification and sample assessment materials
for Further Pure Maths can be found on the Pearson Qualifications website.

In each chapter, there are concise explanations and worked examples, plus numerous exercises that
will help you build up confidence.

There are also exam practice questions and a chapter summary to help with exam preparation.
Answers to all exercises are included at the back of the book as well as a glossary of Maths-specific
terminology.

THE QUADRATIC FUNCTION CHAPTER 2 ) i

Points of Interest
put the maths you it Wit led a parabola.
are about to learmn i a visual realisation of the
in a real-world <adratic function i k
context. formu.4, scientists can calculat
of a dolphin's jump (on the 1-a
e iravelled (on the
scientific a
dolphins jump. Some scientists believe
o "
e it i to help them find food, and
g they do it just for fun
& parabola is a beautiful and elegant
shape, commaonly 5&en in nabwre, It s also
SeEn in many man-magde structures such as
il buiddings.
Learning Objectives

show what you
will learn in each
chapter.

STARTER ACTIVITIES

1 » Faclorse
a 8r®+ 8x b 24 + Bh & Bgm? - 2Tm
d Sxy® + 3627y v 2dx - Bdx®
2 » Factorise
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d 2+ 15+ 36 @ r¥402r 4+ 27
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- § All the parts in question 3 are .
#==9 bR examples of the difference of two you tips and

& 9x* - 18 d 25¢ - 18 SGUANeS. remindars.
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Examples provide a clear, Language is graded for speakers of English Key Points boxes summarise
instructional framework. as an additional language (EAL), with the essentials.

The blue highlighted text a[dvancad Matf'ts—s-peci!i; terminology

gives further explanation of highlighted and defined in the glossary at

the method. the back of the book.
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ASSESSMENT OVERVIEW

The following tables give an overview of the assessment for the Edexcel International GCSE in Further Pure
Mathematics.

We recommend that you study this information closely to help ensure that you are fully prepared for this course and
know exactly what to expect in the assessment.

Written examination paper 2 hours January and June
Paper code 4PM1/0NC examination series
Externally set and assessed by Edexcel First assessment June 2019

Written examination paper 2 hours January and June
Paper code 4PM1/02 examination series

Externally set and assessed by Edexcel ak SascRaTIa wINE NS

CONTENT SUMMARY

* Number
* Algebra and calculus
* Geometry and calculus

ASSESSMENT

* Each paper will consist of around 11 questions with varying mark allocations per guestions, which will be stated on
the paper

* Each paper will contain questions from any part of the specification content, and the solution of any questions may
require knowledge of more than one section of the specification content

* A formulae sheet will be included in the written examinations

* A calculator may be used in the examinations

ASSESSMENT OBJECTIVES AND WEIGHTINGS

ASSESSMENT OBJECTIVE % IN INTERNATIONAL GCSE

Demonstrate a confident knowledge of the technigues of pure
AO1 mathematics required in the specification 90%-40%

AD2 Apply a knowledge of mathematics to the solutions of problems 20%-30%
for which an immediate method of solution is not available and
which may involve knowledge of more than one topic in the
specification

AD3 Write clear and accurate mathematical solutions 35%—-50%



ASSESSMENT OVERVIEW

RELATIONSHIP OF ASSESSMENT OBJECTIVES TO UNITS

UNIT NUMBER ASSESSMENT OBJECTIVE

AO1T AQZ AD3

Paper 1 15%-20% 10%-15% 17.6%-25%
Paper 2 15%-20% 10%-15% 17.6%-26%
Total for International GCSE  30%-40% 20%-30% 35%-50%

ASSESSMENT SUMMARY

The Edexcel International GCSE in Further Pure Mathematics requires students to
demonstrate application and understanding of the following topics.

Number
* Use numerical skills in a purely mathematical way and in real-life situations.

Algebra and calculus

* Use algebra and calculus to set up and solve problems.

* Develop competence and confidence when manipulating mathematical expressions.
* (Construct and use graphs in a range of situations.

Geometry and trigonometry

* Understand the properties of shapes, angles and transformations.
* Use vectors and rates of change to model situations.

¢ Use coordinate geometry.

¢ Use trigonometry.

Students will be expected to have a thorough knowledge of the content common to the
Pearson Edexcel International GCSE in Mathematics (Specification A) (Higher Tier) or
Pearson Edexcel International GCSE in Mathematics (Specification B).

Questions may be set which assumes knowledge of some topics covered in these specifications, however knowledge
of statistics and matrices will not be required.

Students will be expected to carry out arithmetic and algebraic manipulation, such as being able to change the subject
of a formula and evaluate numerically the value of any variable in a formula, given the values of the other variables.
The use and notation of set theary will be adopted where appropriate.

CALCULATORS

Students will be expected to have access to a suitable electronic calculator for all examination papers. The electronic
calculator should have these functions as a minimum:
+, =, %X, =, @2V, %, x', Inx, e, sine, cosine and tangent and their inverses in degrees and decimals of a degree or
radians.
Prohibitions
Calculators with any of the following facilities are prohibited in all examinations:

databanks

retrieval of text or formulae

QWERTY keyboards

built-in symbolic algebra manipulations

symbolic differentiation or integration.
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FORMULAE SHEET

These formulae will be provided for you during the examination.

MENSURATION

Surface area of sphere = 4#r°
Curved surface area of cone = #r X slant height

Volume of sphere = gm"'

SERIES

Arithmetic series
Sumton terms S, = g[ﬂa + (n — 1)d]

Geometric series
Sumton terms, § = a{‘l——r"}
g 1-r
Sum to infinity, 5_ = - 4 - I <1
Binomial series
(1+2)"=1+nx+ HIHEI— Depy o BE= 1]..;?! ) IO forjej <1,ne
CALCULUS
Quotient rule (differentiation)
d ( @) _ flajglx) — flx)g'(x)
dxlg(x) [glx))*
TRIGONOMETRY
Cosine rule

In triangle ABC: @® = 0 + ¢ — 2bccos A

tan @ = M
cos d
sinfA + B) = sinAcos B + cosAsin# sin(4 — B) = sindcosB — cosAsink
cos(A + B) =cosAcoshB - sinAsinB cos(d — B) = cosAcosB + sinAdsing
_ tanA + tanB _m . tand —tanB
b M D e e ey B =) = enAtnD
log, x
log, x = %

log, a
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FORMULAE TO KNOW

The following are formulae that you are expected to know and remember during the examination.
These formulae will not be provided for you. Note that this list is not exhaustive.

LOGARITHMIC FUNCTIONS AND INDICES

log xy = log x + log_ y
Ingn!% =log x — log ¥y
log_x* = klog x

|Og=% = —log_ x

log, a =1

log,1=20

log b = 00, @

QUADRATIC EQUATIONS

ax? + bx + ¢ = 0 has roots given by x = i £ g}; — ¢

=1

When theroots of ax®* + bx + e =0 areawand Bthen a + B = -%and aff =
and the equation can be written 2 — (o + Blx + af =0

SERIES

Arithmetic series: nthterm =/=a + (n — 1)d
Geometric series: nth term =ar™'

COORDINATE GEOMETRY

=k
The gradient of the line joining two points (x,, ,) and (x,, 1) is -

L=

The distance d between two points (x,, v ) and (x,, y,) is given by
a*=(z, —x,F +(y, — 4.\
The coordinates of the point dividing the line joining (x,, y,) and (x,, ¥,) in the ratio m:n are
[nx1 —mx, ny, — myz)
m+n ' m+n




. bl FORMULAE

CALCULUS
Differentiation: function derivative
- nx"!
sinax 1 COS X
cosax —asinax
e:u: ﬂeﬂl’
flx)g(x) f'(x) glx) + flx)g'(x)
flalx)) flolx))g'x
Integration: function derivative
x A _ it ne—1
n+1
sinax —%GGSM +¢
Cosax 1Esin.-:x.'x: + ¢
175 J l ny
=] 7 + ¢

AREA AND VOLUME

b
Area between a curve and the x-axis = ! ydx, y =0

jydx,ya‘l]

o
Area between a curve and the y-axis = [xdy, x =0

JF xdyl, x <0
Area between g(x) and f(x) = f lglx) — flx)|da

Volume of revolution = f 7y dx or jd mxtdy

TRIGONOMETRY

Radian measure; length of arc = ré
area of sector =%r2 i}

i b ¢

. I ": = =
In a triangle ABC sind  sinB  sinC

cosZfl + sin?f=1

area of a triangle =-12-a,b sin(’









SURDS AND LOGARITHMIC FUNCTIONS CHAPTER 1 = .

1 SURDS AND LOGARITHMIC FUNCTIONS

The Richter scale, which describes the energy
released by an earthquake, uses the base 10 logarithm
as its unit. An earthquake of magnitude 9 is 10 times
as powerful as one of magnitude 8, and 100000 times
as powerful as one of magnitude 4.

The devastating 2004 earthquake in the Indian Ocean
had a magnitude of 9. Thankfully, such events are
rare. The most common earthquakes, which occur
over 100 000 times a year, are magnitude 2 to 3, so
humans can hardly feel them.

LEARNING OBJECTIVES
* Write a number exactly using surds Use graphs of functions to solve equations
Rationalise the denominator of a surd Rewrite expressions including powers using logarithms

gie ; instead
Be familiar with the functions «+ and log, x and .
recognise the shapes of their graphs Understand and use the laws of logarithms

Be familiar with functions including e* and similar Change the base of a logarithm
terms, and use them in graphs Solve equations of the form a* = b

STARTER ACTIVITIES
1 » Simplify
a ¥y xys b 2¢° x 4¢* ¢ 3k K37 <3k
d {xz}d e [ﬂ_-ﬂ-}ﬂ 2 aﬂ f E4x¢y5 = 4_1-92
2 » Simplify
a (m¥: b 3p: x p? ¢ 28¢i+ 7ei
d 6h: % 3b: e 27p: + 9ps f 5y%x3y-7
32 P» Evaluate
a 16: b 125i c 82 d (—2)-3
=Y. |
6\’ i 9| *
e (?] f 81 g (TE)
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WRITE A NUMBER EXACTLY USING A SURD

A surd is a number that cannot be simplified to remove a square root (or a cube root, fourth root
etc). Surds are irrational numbers.

NUMBER DECIMAL IS IT A SURD?

HINT
An irrational V1 1 No
number is a P
number that V2 1.414213... Yes
cannot be V4 2 No
expressed as 1
a fraction, for 1.'.3, 0.5 No
example . —

1,% 0.816496... Yes

You can manipulate surds using these rules:

sKiLLS JCYRGF b Y2 ¢ 5/6 - 2/24 + /294
CRITICAL
THINKING
a vi2
=4 X3
e S Use the rule Vab = Ja x /b
= 2/3 V4 =2
b 20 V20 = V4 x {5
=Y¥4x5 V3 =2
2
s 2 x5
2
V5
[ 5\-5 - zxﬂ + \m
= 5/8 — 2/8Y% + /BY38 V6 is a common factor
= /B(5 — 2/4 + /49) Work out the square roots /4 and 149
=\B(5-2x2+7) 5E_4+7=8

8.6

[




SURDS AND LOGARITHMIC FUNCTIONS CHAPTER 1 & .
m 1 b Simplify without using a calculator

a V18 b /50 c vi25
CRITICAL d /128 e /132 f J/B625
THINKING
2 P Simplify without using a calculator
V60 V135 V128
h ———
" 2 € 8
G8 98
d ! h it
4 g

3 P» Simplify without using a calculator
a 6/3-2/3 b 73 -12 + /48 ¢ V112 + 2172 - V63
d 6/48 — 3/12 + 2/27 e 3/578 — /162 + 4/32 f 2/5x3/8
g 6/7 X 4T h 4/8 x6/8

4 P Simplify without using a calculator

a 6l4-/12) b 96 - 3/29) ¢ 401 + v3) + 3(3 + 2/3)
d 32-/7)-82Z+v7) e (4+/34-/3)
f |:21._?_ - \E]l:\? = E\Ei qg {l.g + 1§H1_B- = \E]

5 B Agardenis /30 m long and /& m wide.
The garden is covered in grass except for
a small rectangular pond which is V2 m
long and v6m wide.

Express the area of the pond as a
percentage of the area of the garden.

6 P Find the value of 2p2 - 3pgwhenp =2 + 3andg =./2-2

o RATIONALISE THE DENOMINATOR OF A SURD

In the Rationalising the denominator of a surd means removing a root from the denominator of a fraction.
denominator, the You will usually need to rationalise the denominator when you are asked to simplify it.

multiplication
gives the _
difference oftwo e For fractions in the form 1“:1 multiply the numerator and denominator by Ja

squares, with the

result a? — b2, = For fractions in the form _—:_f multiply the numerator and denominator by a@ — /b
L Vi

The rules for rationalising the denominator of a surd are:

which means the

surd disappears. * For fractions in the form - 3 5 multiply the numerator and denominator by a + vb
a — vy




. 3 CHAPTER 1 SURDS AND LOGARITHMIC FUNCTIONS

Rationalise the denominator of

a "1: b 1 o c "E £ \-.E
R ] 3+v2 vh — 2
a L
V3
1 X3 : -
- Multiply the top and bottom by v3
V3 X 3
-3 Bx@=(3"=3
b 1 =
3+ v2
. 1x(3- 5'5_}
@ +2)3 - /2) Multiply the top and bottom by 3 — 2
o 3-F Ex/z=2
9-3/2+3/2 -2
o i V2
e g-2=7.—-3/2+83/2=0
g L2ris
vh — 42
I:'.':fs + »lijl:\-fs + \E} .
= e Multiply the top and bottom by /5 + 2
(5 — V2)(/5 + v2) By R by
5+ y5/2 +2/5 + 2 =
S i V542 — v2//5 = 0in the denominator
+ 1':_
. i : 10 /6/3 = i0
EXERCISE 2 1 P Rationalise
i 1 2 V6
a — b —_— e — d —
SKELS V3 VT V3 V3
=T i a8 o/12 1
V3 V3 218 2 =33
2 P Rationalise
V6 953 " V2 - V3
V3 + B 2 -3 V2 + 3
d 4/2 - 2/3 V2 + 2/5 f 7 +13
V2 + V3 VB =2 VT =3
g ll"ﬁ + 2l.'r§ 2 \g T 3\.? i 2+ '."'ﬁ
'."'ﬁ + S\E S\E + 4\-? l.-§ + \-E
I ab a—>b
a'b - ba a'h — bva
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BE FAMILIAR WITH THE FUNCTIONS a* AND log, x AND RECOGNISE THE

SHAPES OF THEIR GRAPHS

You need to be familiar with functions in the form iy = a*where a > 0

Look at a table of values for y = 2~

% -3 -2 -1 0 1 2 3
y % % % 1 2 4 | 8

Note: 20 = 1 In fact a? is always equal to 1 if a is positive and
9-3 = % = % a negative index turns the number into its reciprocal

The graph of yy = 2* looks like this:

Y
B.
?-
E.
5'
L4
3-
| 1 L] 2.
__-——'—'-'__'-1-

-3 —2 1 0] 1 2 3 T

Note: the x-axis is an asymptote to the curve.

Other graphs of the type ¥ = a”* have similar shapes, always passing through (0, 1).

EXAMPLE 3 a Onthe same axes, sketch the graphsof y = 3%, y = 2*and y = 1.5°
m b On another set of axes, sketch the graphs of y = [%) and y = 2¢
ANALYSIS

a Forallthree graphs, y = 1whenx =0
When x > 0, 3¢ > 2* > 1.5+ a%=1
Whenx <0, 37 < 2r < 1.5* Work out the relative

positions of the graphs
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b 1=2-

noj—

E 3

S0, Y = [%) isthesameasy =2 =2~ (a™)y' = a™

1

I
Therefore the graph of y = (E} is a reflection in the y-axis of the graph of y = 2*

3 /
Bl T '..'
61 6 B
L 5 'a"
L 4] = ok | 4 "’ |
|3 | & = logzx 3 1 L7 Y = logex
o 2 };'.
=
—3—2{110,/1 2345677
EETI 1 % &3 T2 '
3-2-10 1 2 3 164

m On the same set of axes sketch the graphs y = log,x and ¥ = logs x

Note:

For both graphs y = 0 when x = 1, since log,1 = 0 for every value of a.
log,2 = 1 s0 y = log,x passes through (2, 1)

and logs5 = 1 so y = logsx passes through (5, 1)

EXERCISE 3

1 P Onthe same set of axes sketch the graphs of

I

|

=

Il
L
L

SKILLS a y==5* b y=7* c

ANALYSIS
REASONING
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2 P Onthe same set of axes sketch the graphs of

a y=logsx b y=log;x
¢ Write down the coordinates of the point of intersection of these two graphs.

3 P Onthe same set of axes sketch the graphs of

& y=23 b y=logsx

4 P Onthe same set of axes sketch the graphs of
a y=logsx b y=logsx ¢ Yy =logysx d y = loggssx

BE FAMILIAR WITH EXPRESSIONS OF THE TYPE e* AND USE THEM IN GRAPHS

Consider this example: Zainab opens an
account with $1.00. The account pays 100%
interest per year. If the interest is credited
once, at the end of the year, her account

will contain $2.00. How much will it contain
after a year if the interest is calculated and
credited more frequently? Let us investigate
this more thoroughly.

HOW OFTEN INTEREST IS

CREDITED INTO THE ACCOUNT VALUE OF ACCOUNT AFTER 1 YEAR (5]

W1
Yearly [1 + }) =2

1 2
Semi-annually [1 + E) =225

1 4
Quarterly [1 + E) = 2.441406...

1\%
Monthly [1 + ﬁ) = 2.61303529...

1 &2
Weekly [1 i E) = 2.69259605...

. 1 365
Daily (1 + ﬁ] = 2.71456748...
.I Byed
Hourly [1 + 3760 = 2.71812669...
; _1 + 525600
Every minute 1+ 525500) = 2.7182154...
' 1 31536 000

Every second (14 m} = 2.71828247...
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The amount in her account gets bigger and big-
ger the more often the interest is compounded,
but the rate of growth slows. As the number

of compounds increases, the calculated value
appears to be approaching a fixed value. This
value gets closer and closer to a fixed value of
2.71828247254.......This number is called ‘e’

The number e is called a natural exponential I
because it arises naturally in mathematics and =y mm‘
has numerous real life applications.

m Draw the graphs of e* and e~
SKILLS X =2 | -1 0 1 2 3 4

ANALYSIS
INTERPRETATION et | 0.14 | 0.37 1 27| 7.4 20 55

sker |
ol 2 | 3| 2|t |0 | 1] 2 | 40
30
55 20 | 74 | 27 1 0.37 | 0.14 -
104
—3-2-10" 1 2 3 a4 %
m Draw the graphs of these exponential functions.
a y:el‘t’
b y=10a*
€ y=3+4der
T e
a iRl —2 | -1 0 1 2 :43:
e | 002 | 0.1 1 | 74 | 55 ]
1G_
5 %
b | =« —2 == 0 1 2
10e= | 73 27 10 3.7 14
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¥ =3 + da¥

c x -2 -1 0 1 2 30
3 + dei” 4.5 5.4 7 89 13.4 o20
101

—2-10 {1 2 3 4 %

On pages 7-9 you saw the connection between y = log,x and and y = a*. The function i = log.x
is particularly important in mathematics and so it has a special notation:

log.x =lInx

Your calculator should have a special button for evaluating Inx.

Solve these equations.

a ee=3 b Inx=4

a Whener=3 b Wheninx=4
xr=1In3 r=e

As you can see, the inverse of &” is In x (and vice versa)

m Sketch these graphs on the same set of axes.
a y=Inx b y=In(3 - 1) c ¥y=3+In2x)

. y =3+ In2x)

g§=In3—x)

EXERCISE 4 1 P Sketch these graphs.

m a y=e*+1 b y=4e c y=2e*-3

ANALYSIS d y=6+10" e y=100e*+ 10
REASONING

2 P» Sketch these graphs, stating any asymptotes and intersections with the axes.
a y=In(x+ 1) b y=2Inx c y = In(2x)
d y=In4 —x) e y=4+Inx+2)
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BE ABLE TO USE GRAPHS OF FUNCTIONS TO SOLVE EQUATIONS

m a Complete the table of values for:  y = ei" — 2

Giving your answers to two decimal places where appropriate.
b Drawthegraphofy =ei —2for0=x=5

¢ Use your graph to estimate, to 2 significant figures, the solution of the equation e:* = 8
Show your method clearly.

d By drawing a suitable line on your graph, estimate to 2 significant figures the solution to the
equation x = 2 In(7 — 2x)

-0.35 0.72 2.48 5.39 10.18

HINT

Make the

LHS = e:* - 2
i.e. the equation
of the graph.

To do this, you
need to subtract
2 from 8 and
draw the line

[N P P
y=5-2x

y =6(asshown € ei* =8
in the diagram). gr —2=8-2
e =6
HINT So the solution is the intersection of the curve y = ei*and y = 6
Make the LHS x = 4.15 (In the exam you will be allowed a range of values.)
equal to the
given equation d r=2In{7 - 2%
iee: -2, "
Draw the line 2 In(7 — 2x)
y=5-2x (as e
shown in the g =T-2x
diagram) on g —2=7—-2x—2

your graph and s
find points of

intersection. So, the solution is the intersection of the curve and y = es* and the liney = 5 — 2x, x = 2.1

a Complete the table below of values of ¥ = 2 + In x, giving your values of y to decimal places.

X

01

0.5

1

1.5

2

3

4

Y

-0.3

1.31

2.41

2.69

3.10
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b Drawthegraphofy =2+ Inxfor0.1 =x=4
¢ Use your graph to estimate, to 2 significant figures, the solution of the equation In x = 0.5

d By drawing a suitable line on your graph estimate, to 1 significant figure, the solution of the
equation x = e* = 2

u -0.3 1.31 2 2.41 2.69 3.10 3.39

c 2+Inx=05 Make the LHS = 2 + In x i.e the equation of the graph.
Therefore you need to add

Inx =25+ 2 from 0.5 and draw the line y = 2.5

The solution is the intersection of the curve and the line iy = 2.5. From the graph this is
approximately 1.6. In the exam you will be given a small range of answers.

d x=e¢"?2 Using the properties of logs
hx=x—-2
nx+2=x-2+2 Make the LHS equal to the given equation i.e. In x + 2.
..... -
B =

H .4 FEEHHH y=2+Inx
SESERL HEMISEERIITC, L NIRRT
HHTeH gesistiss

|.” ﬂ‘?':ﬂ-?} :.I. :I *

-1 o T
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1 » a Drawthegraphy =3+ 2e *forO0=x =86

b Use your graph to estimate, to 2 significant figures, the solution to the equation
e+ = (.5, showing your method clearly.

© By drawing a suitable line, estimate, to 2 significant figures, the solution of the equation

x=-2 In(."r ; 2)

2 Fa Drawthegraphy=2+%e*for-1s_xéa

b Use your graph to estimate, to 2 significant figures, the solution to the equation e* = 12
showing your method clearly.

¢ By drawing a suitable line, estimate, to 2 significant figures, the solution to the equation
x =In6 — 6x)

3 » a Complete the table below of values of y = 5 sin 2x — 2 cos x, giving your values of
y to 2 decimal places.

x 0] 15 30 45 60 75 90
y -2 0.57 3.59 3.33 0

b Drawthegraphofy =5sin2x — 2cosxfor # = x = 90°

¢ Use your graph to estimate, to 2 significant figures, the solution of the equation
2(1 + cos x) = 5 sin 2x showing your method clearly.

o WRITING AN EXPRESSION AS A LOGARITHM

In the exam log,,  log,n = x means that a* = n, where a is called the base of the logarithm.
will be written as
lg. This textbook
uses lg for logy, * log,a = 1(a > 0), because a' = a

m Write as a logarithm 25 = 32

ADAPTABILITY 2° =32
Solog.,32 =5 Herea=2,x=5n =32

Here 2 is the base, 5 is the logarithm. In words, you would say ‘2 to the power of 5 equals 32°. You
would also say ‘the logarithm of 32, to base 2, is 5"

m Rewrite using a logarithm

a 103 = 1000 b 5%=625 c 20 =1024

* log,1 = 0(a = 0), because a® = 1

a Ig1000 =3 b log:625 =4 ¢ log,1024 =10

m Find the value of

a log;81 b log,0.25 c loggs4 d log,(a%
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a l0g,81 = 4 34 = 81

b log,025 = —1 4-1 = % = 0.25

¢ loggsd = —2 .;)5—2:(1)_2:22__,4
05 ; :

d log,(@®d) =5 a® = a’

EXERCISE B 1 P Rewrite these exponentials as logarithms.

-1

i -2 = 1 B =
m a 43=84 b & 25 c 8F=262144

CRITICAL o ye P
THINKING d 3=9 e 8 =1 f 2"1
2 P Write these logarithms in exponential form.
a log;81 =4 b log;728 =6 c log;625 =4
sl Y ek
d logied = 5 e |oga[2?] 3 f 1g10000.01 = -2
3 P Without a calculator find the value of
a log.4 b log,27 c log;81 d log:;625
1 — 55 S
e IogE(ﬁ) f 1gV10 g logs/27 h logai3
4 P Find the value of x for which
a logzx=4 b loggx =23 ¢ log,64 =23
4 2
d log,16 = = log,64 = =
o0g, 16 3 e log, 3
§ P Find using your calculator
a lg20 b Ig14 c lg0.25 d Ig0.3 e Ilg54.6

UNDERSTAND AND USE THE LAWS OF LOGARITHMS

25 =32andlog,32 =5
The rules of logarithms follow the rules of indices.

EXPOMNENT ([POWERS) LOGARITHMS LAW
oF X oF = ooty log,. xy = log.x + log. y Multiplication Law
CF - o =T Icg% = log.x — log. ¥ Division Law
(c)v log.(x%) = glog.x Power Law
2= log.(1) = - log.x
o= log,.lcl =1
e® =1 log.1) = 0
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M Write as a single logarithm

1
a 10g,6 + log,7 b log,15 - log,3 € 2logs3 + 3logs2 d Ig3 — 4Ig(-§)
DECISION
MAKING
a log;(6x7) Use the multiplication law
= log;(42)
b log,(15 + ) Use the division law
= log,5
€ 2logs3 = +3logs2
= log;(3%) = +logs(23) Apply the power law to both expressions
= log;9 + log;8 Use the multiplication law
= log; 72
d Ig3- 4|g[ %) Use the power law
~ s
Ig3 - Ig (2)
= P
= (3 | 15)
=g 48 Use the division law

m Find the value of

Write in terms of log,,x, log, i and log,, z

a log,(x2yz% b Iogﬂ(%] c |Dg;.(%'y-) d Ing«(fx]

a log,(xr?yz®
= log, (x?) + log,(y) + log,.(z?)
= 2log,(x) + log,(y) + 3log,(z)

b Iogu(;:—a)
= log, (x) — log.(y?)
= log,(x) — 3log,(y)

v il

= ]ngn{x‘f’g} - Ioga{z]
= log,(x) + log.(,y) — log,(z)
= log,(x) + Jz—logﬂ (1) — log,(2) Use the power law /i = i

« ou.(Z)

= log, (x) — log,(af)
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= log,(x) — 4 log,(a)
= log,(x) — 4 log,a =1

EXERCISE 7 1 P Write as a single logarithm

m a log,8 + log,8 b logged + logg?2

e c logs27 + logs3 d log,24 + log,15 — logs3
e 2loggs9 — 10logg81 f %|09225 + 2log,3
g logg25 + logg 10 — 3loggs h 2log;3 + 41092

i 21g20 - (ig5 + Ig8)

2 P Write in terms of log, x, log,y, log,z
1
a log,x'y3z b I«t:.tg,:;i"—3 ¢ log,((xz)? d Iogax—w
Jxty
28

CHANGE THE BASE OF A LOGARITHM

Working in base a, suppose that log,x = m
Writing this as a power an=x

e log,/xy f log,/x%y?z® g log,

Taking logs to a different base & log,(a™) = log,(x)
Using the power law milogya = log,x
Writing m as log, x log,x = log,x * log,a
log,x

EOQ nil

|
Using this rule, notice in particular that log, b = —?—gi"ﬁ,
log,a

but log,b =1

This can be written as log,x =

1
|Dg&a

Find, to 3 significant figures, the value of logg(11)

so, log, b =

m One method is to use the change of base rule

EXECUTIVE
FUNCTION T Ig11
e g 8
=1.15

Another method is to solve 8% = 11
Let x = logg(11)
g*=11
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EXAMPLE 18

EXERCISE 8

EXECGUTIVE
FUNCTION

HINT

If no base is given
in a question, you
should assume
base 10.

e 3

PROBLEM
SOLVING
ANALYSIS

Ig (89 = Ig 11 Take logs to base 10 of each side
xlg8 =Ig 11 Use the power law
s ML Divide by Ig8
lg8
xr=1.15(3s.f)

Solve the equation logsx + 6log,5 = 5

logsx + lo:ﬁx =5 Use change of base rule, special case
Let logs(x) = y
y+§=5
y2+6=>5y Multiply by y
¥y —5y+6=
w-3Ay-2=0

Soy=3ory=2

logsxr =3 orlogsx = 2
x=5%0rx = 52 Write as powers

xr=1250rx =25

1 P Find, to 3 significant figures

a logs785 b logs15 c logg32
d log4 e Iog,ﬁ%
2 » Solve, giving your answer to 3 significant figures
a 6*=15 b 9*=751
c 15%=13 d 3*=17.3
e 3==25 f 4% =054
g 7¥=152

3 P» Solve, giving your answer to 3 significant figures
a log,x =8+ 9log,2 b loggx + 3log,6 =4
¢ Igx + 5log,10 = —6 d log,x + log,x =2

SOLVE EQUATIONS OF THEFORM a* = b

You need to be able to solve equations of the form at = b
Solve the equation 3+ = 20, giving your answer to 3 significant figures.

3* =20

Ig (3%) = Ig 20 Take logs to base 10 on each side
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xlg3 =Ig20 Use the power law
o Divide by Ig3
Ig3
_ 1.3010... Use your calculator for logs to base 10
0.4771...
= 2.73(3sf)
Or, a simpler version
3*=20
x = logs 20
x=2.73
Solve the equation 777 = 372
(x+1NIg7=(x+2)Ig3 Use the power law
xlg7+lg7=x1g3 +2I1g3 Multiply out
xlg7 —x1g3=21g3 - 1g7 Collect x terms on left and numerical terms on right
x(g7 —1g3)=21g3 — Ig7 Factorise
_21g3-Ig7 Divide by Ig 7 — Ig 3
lg7 —Ig3

x=0.297 3 s.f)

m Solve the equation 52 + 7(5%) — 30 = 0, giving your answer to 2 decimal places.

Let iy = 5*

Y +Ty—-30=0 Use 5%=(57)2=y?
So(y +10)y —3)=0
Soy=-10ory=3

If y = —10, 5¢* = —10, has no solution 5* cannot be negative
liy=35"=3
g5 =1g3 Solve as in previous examples
xig(5)=1Ig3
_ a3
Ig5

x = 0.683 (3 5.f)
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EXAM PRACTICE: CHAPTER 1

Simplify v32 + /18, giving your answer in the form p«/2,
where p is an integer. [2]

HH

Simplify M giving your answer in the form a2 + b,
+ 1."

where @ and b are integers. [3]
a Expand and simplify (7 + /5)3 — V5) 21

b Express ; = ‘g in the form a +b/5, where a and b are integers. 2]

Ty

3 Write (75 — /27 in the form k. , where k and x are integers. [2]
B A rectangle A has a length of (1 + /5) cm and an area of 80 cm?.

Calculate the width of A in cm, giving your answer in the form a + §/5, where

a and b are integers to be found. [3]
“ Sketch the graph of y = 8+, showing the coordinates of any points at which the graph

crosses the axes. [3]
Solve the equation 82 — 4(8*) = 3, giving your answer to 3 significant figures. 3]
) = Giventhaty = 622, Show thatlogsy = 1 + 2logsx 2]

b Hence, or otherwise, solve the equation 1 + 2log;x = log,(28x — 9),

giving your answer to 3 significant figures. [3]
BER) Find the values of x such that: 2log;x — logs(x —2) —2 =0 [2]
! +=| 1
Find the values of y such that: Ogz02 + 09,70 log,y = 0 3]
log. y

m Given that log, i + 3log, 2 = 5, express y in terms of b in its simplest form. 2
Solve 52r = 12(5%) — 35 [4]
Find, giving your answer to 3 significant figures where appropriate, the value of x for

which 5% = 10 [3]
Given that log; (3 + 1) — loga(a — 2) = —1, a > 2, express b in terms of a. 2]
Solve 3%2=79 [4]
Solve 25'+ 5'*' = 24, giving your answer to 3 significant figures. 3]
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Given that log, x = p, find, in terms of p, the simplest form of

log; (16x),

o 5.

Hence, or otherwise, solve

a9
l0g, (162) - log, (%) -1

Give your answer in its simplest surd form.

BB Solve logst + logs5 = logs(2t + 3)

b

Draw thegraphy =2 + Inxfor0.1 =x =4

Use your graph to estimate, to 2 significant figures, the solution to Inx = 0.5,
showing clearly your method.

By drawing a suitable line, estimate to 2 significant figures, the solution of the
equation x = e* 2

(1
(1

[3]
[3]
[2]

[2]
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CHAPTER SUMMARY: CHAPTER 1

B You can simplify expressions by using the power (indices) laws.

AT =
o+ o=

B You can manipulate surds using these rules:

W ab=1/ax/b
fa \"Ia

B The rules for rationalising surds are:
m [f you have a fraction in the form __1—3 then multiply top and bottom by Ja

B If you have a fraction in the form

T then multiply top and bottom by (1 — va)

m If you have a fraction in the form then multiply top and bottom by (1 + /&)

— Ji
B log,n = x can be rewritten as a* = n where a is the base of the logarithm.

B The laws of logarithms are:

log,xy = log,x + log,y
Iﬂgﬂ% = loggx — log.y

log, (x%) = glog,x

log, (%] = —log,x

log,lcl = 1
log,11l =10
: ; logyx
B The change of base rule for logarithms can be written as log,x = g,
[
B From the change of base you can derive log,b = Io; =
[
B The natural logarithm is defined as: log,x = Inx
B The graph of y = e*is shown below. B The graph of ¥y = Inx is shown below.
1y 4 LE y=Inx
5;‘- y=e 5 /
40- . A
30- 10 A4 3 3 4 5 =
-]
20-
10- =&
_3.-.

3210 1 5§ 4%
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2 THE QUADRATIC FUNCTION

The path followed by a bottlenose dolphin
jumping out of the water is called a parabola.
A parabola is a visual realisation of the
quadratic function y = —x2 + k. Using this
formula, scientists can calculate the height
of a dolphin’s jump (on the y-axis) and the
distance travelled (on the x-axis).

There is no scientific agreement about why
dolphins jump. Some scientists believe it is
because they are trying to conserve energy,
some believe it is to help them find food, and
others believe they do it just for fun.

The parabola is a beautiful and elegant
shape, commonly seen in nature. It is also
seen in many man-made structures such as
bridges and buildings.

LEARNING OBJECTIVES

Factorise quadratic expressions where the coefficient Understand and use the discriminant to identify whether
of x2 is greater than 1 the roots are (i) equal and real, (ii) unequal and real or

Complete the square and use this to solve quadratic (th). ot red!
equations Understand the roots a and § and know how to use them

Solve guadratic equations using the gquadratic formula

STARTER ACTIVITIES

1 » Factorise
a 6x2 + 9x b 262+ 86 c 9gm? — 2Tm

d 9xy® + 3627y e 24y — 64x°

2 P» Factorise

a x2+9x+ 18 b »2-Tx+12 e ¥¥-2x-3
d x2+ 15x + 36 e x?+ 12x + 27
3 » Factorise HINT ) _
a ¥2-9 b 255 All the parts in question 3 are

examples of the difference of two
c 9x2 - 16 d 25x2 - 16 squares.
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FACTORISE QUADRATIC EXPRESSIONS WHERE THE COEFFICIENT OF x:2
IS GREATER THAN 1

m Factorise 3x2 + 5x — 2

DECISION
MAKING

CRITICAL
THINKING

CRITICAL
THINKING
DECISION
MAKING

EXERCISE 1

CRITICAL
THINKING
DECISION
MAKING

You need to find two numbers:

They must add together to make +5 (the coefficient of x), and they must multiply together to give
-6 (the coefficient of % < the constant term, in this case 3 x —2)

€ x-1=-6 and 6+(-1)=5

These numbers are then used to split the 5x into two terms, 6x and —1x

3x2+5xr-2=3x2+6xr—-x-2 The 5x term has been split into 6x and —x
=3xxr+2)—-(x+ 2
= {x + 2)(3x — 1) 322 + 6x and —x — 2 have both been factorised

Factorise 6x2 — 5x — 4

Find two numbers that add together to make —5 and multiply together to give —24
({the coefficient of ¥2 multiplied by the constant term, in this case 6 x —4)

3x -8=-24 and 3+-8=-5

6 -Sx—4=6"+3x—8x—4 The —5x term has been split into 3x and —8x
= 3x(2x + 1) — 422 + 1)
= (2x + 1M3x — 4) 6x2 + 3x and —8x — 4 have both been factorised

1 P Factorise

a 3x2-T7x—-6 b 2x2+11x+5
e 2x2-Tx—4 d 5x2—-162+ 3
e B6r2+x—12 f 9x2-6x+1

g 9x2—18x—7

2 b Solve
a 2x2+5x+2=0 b 4x2+17x+4=10
¢ 3x2-13x=—-4 d 622—-10x+4=10
e rt-2=-17x f 1522 +42x—-9=0

g 3x3x -4 =-4
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COMPLETE THE SQUARE AND USE THIS TO SOLVE QUADRATIC EQUATIONS

A perfect square quadratic is in the form:
22+2bx+b2=(x+b? or x2-2bx+b%=(x-bpP
To turn a non-perfect square into a perfect square you need to manipulate the expression.
To complete the square of the function x? + 2bx you need a further term 6%,
So the completed square form is:
22 +2bx=(x+ b - b2
Similarly
22— =ix—bP—b
{rf

2
Completing the square: x2 + bx = (.1: + g] - (2-

m Complete the sguare for
m a x2+12x b 2x2— 10z

REASONING
EXECUTIVE
FUNCTION a x2+12x 2b=12s0b =86
= (x + 6)¢ — 62
=[x+ 62— 36
b 222 -10x Here the coefficient of x2is 2
= 2{x? — 5x) So take out the coefficient of 2
5\ _ (5\° 3
= 2[{,1: - 5) ~ {5) ] Complete the square on (¥# — 5x)
_ oy 5\ _25
= 2(‘“ 2) 4

Any quadratic equation can be solved by completing the square.

m Complete the square to solve

a ¥4+ 8:+10=0 b 222 -8x4+7=0

a x»2+8x+10=0 Check coefficient of x2 = 1
22 4+ 8x=-10 Subtract 10 to get the LHS in the form ax? + bx
(x + 4)2 — 42 = —10 Complete the square for (x* + 8x)
(x+42=-10+ 16 Add 42 to both sides
x+4)2=6
fxr+4) = +/6 Square root both sides
x=-4+,6 Subtract 4 from both sides

Then the solutions of x2 + 8x + 10 = 0 are either

x=-4+,6orx=-4-.6 Leave your answer in surd form
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b 2x2-8x+7=0 The coefficient of 22 is 2

x2—4.-r+%=[} So divide by 2
R —g Subtract % from both sides
x—2P2-22= —% Complete the square for x* — 4x
(x - 2)2 = —g +4 Add 22 to both sides
(x—2)2 = % Combine the RHS
x-2)= 1‘(% Sguare root both sides
x=2¢j—g Add 2 to both sides
So the roots are either
r=2+ i_ or xr=2- l_

Va2 V2

EXERCISE 2 1 » Complete the square for these expressions.

m a r?+ dx b x?— 16x c 3x2 — 24x

I 2 — 2 _
e d x x—12 e 2+x—1 f 3x Bx + 1
SOLVING g 2x2+4+3x -1 h 422 +6x -1

2 P Solve these quadratic equations by completing the square.
Leave your answer in surd form where appropriate.

a 6x22-11x-10=0 b x2+2x-2=0 c 2x2-6x+1=0
d 2¢24+3x-6=0 e 4x2-58x—-15=10 f 4x24+8x-9=0
g 15—6x—2x2=0 h 422 —x—-8=0
_ —bx/b? — 4ac

3 P Show by completing the square that the solutionsto aa® + bx + ¢ =Dare x = oa

SOLVE QUADRATIC EQUATIONS USING THE QUADRATIC FORMULA

—b+ V6% — dac
2a
can be used to solve any quadratic equation of the form ax? + bx + ¢ = 0

The quadratic formula x =

Use the quadratic formula to solve 4x? — 3x — 2 = 0

m | per—

PROBLEM _ —(=3) = (=3P — 44)(-2) - =b=+vb2 - dac - = =
SOLVING r= 5 Use x a ,wherea = 4, b 3, ¢ 2
3+,9+ 32
s *‘{93 ) —4X4X-2=32
= 3+ \-'.‘E_
SR
Thang= 20 - et ol Leave your answer in surd form
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1 P Solve these equations using the quadratic formula.

EXECUTIVE
FUNCTION

REASONING

Leave your answer in surd form where appropriate,

a x°=6x b 2x2+50x=0
d pi=dp+2=10 e m+2m—-2=0
g t2-5t-6=0 h x2+2x-35=0

j »¥*+6x+6=0

Solve these equations, leaving your answer in surd form.

a 92-6x-25=0 b 3x2—-6x+2=20
d 222 +3x-1=0 e 2¢v?2+7x+3=0
g 4x2—-16x+15=0 h 722+52-3=0
j 22+3x-6=0 k x-7°=63

The diagram shows the floor plan of a bedroom.
The total area is 35.5 m? Find the value of x.

The equation ax® + bx + ¢ = 0 has two solutions

X

_ —b+ /B —dac

bk — B2 _Aar
e p b— b dac

2a 2a

These two solutions may be the same or different,
real numbers or not real numbers.

The nature of the roots (solutions) of the equation
will clearly depend on the expression b2 — dae. This
expression #? — 4ac is called the discriminant, as it
allows us to identify (discriminate) whether the roots
of a particular equation are equal and real, unequal
and real or not real at all.

If

L ]

L]

L]

2x

52 — 4ae < 0 there are no real roots of the equation (no real roots)

2@2-x—-6=0
2 +Tx+10=0

nP—=4n+4=0

Bx2—-5x—-6=0
32+7x+1=0
10x2 - 152 -8 =10
422 + 152 +13 =10

2x

UNDERSTAND AND USE THE DISCRIMINANT TO IDENTIFY WHETHER THE ROOTS

ARE (i) EQUAL AND REAL, (i) UNEQUAL AND REAL OR (jii) NOT REAL

b2 — dae = 0 the roots of the equation are unequal and real (two roots)

b2 — 4ac = 0 the roots of the equation are equal and real (one root)

What can you deduce from the values of the discriminants of these equations? Find the roots
where possible.

a 2x2—-3x+5=0 b 3x2—2-1=0 c 4xr2—-12x+9=0



. Il CHAPTER 2 THE QUADRATIC FUNCTION

a 2xr?-3x+5=0
a=2,b=-3,¢c=5
b2 - dac
(=32 -4x2x5=-31
Therefore there are no real roots.

b 3x2—-x-1=0
a=3,b==-1,¢c=-1
b2 —dac=(-1)2-4x3x(-1)=13
Therefore there are two unequal roots.
—(-1) = /13
x= {;Tsn Use the quadratic formula to find solutions

xr = 0.768, —0.434

¢ 4x?—12x+9=0
a=4b=-12,c=9

(=122 =4 x4x9=0 Calculate the discriminant
Therefore the roots are real and equal.
» —(=12) and x = 3 When the discriminant is 0 you can always factorise.
2x4 2 Inthiscasedx? — 12x +9=(2x — 3)2=0

m The equation kx? — 2x — 8 = 0 has two real roots.

What can you deduce about the value of the constant k%

Since the equation has two real roots, you know that the discriminant 2 — 4ae must be greater
than zero.

You substitute a = k, b = —2 and ¢ = -8 into the inequality b2 — d4ac = 0, giving
(-2 -4xkx-8=0
4+ 32k =0

Pt

k>=>-—

| @

m 1 » Use the discriminant to determine whether these equations have one root, two roots or

REASONING

no roots.

a »@2-2x+1=0 b »2-3x-2=0 c 2x2-3xr-4=0
d 222 -4x+5=0 e 2x*—4x+2=0 f 2¢2-7x4+3=0
g 3x2-6x+5=0 h 7x2-144x 4+ 57 =0 i 16x2-2x+3=0
j »»+22x+121 =0 k 522 —-4x+81=0
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2 » The equation px? — 2x — 7 = 0 has two real roots.
What can you deduce about the value of p?

3 P The equation 322 + 2x + m = 0 has equal roots.
Find the value of m.

UNDERSTAND THE ROOTS a AND § AND HOW TO USE THEM

If a and @ are the roots of the equation ax® + bx + ¢ = 0 then you deduce that
x-afx-8=0
You can rewrite thisas ¥ — xja + 8|+ g =0

Comparing this with ax? + bx + ¢ = 0 you can see that

a+ﬁ:-:a~'{3 andaﬁ=§

KEY POINTS For the equation ax? + bx + ¢ =0

-Thesumofrums,a+,8=%b-

* The product of the roots, aff = E
1 P The roots of the equation 3x? + x — 6 = O are g and 8.
SKILLS a Find an expression for a + 3 and an expression for aB.
EE':\T'.%EEIIHHG b Hence find an expression for @® + ° and an expression for a°8°.
THINKING ¢ Find a quadratic equation with roots a? and 2.
2 - =
Wb =gl Divide the equation by 3 to obtain an
ey e —man equation where the coefficient of x? is 1
3
Therefore sum of the rootsa + 8 = —% Thesumofrootsa + 8 = —g
Note: Sometimes you will need to manipulate the
expressions to help you solve the questions.
Product of the roots aB = —2 The product of the roots af = <

b (a+ pP=a®+ 2a8 + B2
Therefore a® + 2 = ([a + B)* — 2a8
Substituting the results from part a, gives
a2 + p2 = (—1]2 ~2(-2)
<

=37
9

a? 2 = (R = (-2 = 4
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c Letthe equationbe x? + px + g =0

p:{aza-ﬁz}:—% Use p = —sum of the roots

g=ap?=4 g = product of the roots

So the equation is: x2 — 37, ta=0 Simplify the equations in order for the
9 all the coefficients to be integers

OR 912 —-37x+36=0

Note: This question can be answered without finding a and .

m The roots of the equation 22 — 3x — 2 =0aregand 3.
Without finding the value of a and S, find the equations with the roots

a 3a,38 b 1,1 e a2 p?

ligand Baretherootsof x2 — 3xr -2 =0thena+ =3andaf = -2

a |If the roots are 3a and 38 then
Sumoftheroots =3la + B =3x3=9 Usinga+B=3andaB = -2
Product of the roots = 3a % 38 = 9g8 = —18

Equationis x* — 9x — 18 = 0

11
b If the roots are E,E
1,1 _F+a
S froots — + — =
um of roots 5 B
-
2
- 1 -
Product of roots: - X — = — Usinga+ f=3andaf = -2
a B ap
I
2
Equation is: x9+%x —%=U
s0 22+ 3x-1=0

c If the roots are a2, 2 then
Sumofroots =a? + B2 =g + B2 — 2agB
=32 -2-2=13
Product of roots = g302 = a2 = (—2)2 = 4

Therefore equation is x° — 13x + 4 =0
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EMERCISES 1 P The roots of the equation x? + 5x + 2 = Darea and 3.

m Find an eguation whose roots are

—— a Za+1and2B +1

CRITICAL
THINKING b aB and a°f®

2 P Theroots of the equation x?2 + 6x + 1 = 0 are g and 8.
Find an eqguation whose roots are

a ga+3andf+3

a B

b "ﬂ' and E

3 P The roots of the equation x? —x — 1 = 0 areg and 8.
Find an equation whose roots are

a :—zsnd}g
a B
a+p a+p
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EXAM PRACTICE: CHAPTER 2

flx) =0=3x—10x -2

a Without solving the equation f(x)=0, form an equation, with integer coefficients
which has: ]
i roots %and =
iiroots 2a + fand a = 273

b Solve f(x) = 0 using completing the square.

The roots of a quadratic equation are « and # where &« + 7 = —g and a4 = -3.

Find a quadratic equation, with integer coefficients, which has roots o and /3

Giventhata + 4 =7 and o® + ,n’* =25
a Show that o/ = 12.

b Hence, or otherwise, form a quadratic equation with the integer coefficients,
which has roots « and 3.

c Form a quadratic equation, with integer coefficients, which ahas roots Ir:—;ann:l g

The equation x* + (p — 3jx + (3 — 2p) = 0, where p is a constant, has two distinct
real roots.

a Show that p satisfiesp® +2p —3=10
b Find the possible values of p.

a Show that x2 + 6x + 11 can be written as x + a@?® + b.
b Find the value of the discriminant.

Factorise completely
a S5x2+16x+3
b 3x2—7x+4

Solve these equations by completing the square.
a pt+3p+2=0
b 3x2+13x—-10=0

Solve these equations by using the quadratic formula.
a 5x22+3x—-1=0
b 2x-58F=7

4xr — 5 — x® = b — (x + a)® where a and & are integers.
a Find the value of ¢ and b.
b Calculate the discriminant.

4 1

| 3=
SoVe e+ 1 0T a1

H.

(6]
[4]

[4]

[2]

[3]
(5]

(1]
[2]

[2]
[2]

[3]
[3]

[3]
[3]

[2]
[3]

[2]
[2]

[3]
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CHAPTER SUMMARY: CHAPTER 2

B a2 — y? = (x — y)lx + y) is known as the difference of two squares.

B Quadratic equations can be solved by

B factorisation

mpleti b b
i 2 = —— —
B completing the square: x* + bx (x + 2] (2}
- e = dse
B using the quadratic formula: x = %

B The discriminant of a quadratic expression is b2 — 4ac

B If a and 3 are the roots of the equation ax? + bx + ¢ = 0 then

L a+;3=~f}-

a
B a=

=1 [
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3 INEQUALITIES AND IDENTITIES

The only value at which Fahrenheit and Celsius are the same
temperature is —40.

If you substitute ” = (' into the linear equation /* = 1.8C + 32
youget: O = F = —40

In this chapter you will learn about simultaneous equations,
inequalities and linear programming (a form of mathematical
modelling).

Al of these mathematical tools are vital for research into
global warming. Mathematical modelling enables us to predict
the effects of global warming, from how it will affect human
health to the effect it has on global food production. Scientists,
businesses, economists and politicians all use mathematical
models to plan ways of limiting the consequences of global
warming.

LEARNING OBJECTIVES

= Solve two simultaneous equations, one linear and one Use inequalities to solve linear programming problems

el Divide a polynomial by (x = p)

* Solve linear inequalities Factorise a polynomial by using the factor theorem

* Soive quadratic inequalities Use the remainder theorem to find the remainder

= Graph linear inequalities in two variables when a polynomial is divided by (ax — b)

STARTER ACTIVITIES

1 » Using substitution, solve these simultaneous equations.

a x+y=15 r—y=23 b 2x-3y=2 x+2y=28

c x+y=7 2xr—3y =9 d 11y + 15z = -23 Ty—-2x=20
2 P» Sketch these equations on one graph.

a y=nz1? b y=2x° c y=—x°

d y=512+2 e y=-322-4

3 » Use long division to solve these equations.
a 435+ 25 b 460+ 25 c 511+ 30 d 739 +19
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SOLVE SIMULTANEOUS EQUATIONS, ONE LINEAR AND ONE QUADRATIC

EXAMPLE 1 Solve

a x+2y=3 b 3x-2y=1
x2 + 3xy =10 x2+yi=25
a x=3-2y Rearrange the linear equationtogetx = ...ory = ...

(3 — 2y + 3y(3 — 2y) = 10 Substitute this into the guadratic eguation, in place of x
9 - 12y + 4y + 9y — 6y2 = 10 (B3-2y=03-2y) x(3-2y)
-2y¢ —-3y—-1=0
2y +3y+1=0
Py + Ny +1)=0 Solve for y using factorisation
= —% ory=—1
Sox=4orx=5

Solutionsarex =4,y = H%andx =5y=-1.

There are two solution pairs. The graph of the linear equation (straight line) intersects the graph
of the quadratic (curve) at two paints.

b 3x-2y=1
¥4+ y2=25
2y = 3x — 1
_3x -1 . = : :
y 5 Find i = ... from linear equation
o (3x -1 )2 LB Substitute y = 3'“2“ 1 into the quadratic equation to form
2 an eguation in x
2

x? + (W] =25 Now multiply by 4
4x2 + 922 - 6x + 1 =100

132 -6x—-99=0

(13x + 33)(x — 3) =0

=3B e
Sox= 13 orx =3
y= —% ory =4 Substitute x-values into y = e ..'-:'- ¢

. 33 56
I = = 4 — _———
The solutions arex = 3, i and x 13 uy 13
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1 b Solve these simultaneous equations.

SKILLS a 3—-22=yxt+ti=y b 2x+1=y22—-2+3-y=10
;gmﬁm c r*+y?=5xr+y=3 d y=22+2x-3,y=2x +1
e y=x2-3x+1,y=2x-5 f x=3+2y2x2+2y2=27
g 222 +txy+y?=22,x+y=1 h 2y +4x=6,2x* - 3xy = 14
i 2r+4y=6,27-2y+4y*=18
i xy=14,4x+ 3y =29
k ¥?+4y°+3x+2y—-56=0,52—-2y+7=0

I 2xr+4y=9,4x2 + 162 - 20x - 4y +19 =0
m Find the coordinates of the point where the line 2x + 2y = 18 meets the circle
fk—2”+[y—-32=16
2 Find the coordinates of the intersection of the given curves in each case.
a y=4x2+ 1x

=13+ 312 -x
b y=2+3x
y=2%+5x
e y+8x2=203
y+22+38x=0

d y=222-2x
y=2x*+312-Tx

SOLVE LINEAR INEQUALITIES

You can use the skills learnt in solving linear equations to solve linear inequalities.

m Find the set of values of x for which

a 2xr-5<7
b 5x+9>x+ 20
c 12 —3x <27

d 3(x-5>5-2(-8)

a 2x-5<7
2xr <12 Add 5 to both sides
x<=6 Divide both sides by 2
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b 5r+9>x+ 20

4r +9>20 Subtract x from both sides
dx > 11 Subtract 9 from both sides
x> % Divide both sides by 4
c 12-3x <27
-3x <15 Subtract 12 from both sides
r= =5 Divide both sides by —3. You therefore need to

reverse the inequality sign
Alternative approach

12 = 3x < 27
12 <27 + 3x Add 3x to both sides
-15 < 3x Subtract 27 from both sides
-5<x Divide both sides by 3
x>-5 Rewrite with x on the LHS

d 3x—5>5—-2(x—8)
Jxr—15>5—-2x+ 16 Expand
5x>54+ 16 + 15 Add 2x + 15 to both sides

5x > 36

> % Divide both sides by 5

Find the set of values of x for which

3x-5<x+8B8andSx>x-8

dx —5<x + 8qgives
2x-5<8

2r <13

13
x< r
Bx = x — 8 gives
dxr > —8 T T
x> -2 < o X <65
Draw a number line to illustrate the two inequalities. O > 1> -2

So the required set of valuesis -2 < x < %

|
o
|
%]
o
[
i -
o =
o =

Note: Draw a number line.
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m Find the set of values of x forwhichdx + 7 >3 and 17 < 11 + 2x

4x + 7 > 3 gives
dy = —4
x> -1

17 < 11 + 2x gives

6“:2:; T T T T T T T

-4 -2 0 2 4 6 8
d3<x o —
x=3 o—» =3

MNote: Draw a number line.

So the required set of values isx = 3

EXERCISE 2 1 P Find the set of values of x for which

m a 5r—8<6-2x B 7Tx—-17>T7T—-Tx
REASONING ¢ 15x+3=27x-3 d 16xr—-3=3-2x
e BSx+15>7 + 3x f 16x +25 <27 + 3x
g 9x+71=16 + Bx h 2x+69=—-3x + 52
2 P» Find the set of values of x for which
a 2Bx+5=4x+3 b 3(5x + 15) < 6x
c dx+7>3x+2 d 5@3x —6l=705x+2
e 4i4x -3 =6{7xr - 3 f 223x+8>35-1x
g 164 - 2x=T7(3 — 1) h -78x +3>-64 -

3 P Find the set of values of x for which

3 —2)=xr—4dandd4x + 12 > 22 + 17

=2

4x+ 3 >2and5xr +5>6
53-2=2B8x-3and2Bx + 3 =42 — x
33+ 2x)<2dx + 1 and 6i2x + 3) < 3lx — 4
92x -3 =4and 156x + 3 =5

42 — x) = 33z + 3 and Blx — 2) < 42x + 2)

SOLVE QUADRATIC INEQUALITIES

To solve quadratic inequalities you need to HINT

To solve the quadratic inequality,
you may have to rearrange it so
that all the terms are on one side.

- 0 & 0

i Solve the quadratic equation
ii Sketch the corresponding quadratic function
iii Use your sketch to find the required set of values.
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m Find the set of values of x for which x2 — 4x — 5 < 0 and draw a sketch to show this.

m @ —4xr-5=0

:; ;gi %IIEJ.RLHATLUH Quadratic equation
THINKING x+N)x—-5=0 Factorise
r=—1lorx=>5 —1 and 5 are called critical values
¥ Your sketch does not need to be accurate. All you really

need to know is that the graph is ‘U-shaped’ and crosses
the x-axis at =1 and 5

_1\1{ 5 % x? —4x — 5 < 0 (y < 0) for the part of the graph below the x-axis.
\/ So the required set of valuesis —1<x <5

m Be careful how you write your answers

—1 < x < 5 is fine, showing that x is between —1 and 5.

But it is wrong to write something like 5 < x < —1 or =1 > x > 5 because x cannot be less than
—1 and greater than 5 at the same time.

This type of solution needs to be written in two separate parts, x < =1, x > 5.

Find the set of values of x for which 3 — 5a — 242 < 0 and sketch the graph of y = 3 — 5x — 2a?

3-5x-2x2=0 Quadratic equation

222+ 5x-3=0 Multiply by —1, so it's easier to factorise

(2x = 1)x+3)=0

x= % orx= -3 %and —3 are the critical values

Lf 'y
Since the coefficient of x2 is negative,
/\\ ) the graph is ‘upside-down U- shaped’,

and crosses the x-axis at —3 and 1

3 = bx — 222 < 0 (y < 0) for the outer parts of the graph, below the x-axis

So the required set of valesisx < =3 orx = %

m Find the set of values of x for which 12 + 4x = x*
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Method 1: sketch graph
12 + 4x > x2
12+dx—x2=>0
2-—dxr—12=0 ¥4
x+2x—6)=20

r=-2o0rx=86

Sketchof y = 12 + 4x — x2 &
12+4x—-x2>0

Therefore -2 <x <6

™~
)
A

Method 2: table
12 + 4 > 22

12+4x—-x2<0
22 —4x—-12<0
22 —dx—12=0
x+2x—6)=0

x=-2o0rx=6

Use the critical values to split the
real number line into sets

For each set, check whether the
set of values makes the value of
the bracket positive or negative

r< -2 —-2<x<8B r>6
r+2 = - +
x—6 — - + g
{x + 2)(x — B) + £ +

|
For example, if x < —2, x + 2 is negative, x — 6
is negative, and (x + 2)(x — 6) is positive
2 —-d4xr-12<D
(x+2)x—6)<0
(x + 2)(x — B)isnegativefor -2 <x <6
Therefore -2 <x < 6

SKILLS a @-2r+3<0 b x+3xr—-4=0 ¢ 2x+3+4<0

a5 d (7x + 84 —6x)>0 e (Bx+3dx—-3=0 f Bx—-3Bx-71=0

THINKING

1 » By sketching graphs, solve these inequalities.

2 P» Find the set of values of ¥ which satisfy these inequalities.

a »@»-7x—18<0 b v24+6x+9=0 c ¥»¥@+13x+12=0
d »2—14x+40<0 e ¥*+7x+12=0 f 7x2-31x-20=0
g 222 +17x+21>0 h 522—-x-18<0 i 6x2+1d4x—-12>0

22 -26=0 k x22—-16=0



HINT

If the line is to be
included in the
region you use =
or = in place of >
or <.,

So points

in region A,
including the
line, would be
represented by:
ar+by=cory=
mr + ¢

HINT

To decide which
side of the line
does not satisfy
the inequality,
choose a
convenient point
in each region
and substitute its
coordinates into
the inequality to
see whether (or
not) it satisfies
the inequality.
Shade the region
containing the
point that does
not satisfy the
inequality.

SKILLS
ANALYSIS

. "% CHAPTER 3 INEQUALITIES AND IDENTITIES

GRAPH LINEAR INEQUALITIES IN TWO VARIABLES

Consider the two diagrams below.

T~ ar+ by =

* All the points that lie on the line are represented by
ar+by=cory=mx+c¢

* All the points that lie above the line, in region A, are represented by
ar+by=cory>=mx+c

* All the points that lie below the line, in region B, are represented by
ax +by<cory<=mx +c

When illustrating an inequality, first draw a straight line and then use shading.

* Inequalities using > or < are represented by a dashed (or dotted) line. This indicates the the
line itself is not included in the region.

* |nequalities using = or = are represented by a solid line to show that the line /s included in
the region.

The convention is that the region that does not satisfy the inequality is shaded.

The feasible region satisfying several inequalities will therefore be the one left unshaded.

This is the feasible region
for these three inequalities.

Write down the inequalities shown by regions A, B, C, D, E, F, G, H, | and J in the diagrams below.
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A r i xm5
10]. x (10, 10} |
¥ (0, 8) oy =
: 8 c E | F
A ‘-,‘“.t + 4 =10 o E
k2 ‘.,‘ = E 3 Py
0 x 0 X 0 5 (8, 0) x
¥ z=3 -6
0, 15)% G '
y=1
J
{0, 6} % H
0 x x

Note: ¥ = 3y — 6 could be written in many different forms, suchas3y =x +6or3y —x =6

You must use a coordinate to check the direction of the inequality since the region, |, is given by

x = 3y — 6 or equivalent.

. Broken line, so < rather than =
a BRegionA x+y<10 Testing point (0, 0: 0 + 0 < 10
RegionB x +y =10 Testing point (10, 10): 10 + 10 = 10

Solid line, so = rather than =
b RegionC 2y==x Testing point (0, 8): 2 x8=0
RegionD 2y=x Testing point (5,0:2 X 0=5

Broken line, so a strict inequality

¢ RegionE x <5 Testing point (0, 0): 0 < 5
RegionF x>5 Testing point (8, 0): 8 > 5
Solid line
d RegionG y =11 Testing point (0, 15): 15 = 11
RegionH y=11 Testing point (0, 6): 6 = 11
[ Solid line
e Regionl x=3y—-6 Testing point (0, 3: 0=3x3-86
RegionJ x=3y -6 Testing point (0, 0:0=3x0-6

m lllustrate on a diagram the region R, for which:
x=1 4x + 3y <12 2y=x xry=0
Label the region A.
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There are five inequalities here and three lines to add to the axes.

r=1
Draw x = 1
4x + 3y < 12

Draw 4x + 3y = 12 as a broken line.
To draw it, note that whenx = 0,y = 4 4x + 3y < 12

keep
Wheny=0,x=3

2y==x

To draw the line 2y = x , note that
it passes through (0, 0) and (2, 1)

Alsodraw x, y = 0

Combine all these on one diagram:

+3y =12
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CRITICAL
THINKING
REASONING
ANALYSIS

Note: Colour has been used here for clarity. Do not use colour in the examination!

Note: This is an example of Linear Programming.

A food cart manager sells cheeseburgers and chicken
burgers. The cart is open only during the lunch break
of 12-2 pm. The manager can cook a maximum of 40
cheeseburgers and a maximum of 70 chicken burgers.
He cannot cook more than 80 burgers in total. The
profit on a cheeseburger is 33 pence and the profit on
a chicken burger is 21 pence. How many of each kind
of burger should the manager sell to maximise profit?

Step 1

Formulate the problems into linear equations.
Let x
Lety
x>0andy >0 You cannot have a negative number of burgers
Number of each burger

number of cheeseburgers

number of chicken burgers

r=40andy = 70 These equations are created from information in the question
Total number of burgers

x+y=980

Step 2

Obtain a profit inequality

0.33(x) + 0.21(y) = profit Convert pence to pounds
Step 3

Mow draw these equations on a graph.

e | x4y =190
il 1
0 10 20 30 40 50 B0 70 80 90 100+

The region shaded in red is the only region that satisfies all the inequalities. Any value in this region
will work but the maximum profit value will be close to one of the vertices of the regions marked
A B,C,D.
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Step 4

Find the coordinates of the vertices:
The coordinates of A are (0, 70).
The coordinates of B are (20, 70).
The coordinates of C are (40, 50).
The coordinates of D are (40, 0).

Step 5

Input these coordinates into profit inequality found in step 2 (0.33(x) + 0.21(y) = profit) :
For A 0.33(0) + 0.21(70) = 14.70

For B 0.33(20) + 0.21(70) = 21.30

For C (0.33(40) + 0.21(50) = 23.70

For D 0.33(40) + 0.21(0) = 13.20

Therefore the maximum possible profit is £23.70.

For this the manager will need to sell 40 cheeseburgers and 50 chicken burgers.

m For questions 1-2 describe the shaded region.

D

CRITICAL
THINKING
REASONING
ANALYSIS

For questions 3-8, define the region labelled A.
3 » ' '
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For questions 9-12, represent the region defined by each set of inequalities, by drawing lines and
shading.

B P y=2r,x+2y=4,y+2x>1
9 b 2y, y+2xr=4,y=2x+2

10k x=0,y= {}ym- +4,y=6—2x

11 2>0,y=0,3x+4y=12,50c + 2y =10

12 Liis buying some chickens and lambs for his farm. He buys ¢ chickens at Y120 each.
He buys [ lambs at Y200 each. He wants at least 10 animals in total. He wants more lambs
than chickens. He has a maximum of Y1800 to spend.

a Write down three inequalities involving ¢ and [.
b Lican sell the produce of each chicken for Y150
and the produce of each lamb for Y450.
How many of each should he buy to maximise
his profit? Use a graphical approach.

13 Tala is a semi-professional photographer in her spare time. As a wedding photographer
she can earn 10 Jordanian Dinars (JOD). As a studio photographer she can earn 8 JOD an
hour. She wants to spend at least 6 hours as a studio photographer. She can only work
for a maximum of 20 hours a week. Obtain inequalities and graph your solution to find her
maximum possible weekly earnings.

Q14 HINT 14 A firm is planning to produce two types of light fittings, type A and type B.
Use the Market research suggests that, each week, at least 50 type A
information given light fittings should be produced.

in the question
to set up linear
inequalities.

The number of type A light fittings should be between 20%
and 40% of the total number of light fittings produced.

Each type A light fitting requires 3 light bulbs and each type
B light fitting requires 2 light bulbs. The firm can only buy
200 light bulbs each week.

The profit on each type A light fitting is £15. The profit on each type B light fitting is £12.
The firm wants to maximise its weekly profit.

Formulate this situation as a linear programming problem and find the maximum profit.
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DIVIDE A POLYNOMIALBY x = p

A guotient in mathematics is the result of the division of two numbers.

m Divide x® + 242 — 17x + 6 by (x — 3)

ADAPTIVE
LEARNING

Step 1:
x? ’
x—3)x3+2x2 - 17x+ B
13— 32
5x2= 171 <«
Step 2:
224 5x =
x—3)x*+2x2 - 17x+ 6
x3_ 31:2
5x? — 17x
5x% — 15x = :
— 2% + 6
Step 3:
*+5x—2 =
x—3)3+22%2 - 172 + 6
xS_ 3x2
Sx2 - 17x
512 — 15%
-2x+6

—2x 4+ 6 =
0=
Sox?+2x2-1Tx+6=+(x-3)=x24+5x-2+

Start by dividing the first term of the polynomial by x, so that
Prr=x°

MNext multiply (x — 3) by x2, so that x® x (x — 3) = x® — 3x*?
MNow subtract, so that (x® + 2x%) — (x® — 3x%) = 5x°

- Then copy —17x

- Repeat the method. Divide 5x2 by x, so that 5x2 + x = 5x

Multiply (x — 3) by 5x, so that 5x % (x — 3) = 522 — 15x
Subtract, so that (5x2 — 17x) — (5a2 — 15x) = —2x

-Copy 6

- Repeat the method. Divide —2x by x, so that —2x + x = -2

Multiply (x — 3)by —2,s0that -2 X [x —3)= -2x + 6
Subtract, sothat (-2x + 6) — (—2x + 6) =0

No numbers left to copy, so you have finished.
The remainder is 0

x? + bx — 2 is called the quotient.

Divide —3x* + 8x° — Bx2 + 13x — 10 by (x — 2).

Step 1:
...SIG
x—2)-32'+ 8 — 822+ 132 — 10
—3r + 623

253 — Ba?

Start by dividing the first term of the polynomial by x,
so that —3x¢ + x = —32°

- Next multiply (x — 2) by —3x3, so that
=3r® X (x —2) = —3x' + 6a?

Now subtract, so that

(—8x* + Bx®) — (—3x* + 6x3) = 24
Finally copy —8x2
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Repeat the method. Divide 2x° by x,

Step 2: g Sr—
_31_3+2;2 so that 2x2 + x = 2x2
X ‘—2‘}‘—32‘,'44*313—51.'24‘131'"‘ 10 Multlpl?[.’t—?}byﬂxz,sﬂthﬂt
—3x + 6a° 242 X (1 — 2) = 2¢° — 4x2
257 — Bt
Dy — Ayt i Subtract, so that (2x® — 842) — (242 — 4x?) = —4x?
- 422 ¥ 13 = - Copy 13x
Step 3:
—3x® + 242 — 4y Divide —4x? by x, so that —4x? + x = —4x
x-2] -32'+8:5 - 822+ 13- 10
—3x* + 62°
223 — 822
Oy3 _ g2 Multiply (x — 2) by —4x,
' sothat —4x % (x — 2) = —4x2 + 8x
—4x? +13x
—4x% + Bx = ~— Subtract, so that (-4 + 13x) — (—4x* + 8x) = —5x
52 =10 <« Copy —10
Step 4: e
323 4 942 — Ay 4 5 < He?:a: ;h&_.metljﬂﬁd. Divide 5x by x,
x—2] —3x* + 8x® — 8a? + 13x — 10 S S
—-3x* + 62°
2x° — 8a?
247 — 4x°
—4x% + 13z
— 4x2 + 8x
ox — 10
S5xr—-10 = Multiply (x — 2) by 5, so that 5 x (x — 2) = 5x — 10
0 -« Subtract, so that (5x — 10) — (5x — 10} =0

Sol—3x" +8x%— 822413 —10) = (x —2)= 323+ 2x2 — 42+ 5
The quotient is —3x% + 2x2 — 4x + 5. The remainder is 0.

m a x3+2x2—-23xr—-60 by x+4 b »*+2x2-21x4+18 by -3
ADAPTIVE ¢ x3+622+8Bx+3 by x+1 d »*+3x2-18x—-40 by x -4
LEARNING
e x¥*—x2+x+14 by x+2 f £2-56224+8x—-4 by x-2
g ¥*—22+x—1 by x—-1 h 22 +552+2xr+1 by x+5
2 P Divide
a —-2x*-5x"+3x+10 by x+2 b 4x® +20x*-8x—-96 by x+3

c 6x*+2722+14x+8 by x+4 d 3x2—-10x2-10x+8 by x—4
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ADAPTIVE
LEARNING

EXAMPLE 14

e —-3x%+ 1522+ 108x—-540 by -6 f —-52>-2V2?+23x+30 by x+6
g 2x°—-32"-3x+2 by x-2

3 b Divide
a 2x*+5x2—-5x+1 by @2x-—1) b B2 —7x2—-21x-12 by Bx+ 4
c 3x*—1022—-27x+10 by (Bx—1) d 22— 3224+ 11x+6 by 2x-—1)
e Bxi4+a2—-Tx+2 by Bx-1) f 2x34+72x24+72+2 by 2x+1)

FACTORISE A POLYNOMIAL BY USING THE FACTOR THEOREM

You can factorise a polynomial by using the factor theorem:
If f(x) is a polynomial and f(p) = 0, then x — p is a factor of f(x).

Show that (x — 2) is a factor of x® + ¥2 — 4x — 4 by

a Algebraic division b The factor theorem,
24 3qx 42— -Dividex®* + 22 —4dx — 4 by(x — 2)
a x—-2)x%+22-4x -4
x? — 2x2
3x% — 4x
3x? — Bx
g4 _ The remainder is 0, so (x — 2) is a factor of
2y — 4 ' Pt+at—4xr—-4
) =
b fix)=23+12—-dx -4 = Write the polynomial as a function
f2)=234+22-4x2 -4 = Substitute r = 2
=8 d~B=a=0 Use the factor theorem:

So (x — 2)is a factor of x® + x? — 4x — 4 «— Iff(p) = 0, then (x — p) is a factor of f(x). Here
p=250(x— 2)isafactorof x® + ¥ — 4x — 4

Factorise 2x® + x2 — 18x — 9.

fle) =223+ 2 - 182 — 9 = Write the polynomial as a function
=1} =212+ (=1~ 18(=1) ~ 8= 8 = I Try values of x that are a factor of 9,
=213+ (1% — 18(1) — 9 = —24 e.g. —1,1, 3, ... until you find f{p) = 0.
f1) = 2(1% + (1) 8(1) Here f(3) = 0
f2)=2@2)° + (2% - 18(2) -9 = -25
f3)=2(3)°+@3)°- 183 -9=0

Solx—S)isafactorafSad+ 22— 188 — 0 -—b o b0 o AT Rl e

 {x — p)is a factor of f(x). Here p = 3
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2x2+7x + 3 -
PR 7 g e v Divide 2x® + 22 — 18x — 9 by (x — 3)
2x% — Bx
7xZ — 18x
7x2 - 21x
3x -9 You can check your division here: (x — 3)
3x -9 is a factor of 222 + x2 — 18x — 9, so the
0 - remainder must be 0
2+t —-18x - 9=(x - 3)2x2 + Tx + 3) = 222 + Tx + 3 can also be factorised

= (x — 3)}2x + 1){x + 3)

m Given that (x + 1) is a factor of 4x* — 322 + a, find the value of a.

fix) =4a2*— 32>+ q = Write the polynomial as a function
fl-1)=0 = ; Use the factor theorem the other way around: (x — p)
4(-1)4 - 3(—-1)2+a=0<«—— is a factor of f(x), so f(p) = 0. Here p = —1
4-3+a=0 ‘ Substitute x = —1 and solve the equation for a.
= =4 Note that (—=1)* = (=1)2 = +1

Show that if (x — p) is a factor of f(x) then f(p) = O

If {x — p) is a factor of f(x) then Write the polynomial as a function
flx) = (x — p) x glx)
where g(x) is a polynomial. So
fp) = (p — p) X alp)

=0 % g(p)

=0 Remember that 0 x anything = 0
So f{p) = 0 as required.

1 P Use the factor theorem to show that

m a x+2isafactorof2x®— 322 —12x + 4
b (x + 1)is afactor of 2x* + 323 — x2 + 2

EXERCISE 6

ANALYSIS
ix + 3)isafactorof 2x* + 5x3 — 8x? —=17x - 6

c
d (x—2isafactorof x® — 522 + 2¢ + 8
e (xr+ 4)lisafactorof x7 + 10x8 + 27x5 — 65723 — 30x2 + 29x + 20.

Show that x* — 3x2 + 2x + 4 is exactly divisible by (x + 1) but not by (x — 2).
Show that (x — 2 is a factor of and factorise x* — 332 — 2x + 8,

Show that (x — 3 is a factor of and factorise x* — 212 — 5x + 6.

o &2 W N
bt S L.

Show that (x + 4 is a factor of and factorise 2x® + 312 — 18x + 8.
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6 P Given that lx — 2l is a factor of 32% — x2 — 12x + @ find the value of a.

7 P Given that (3x + 2) is a factor of 3% + bx? — 3x - 2

a find the value of b b hence factorise completely.
Q8 HINT 8 P Giventhat (x — 1) and 2x — 1) are factors of px® + gx® + 9x — 2,
Solve simultaneous find the value of p and g.

equations.
9 p Giventhat (v + 2 and x — 2] are factors of ax® + bx? — 12x + 4,

a find the value of ¢ and b b factorise fix) completely.

USING THE REMAINDER THEOREM, FIND THE REMAINDER WHEN A

POLYNOMIAL IS DIVIDED BY ax — b

By using the remainder theorem, you can find the remainder when a polynomial is divided by
lax — ). If a polynomial fix) is divided by lax — b then the remainder is f(g)

A remainder in mathematics is what is left over in a division problem.

EXAMPLE 17 Find the remainder when x? — 20x + 3 is divided by (x — 4) using
m a Algebraic division b The remainder theorem.
ADAPTIVE
LEARNING a

22+ 4x — 4 = Divide x* — 20x + 3 by (x — 4)
x—4)x3+ 0x2 — 20x + 3
3 — 4yl ;
Remember to use 0x®
4x2 — 20x
4x° — 162
—4x + 3
—4x + 16
—13

The remainder is —13.

b fix) =x3—20x + 3 « Write the polynomial as a function
f(4) = 4% — 20 X 4 + 3«
64 — 80 + 3
= ~13
The remainderis —13. b = 4 and the remainder s f($ ) = f(4). So substitute x = 4

Use the remainder theorem: If f(x) is divided by (ax — b), then the

remainder is f(vg}. Compare (x — 4) to (ax — b): Here a = 1,
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When 82 — 4x? + ax? — 1 is divided by (2x + 1) the remainder is 3. Find the value of a.

fix) = 8x* — 4x% + ax? -1
f[ g ) =4 Use the remainder theorem: If f(x) is divided by (ax - b),
2

then the remainder if f( 2. Compare (2x + 1) to (ax — b):

1\ 1 11

B(_E] B 4(_5) b “(_E) =1 =3 here a = 2, b = —1, and the remainder is 3.

2 5 W | 1t - So substitute x = —1, use the fact that the remainder
8(z6) ~ 4l 8 * alz) - 1=3 2
101 1 is 3, and solve the equation for a
—+=—+—a=1=3
2 2 4
%a =3
a=12

EXERCISE 7 1 » In each of these questions, find the remainder using the remainder theorem.
a 4x? — Bx + 4 divided by 2x — 1) b 4x%—5x2 + 72 + 1 divided by (x — 2)

c 6x%+ 7x% — 15x + 4 divided by{xr — 1) d 2x% — 322 + x — 10 divided by (v — 4}

SKILLS
ANALYSIS 2 P In each of these questions, find the remainder using algebraic division.

T— a x3+ 3x2 + 3x + 1 divided by b + 2) b 23+ 222 — x — 1 divided by {x — 1)

c 3x%— 22— x — 1 divided by lx — 4)
2 P» fix) = 3x* — 5x% — 58x + 40. Find the remainder when fix) is divided by (x — 4).
4 » When5 + 6x + bx? — x? is divided by (x — 1) the remainder is 17. Find b.

P The expression 3x* + pa® — 3x + 4 is divided by (x + 4. State the remainder of this
expression in terms of p.

6 P When 1623 — bx? + 30x — 8 is divided by (2x — 1) the remainder is 1. Find b.

7 » When ax® — bx + 5 is divided by (x — 2) the remainder is 5 and when it is divided by (x + 1)
the remainder is 6. Find the values of @ and b.

8 » When ax® — x? + bx + 2 is divided by (¥ + 3} the remainder is —73 and when it is divided by
lx — 2) the remainder is 22.
a Find the values of ¢ and b.
b Find the remainder when the expression is divided by (3x + 1).

9 P The expression 223 — x2 + ax + b gives a remainder of 14 when divided by (x — 2)and a
remainder of —86 when divided by (v + 3). Find the values of « and b.

10» The expression 3x° + 2x° — px + ¢ is divisible by (x — 1) but leaves a remainder of 10 when
divided by (x + 1). Find the values of p and ¢.
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Solve these simultaneous equations: [4]
x+y=2
4ys — x2 =11

Solve these simultaneous equations: [3]
y—3x+2=10

Y —x = 622

LB The line iy = x + 2 meets the curve 2% + 4y° — 2x = 35 at the points p and g.
Find the coordinates of p and the coordinates of g. [3]
Find the set of values of x for which: [3]

a 4x—-5=15—=x
b x(x—4)>=12

Find the set of values of x for which:

a x—Mx+1)<0 [2]

b 3x—-2)—-84+2x<0 [2]

c BothiZ2x—T7)lx+1)<0and3(x—-2)—-8+2x<0 [3]
n Find the set of values of x for which:

Sx2—5x—12=>0 [3]
Solve these simultaneous equations: [4]

x—6y—1=0

1
==+

x ¥ 4y
B Find the set of values of x for which:

a 2p2+9p =5 [2]

b nn+9) <2(n-5) [3]
“ fix)y=2x— 722 —10x + 24 [4]

a Show that (x + 2) is a factor of f(x).
b Hence factorise f(x).

flx) =2+ 8x2 + 17x + 16 [4]
a Show that f(x) = (x + 5) has a remainder of 6.
b Find the quotient of flx) + (x + 5).

—t
=

flr)= —3x3+ 1322 —6x + 8 [4]
a Show that (x — 4) is a factor of f(x).
b Hence factorise f(x) completely.

1 Factorise completely 2x2 — 722 — 5x + 4 [3]

H
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flx) =2+ 523+ px + ¢
p and g are integers. [4]
a The remainder when f{x) is divided by (x — 2) is equal to the remainder when
f(x) is divided by (x + 1). Find the value of p.
b Given that (x + 3} is a factor of f(x), find the value of g.

flx) =2 — 22+ 21 [4]
a Show that (x + 3) is a factor of f(x).
b Solve f(x) = 0.

fix) = px® + 622 + 12x + g. [4]
Given that the remainder when f(x) is divided by (x — 1) is equal to the remainder when
f(x) is divided by (2x + 1),

a find the value of p.

flx) = #* — 22 — 7x + a, where a is a constant.
Given that f(4) = 0,

a find the value of a. 11
b factorise f(x) as the product of a linear factor and a quadratic factor. [2]
a Factorise completely g(x) =2x° — 22 — d4x + 3 41
b Solve g(x) = 0. [11

llustrate, on a graph, the region that is represented by x = g +3,y>3xr—4and
2x + y > —4. 5]

B A company buys two types of diary to send to its customers, a desk top diary and a pocket
diary. They will need to place a minimum order of 200 desk top and 80 pocket diaries.

They need at least twice as many pocket diaries as desk top diaries.

They will need a total of at least 400 diaries.

Each desk top diary costs $6 and each pocket diary costs $3.

The company wishes to minimize the cost of buying these diaries.

a Write down the inequalities of this problem. 51
b Represent these graphically. [4]
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CHAPTER SUMMARY: CHAPTER 3

B When you multiply or divide an inequality by a negative number you need to reverse the inequality
sign.
B The steps for solving a quadratic inequality are:
B Solve the corresponding quadratic equation.
B Sketch the graph of the quadratic function.
B Use the sketch to find the required set of values.

B If f(x) is a polynomial and f(a) = 0, then (x — a) is a factor of f(x).
This is known as the factor theorem.

M If f(x) is a polynomial and r[g) = 0 then (ax — b) is a factor of f(x).

This is also known as the factor theorem.

M if a polynomial f(x) is divided by (ax — b) then the remainder is f( 2.

This is known as the remainder theorem.
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4 SKETCHING POLYNOMIALS

Graphs are a vital tool for physicists. They help explain
relationships between physical things, for example the
volume of gas is inversely proportional to the pressure
acting on it. If this relationship is modelled as a graph it
produces the graph y = % . You will learn about this graph,
and others, in this chapter.

An inflated balloon also obeys the equation above. If it is
placed in a sealed chamber and the air pressure is doubled,
it shrinks to half its original volume. If the pressure is
decreased to one-tenth of the original, the balloon will

expand to ten times its original volume - if it does not
burst first.

LEARNING OBJECTIVES

 Sketch cubic curves of the form y = ax® + bx? + cx + d  * Sketch curves of functions to show points of
ory = (x + a)lx + b)lx + ¢ intersection and solutions to equations

Sketch and interpret graphs of cubic functions of the form = Apply transformations to more complicated curves
= 43
y=x

Sketch the reciprocal function iy = % where kis a
constant

STARTER ACTIVITIES

Sketch these curves.
1»ay=s b y=22+1 y =2 d y=2a%+1)
f y=da2 g y=x2-4 y = L i ‘,-j,=%1_-2_2
. = 43
k ¥=x% | y==x
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SKETCH CUBIC CURVES OF THE FORM y = ax® + bx? + cx + d OR

y=(x+ a)ix + b)(x + c)

You need to be able to sketch equations of the form

y=ax®+bxi+cex+dory=(x+ ajr+ bix + ¢

This involves finding the points where the curve crosses the x- and y-axes.

These types of curves are known as cubic curves and the general shape is as follows:
y4 i

y=2x
4 Vi i
\‘-J . T ]
X X
y =-x%is a reflection in the
x-axis, as all the y values are
positive cubic curve negative cubic curve now negative

m Sketch the curve with the equation y = (x — 2)(x — 1)(x + 1).

Put y = 0 and solve for x to find the roots of the equation. (Where the curve crosses the x-axis)
fy=0

O={x-2x-=1)c+1)

Sox=2,10r -1

(—=1,01{1,0) and (2, 0)

Put x = 0 to find out where the curve crosses the y-axis

Hx=0,y=(0-2)0—-1)0 + 1)

Soy=2

©,2)

MNow plot these coordinates on a Cartesian graph. f b

y = (x — 2)(x — 1)(x + 1) crosses the y-axis at (0, —2) and the ;{
1

x-axis at (—1,0) (1, 0) (2, Q).

a

-4-3-2210] 72 3 4%
-
_3..
_4-.

Mext draw a curve through all these points.

This is called the maximum point.
The gradient changes from
positive to 0 to negative.

4 x
?4\ This is called a minimum point.

The gradient changes from
negative to 0 to positive.

Note: You will learn more about maximum and minimum points in Chapter 9.
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m Sketch the curve of y = (¥ — 2)(1 — x)(1 + x) and show the points where it crosses the
coordinate axes.

Put & = 0 and solve for x to find the roots of the equation (where the curve crosses the x-axis).
Hy=0,0={x-2(1—-201 +a)

Scx=2,1o0r—1

(—1,0)(1, 0)and (2, 0)

Put x = 0 to find out where the curve crosses the y-axis.

fx=04=(0-2)(1-0)1+0)

Soy=-2
(0. -2)
Mow plot these coordinates on a Cartesian graph. Wk
The curve crosses the y-axis at (0, —2) and ;_
the x-axis at (—1, 0) (1, 0) (2, 0). 2]
14
4-8-p HOl T2 3 a2

....zx 1

1g]
Now draw the curve through all these points. —

m Sketch these curves.

a y=@x-1>x+1) b y=2x%—2x%-3x

a y=(x—1)>x+1)
fy=0

0={x—1)2x+1)
Sax=1arx= -1
Points are (-1, 0) and (1, 0).

Repeated root from (x — 1)2

fx=0

y=1(0-130+1)

Soy=1

Point is (0, 1).

Plot the points and sketch the curve.
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b y=x*-22"-3x
y=uxfx?—2x - 3)
y = x{x - 3j{x + 1)

Factorise

fy =0

O=zxlx - 3)x+ 1)
Sox=0,30r-1
Points are (0, 0), (3, 0) and (—1, 0).

fx=0

y =00 - 330 + 1)

Soy=0

Point is (0, 0).

Plot the points and sketch the curve

1 b Sketch these curves and indicate clearly the points of intersection with the axes.
m a y=@x+3Px—-2)x+1) b y={x+Nxr—-2x—-3) ¢ y=@x+4x—3x+2)
ADAPTIVE d y=2xx-1)z+1) e Y= 3x(x - 1)2x + 1) f y=22¢+1)x-3)
N g y=4dxx—Nr+2)  h y=(v+ 123+ iy = (- 2% — 4)

i y=x+2°35+a k y=223+x) I y=(x— 4%x + 5)

2 » Sketch these functions and indicate the points of intersection with the axes.
a y=x23+2x2-2x b y=2%+5x2+4x € y=x-—x°
d y=3x+2x2 —x3 e y=12x%-3x f y=2-9x
g y=2x°-—9x2

SKETCH AND INTERPRET GRAPHS OF CUBIC FUNCTIONS OF THE FORM y = a3

Below is a sketch of the graph y = 13

Tt

St Y Natice that as r increases,

i increases rapidly

1 The curve is flat at (0, 0). This point
is called a point of inflexion. The
gradient is positive just betare (0, 0)
and positive just after (0, 0).

m Sketch the curves of these equations and show their relative positions to iy = x2.
a y=-x° b y=(x+1p c y=@3-2p
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HINT a
You do not need

to plot any points.

It is quicker to

realise that the

curve y = -1’ is

. The curve is still flat at (0, 0)
a reflection of the

curve iy = 1*
b y={x+1p
¥ 5
F==x HINT
i You do not need to plot any points. Instead realise
that this is a translation of the curve i = a3,
. 5 = When a value ‘a’ is added to a cubic, inside

brackets, it creates a horizontal shift of *—o'

Whenx =0y = (0 + 1)% sothaty = 1

Reflected in the x-axis

HINT
y=B-af=2y=—-(x-37"

Horizontal shift, 3 to the right

Whenx = 0:y = (3 — 0)% sothaty = 27

Sketch these curves and show their relative positions in relation to y = x?

ED a y=k-2p b y=(@2-2p c y=@x-8° d y=x+ap
-13

DAPTIVE =—(x— 23 f oy=—(x—43 = = h y={1-2ap

LEARNING ® y=-k-3 y=—=1 8 dmiety) e

SKETCH THE RECIPROCAL FUNCTION y = % WHERE k IS A CONSTANT
k

x

The curves with the equations y =

Wpei:;;z%wherek}ﬂ

fall into two categories.

The curve does not cross # Whenx =0,y is undefined,
the axes. When i = 0, x is undefined.
The curve tends towards L= tw =0

the x-axis when x is large ! | —x = 4o, =0

and positive or large and g tw, x—=0
5 © —y—--l-:x:‘j_'_-ﬂ-

negative,
The curve tends towards "h&x
the y-axis when x is large . :
y g These are the horizontal and vertical

and positive or lange and
ruaq;;a.l:t'.i;‘wal.“r ¥ asymptotes (where the graph
never reaches the r- and -axes).
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Type 2: i :gwherek-::{]

The curves behave in the same way
as in Type 1, but are confined to two
different quadrants

m a Sketch the graph y = %

b Sketch the graph y = —15

a Sketch the graph of the function i = %
ya
34
2.
14
il
»4=% HINT
1. but further out

S
]

The curve will be the same as y =
from the origin. Its asymptotes are, however, the same.

b Sketch the graph of the function y = —%‘

HINT
The curve will be the same as iy = 1_—, but reflected in the x-axis.

Sketch these pairs of equations on the same axes.
1 3 4 B 3 3

Ey =v-zv-: Y ¥=p¥Tg ® Bez¥="g
6 =l ) & =i

= & Y= y=—% f xyw=6xy=-5

INTERPRETATION 4
x
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SKETCH CURVES OF DIFFERENT FUNCTIONS TO SHOW POINTS OF

INTERSECTION AND SOLUTIONS TO EQUATIONS

EXAMPLE B a On the same diagram sketch the curves with the equations y = x{x — 3)and iy = x*(1 — x).

b Find the coordinates of the points of intersection.
. * v =xlx =3

HINT

«— y=xlx—3)
The quadratic ‘U’ shape crosses the x-axis at
r=0andx = -3

- y=11-12)
The cubic ‘negative’ shape crosses the x-axis
atr=0andx = 1.

b y=2xx-3)andy =231 — )

The coordinates of the points of intersection are the points where the two functions have the

same value.

xx =3 =21 - x)

»r—Gx=x2—2x° Expand brackets

¥¥=3x=0 Collect like terms and equate to 0
xx2-3)=0 Factorise

r=0o0rx==x/3

You can use the eguation iy = x(x — 3) to find the y-coordinates:

Ifx = —IL".S,
y=—3(-/3-3)
y=3+373
fx=0,

y =00 -3
y=0

Ifx = \5,
y=+3(/3 -3
y=3- 3/3

The coordinates of the points of intersection are (—3, 3 + 3/3), (0, 0) and (y3, 3 — V3).
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m a On the same diagram sketch the curves with equations iy = x%(x — 1)and y = %
b Explain why your sketch shows there are two roots to the equation x%(x — 1) = 32'
"ol HINT
all = y=xx—1)

The cubic ‘positive’ shape crosses the yr-axisatx=0andx = 1.

| |—y=-2

x
6 = The reciprocal ‘positive’ shape does not cross any axes.

b From the sketch there are only two points of intersection of the curves. This means there are
only two values of x where

@2x—-1)=

2
x

So this equation has two roots.

Note: You would not be expected to solve this equation.

1 P Consider the pairs of equations, a-f, below. In each case

PROBLEM
SOLVING

sketch the two curves on the same axes
state the number of points of intersection, if any

write down a suitable equation which would give the x-coordinates of these points. You
do not need to solve the equation.

a y=xy=x by=x{x+2}.y=-%
¢ y=x(-2y=-2 d y=xx—4,y=-2°
e;;m—xaryz—?f f y=-23,y=x°
2 » a Onthe same axes sketch the curves given by iy = x*(x — 4)and y = x(4 — x).
b Find the coordinates of the point of intersection.
3p» On the same axes sketch the curves given by y = (x — 1) and y = x% — 1,
Find the coordinates of the point of intersection.
4 P Onthe same axes sketch i = % and y = —xix — 1)2 and use your sketch to explain why
there is no solution t % = —z{x — 1~

5 p Sketchthe curves of y = 1 — 4x® and y = x(x — 2)2 and use your sketch to explain how

many solutions there are to the equation 1 — 422 = x(x — 2)%

6 P Sketch the curves y = x? — 2x% — x + 2 and the line ¥ = 14x + 2 and find the points of

intersection.
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APPLY TRANSFORMATIONS TO CURVES

Applying transformations to curves is beyond the scope of the specification and won't be
examined. However this exercise can be set as an extension activity. Polynomial curves can be
transformed in four basic ways. This is explained in more detail below,

NAME fiix) DESCRIPTION

Horizontal translation of —a | flx + a) | The value of a is subtracted from all the x-coordinates,
but the y-coordinates stay unchanged. In other words
the curve moves a units to the left.

Vertical translation of +a flx) + @ | The value of a is added to all the y-coordinates, but
the x-coordinates stay unchanged. In other words the
curve moves & units up.

Horizontal stretch of scale flax) All the x coordinates are multiplied by %, but the
factor% y-coordinates stay unchanged. In other words the
curve is squashed in a horizontal direction.
Vertical stretch of scale af(x) All the y-coordinates are multiplied by a, but the
factor a z-coordinates stay unchanged. In other words the

curve is stretched in a vertical direction.

Sketch these functions.
a fixr) =22 b glx)=(x+ 332 ¢ hix)=2+3
flx) = x* is a standard glx) = (x + 3)° is the same hlx) = x2 + 3 is the same
curve: moved 3 units to the left; curve, moved 3 units up:
fix) ; gl . i hix) ;
fx) = 22 9 glx) = (r + 3} hiz) = x% + 3
0] ¥ 3 0| x 0 T
Sketch the graph of y = (¥ — 2)2 + 3
¥4
s Step 1: Sketch the Step 2: Sketch
30- graph of f(x) = 12 the graph of
er f(x) = (x — 29
104 Horizontal
- - - translation of +2
“4-20| 2 4 6 &8 7%

Step 3: Sketch the graph of f(x) = (x — 2 + 3
Vertical translation of +3
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e 2
m Sketch the graph of y = T3 3

i
20+ Step 1: Start with the graph iy = -l;
10+ Or:
. L — Jlzx) = 1
-3 -2 -1 1 2 a = x
+10 and
—20 . Asymptotesare:x=0andy =0
i Step 2: y =
204 RSy = r+5
L6 Horizontal shift of —5
Or:
Tz Ja™s Ja 43 s 43 O] =
7 465 4 43 42 1 +5
| T\ Sl +5)
and
.-2-[]-
Asymptotes are: x = —-5andy = 0
i St 2
20 & r+5
<0, Vertical stretch, scale factor 2
Or:
B _I5 _'4 _.3 _|2 _I-IU x
! L 2fx +5)
and
_E.D-
Asymptotes are: x = —5andy =0
i 2
: Stepd: y = +3
20 Y r+5
s Horizontal translation of —3
e | Tt = Or:
-7 -6 %5 -4 -3 -2 -1 x
) 2flx+5 +3
and
Asymptotes are:x = —-S5andy =3
Sketch these curves.
SKILLS a y=3x-4 hy=%—2 ¢ y=303x+1)p dy=x?2
INTERPRETATION 8 = 1 % . 1 q $ = 3 5 h y=322+2

&—1 R
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EXAM PRACTICE: CHAPTER 4

n The curve C has equation y = % and the line / has equation y = 2x + 5

a Sketch the graphs of € and [, indicating clearly the coordinates of any
intersections with the axes. [4]

b Find the coordinates of the points of intersection of C and [. 1

The curve C has the equation y = (x + %}{:{r — 2)x + 1).

Sketch the curve, indicating where the curve crosses the x-axis. [31

a Sketchthegraphsofy = x(x + 2)(3 —x)and y = —% showing clearly the
coordinates of all the points where the curves cross the coordinate axes. [4]

b Using your sketch, state the number of real solutions to the equation

xx +2)3—2)= —% and give a reason for your answer. [1

P} Sketch the graphs of y = x(4 — x) and y = 2*(6 — x) showing clearly the coordinates
of the point of intersection. [3]
B a Factorise completely x3 — 3x. [11
b Sketch the curve € with equation iy = x* — 3x. [2]

The diagram below shows a sketch of y = %

Copy the diagram. On the same diagram sketch the graph iy =

+ 3 [2]

Lo
g

L

The diagram below shows a sketch of the curve with equation
X
x—2
Copy the diagram. On the same diagram sketch the curve with equation y = flx — 1)
and state the equations of the asymptotes of this curve. [3]

y = f(x) where f(x) =

yn
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ED = +° 422 +x+6=(x+ 1)ax? — bx + 6). Find a and b by factorising.

b Hence sketch the curve of ¥ =% — 4x% + x + 6.

B Sketch these curves on the same axes.
a y= 3

b y=—(z-1)

' 3
cv- e}
i) The diagram below shows a sketch of a curve y = f(x).

a On the same axes sketch the curves with the equations
i y=flx+3)
i y=—f(—2)
i
10

54
B P P T

=54

_'FU_

a On the same axes sketch the curves given by y = ;— and iy = —xfx — 2)2

b Explain how your sketch shows that there are no solutions to the equation
1+2%x—172=0.

[3]
[2]

[4]

[2]
[2]

[4]

(1
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CHAPTER SUMMARY: CHAPTER 4

B You need to know the shapes of these basic curves.

Y= x2 Y= 3
y“ yl
o
0 T
y = - afx - b)x — o y=1
_yn _!'u

L

"y
ey

f"\\&_/

mEx

B You also need to know the basic rules of transformations.

NAME fijx) DESCRIPTION
Horizontal translation of —a flxr + @) | The value of a is subtracted from all the x-coordinates,
but the y-coordinates stay unchanged. In other words
the curve moves a units to the left.
Vertical translation of +a fx) + @ | The value of a is added to all the y-coordinates, but
the x-coordinates stay unchanged. In other words the
curve moves a units up.

Horizontal stretch of scale Nax) All the x-coordinates are multiplied by g!-, but the
factor % y-coordinates stay unchanged. In other words the
curve is squashed in a horizontal direction.
Vertical stretch of scale af(x) All the y-coordinates are multiplied by a, but the
factor a x-coordinates stay unchanged. In other words the

curve is stretched in a vertical direction.
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5 SEQUENCES AND SERIES

A recurrence relationship is a sequence where the next
term of the sequence is derived from the preceding terms.
The best-known is the Fibonacci sequence, named after
the Italian mathematician who wanted to find out how fast
rabbits could breed.

Each term is found by adding up the two previous terms.
The sequence is: 0,1,1,2, 3,5, 8,13, 21, 34, ...
The sequence is found throughout nature, from leaves to

pineapple scales. Natural growth often follows this pattern,
for example in animal cells, grains and even beehives.

Fibonacci introduced the sequence to Europe in 1202, but it was known to the Arabs and the Indians
betore that.

LEARNING OBJECTIVES

Identify an arithmetic sequence Identify a geometric sequence

Find the common difference, first term and nth term of Find the common ratio, first term and nth term of
an arithmetic series the sequence

Find the sum of an arithmetic series and be able to use * Fing te SUm o1'a GEOMBLric 5ories

T (sigma) notation Find the sum to infinity of a convergent geometric series

STARTER ACTIVITIES

The two key concepts in this chapter are sequences and series. In the English language these terms are
interchangeable. In mathematics, however, the definition of a sequence and a series differ greatly, therefore it is
important to know the difference.

A sequence is a list of numbers: ay, a;, a;, ...

A series is the expression you get when you insert ‘addition’ symbols: ay + a, + az + ...
In a sequence the order in which the numbers are listed is important, for instance:
1,2,3,4,5;.. is one sequence, and

2,1.4, 3, 6,5, ... isan entirely different sequence.

A series is a sum of numbers. For example,

T4+8345 4T+,

or
1
16

3 T
B L R e 2
8

2 4
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ADAPTIVE
LEARNING
PROBLEM
SOLVING

IDENTIFY AN ARITHMETIC SEQUENCE

Consider these three common sequences

2,5.8.11,...

0,5 10,15, ...

5. 2. _11 _4, ¥aE

To get to the next term, you add a fixed value to the previous term. Hence the difference

between the terms is fixed. Note that you can also subtract a common difference to obtain a
sequence.

A sequence that increases or decreases by a constant amount each time is a called an arithmetic
sequence.

Here are socme examples of arithmetic sequences

3,7, 11,15,19, ... because you add 4 each time
2,7,12,17, 22, ... because you add 5 each time
17,14, 11, 8, ... because you subtract 3 each time

a,a +d,a+ 2d, a+ 3d, ... because you add d each time

= A recurrence relationship is a sequence where there is a relationship between two consecutive
terms.

* A recurrence relationship of the form U,., = Uy + ¢, k = 1, ¢ € R is called an arithmetic
sequence

Find the a 10th, b nth and ¢ 50th terms of the arithmetic sequence 3, 7, 11, 15,19, ...

a Firstterm =3 The sequence goes up in fours, starting at 3. The first termis 3 + 0 < 4
Second term = 3 + 4 The second termis 3 + 1 % 4
Thirdterm =3 + 4 + 4 Thethird termis 3 + 2 x 4
Fourthterm =3+ 4 + 4 + 4 Thefourthtermis3 + 3 x 4

Therefore the 10thtermis3 + 9 <4 =3 + 36 = 39
b The nth term is:
3+in-1)x4=4n-1 nth term = first term + (n — 1) x difference

¢ The 50th termis 3 + (50 — 1) X 4 = 3 + 196 = 199

A tree that is 6 metres tall is planted in a garden. If it grows 1.5 metres a year
a how tall will it be after it has been in the garden for 8 years?

b after how many years will it be 24 metres tall?

a 6+8x15 It starts at 6 metres and it has 8 years’ growth at 1.5 metres a year
=6+ 12
= 18 metres
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b 24 — 6 = 18 metres Find out how much it has grown in total

So number of years = % = 12 years. It grows 1.5 metres a year

m Find the number of terms in the arithmetic sequence 7, 11, 15, ..., 143

The sequence goes up in fours. Woark out how to get from one term to the next
It goes from 7 to 143, a difference of 136. Work out the difference between the

last number and the first number
% = 34 jumps

There is one more term than the number of jumps, so 34 jumps means 35 terms.

1 » Which of these sequences are arithmetic?
112
D a 911,12, 14 b 810121416 < 112
s d 16,8, 4,2, 1 e 7,10,13,16,19 f 2.5,4,55,7
PROBLEM
SOLVING g —-3,-6, -8 —10,-12 h 2y, dy, 6y, 8y i 4+d6+2d8+3d 10+ 3d

2 P Find the 10th term in this arithmetic progression.
a 3,579 b 7,75 8,85 c 69,73 77,81
d zx 2x, 3z, 4x e 4+ 6+ 2a,8+ 3a

3 P Nadine puts $4000 into her account.
Every month after that, she pays in another $200.

How much money in total will she have
invested at the start of

a the 10th month?
b the nth month?

Note: At the start of the 6th month she will have
only made 5 payments.

4 » Calculate the number of terms in these arithmetic sequences
a 5,813,..133 b 11,14,17,..58 e 136,125,114, ... -84
d 671,663.5,656,..581 e y,3y,5y,..35 f mm+p,m+2p, ..mn— 1)d, ...
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KEY POINTS

EXAMPLE 4

PROBLEM
SOLVING

FIND THE COMMON DIFFERENCE, FIRST TERM AND n2th TERM OF AN
ARITHMETIC SERIES

Arithmetic series are formed by adding together terms of an arithmetic sequence, i, + t, + g ... + 1,
In an arithmetic series, the next term is found by adding (or subtracting) a constant number.
This number is called the common difference and is often represented by .
The first term is often represented by a.
All arithmetic series can be written in the form:
i} + (a+d) + a+2d) + (a+3d) + (a+4d) + ..
Firstterm  Second term Third term Fourth term  Fifth term

Look at the relationship between the number of the term and coefficient of d. You should be able to
see that the coefficient of d is one less than the number of the term.

You can use this fact to produce a formula for the nth term of an arithmetic series:

The nth term of an arithmetic series i, = a + (n — 1)d, where a is the first term and d is the
commeon difference. Please note that this formula is not given in the exam.

Find i the 20th and ii the 50th terms of these series.

a 4+7+10+13+ ... b 100+93+ 86+ 79+ ..
a a=4andd=3 d=7-4
i 20th term Use the formula i, = a + (n — 1)d with n = 20
Upp =4+ (20— 1) X 3
=4+19x3
= 61
ii 50th term Use the formula &, = a + (n — 1)d with n = 50
Ueg =4 +B0—-1) %3
=4+49x3
=151
b a=100andd = -7 d=93-100= -7
i 20th term
= 100 + (20 — )% (—7)
=100 + 19 X (-=7)
= -33
ii 50th term
tsp =100 + (50 — 1) X (-7
=100 + 49 x (-=7)

—243
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EXAMPLE 5 For the arithmetic series 5 + 9 + 13 4+ 17 + 21 + ... 4+ 805:

a Find the number of terms in the series. b Which term of the series would be 1297

a Theseriesisd + 9 + 13 + 17 + 21 + ... + 805
Witha =5and d = 4
805 =5+n—-1)x4
BOS =5+ 4n — 4

The nth term u, = a + {(n — 1)d, so replace
i, with 805 and solve for n

805 =4n + 1
804 = 4n
n=201

There are 201 terms in this series.

The nth term u,, = a + (n — 1)d, so replace

b 129=5+(n-1)d u, with 129 and solve for n

129 = 4n + 1
128 = 4n
n =32

The 32nd term is 129.

Given that the 3rd term of an arithmetic series is 20 and the 7th term is 12
a find the first term b find the 20th term.

Mote: These are very popular questions and involve setting up and solving simultaneous
equations.

a 3rdtemis20soa +2d =20 (1)
7thtermis12soa + 6d = 12 (2)
Subtracting (1) from (2):

Use that the nth term is u, = a + (r — 1)d,
withn =3andn =7

4 = -8
d=-2
The commaon difference is —2.
a+2x(—-2)=20 Substitute d = —2 back into equation (1)
a—4 =20

a =24
The first term is 24.

b The 20th term is:
iy =a+ 19d
=24 + 19 % (-2)
=24 - 38
=-14
The 20th term is —14.
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EXERCISE 2

KEY POINTS

EXAMPLE 7

1 B Findithe 20th term and ii the nth term of these arithmetic series.

a 4+7+10+13+ ... b 17+ 20+ 23 + 26 + ...
c 102 + 98 + 94 + 90 + ... d 16+10+4+(=2)+ ...
e§+§f§+§§+11+ f g+3g+5qg+7g+ ...

5 15 15 15
g 5k+&k+ {38+ (-TH+..

2 » Find the number of terms in these arithmetic series.

a 5+8+11+ ... +62 b —14 + (-8)+ (-2)+ ... + 700
c 120+ 117 + 114+ ...+ 24 d x+5x+ 9+ ..+ 201x
e 0.25+1.75+325+ ...+ 38.25 f 2100 + 2089.5 + 2079 + ... + 16B9.5

3 P The 1st term of an arithmetic series is 6 and the 4th term is 18.
Find the common difference.

4 P The 3rd term of an arithmetic series is 12 and the 10th term is —93.
a Find the first term and the common difference.
b Find the term in which the series turns negative.

5 P The 20th term of an arithmetic series is 18.82 and the 35th term is 15.52.
Find the 5th term

& P The first three terms of an arithmetic series are 5p, 20 and 3p.
Find the value of p and hence the values of the three terms.

7 ¥ For which values of n would the expressions —8, n? and 17n form the first three terms of an
arithmetic series?

FIND THE SUM OF AN ARITHMETIC SERIES AND BE ABLE TO USE = NOTATION

The method of finding the sum of an arithmetic series is attributed
to the famous mathematician Gauss. He is said to have solved the
problem at junior school.

The formula he proved for the sum of the arithmetic series is

The formula for the sum of an arithmetic series is

S,,=%[2a+{n—1}d] or Sﬂ=%{a+L}

where q is the first term,  is the commeon difference, n is the
number of terms and L is the last term in the series.

Find the sum of the first 100 odd numbers.

§omt w3 ETEL, u535n=-2’1[2a+{n—1]d]
- %{2 % 1+ (100 — 1)2]
= 50(2 + 198)
= 50 % 200

= 10000
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Alternatively, find L and use §, = g[u + L)
MNote: This is a very useful formula that is worth remembering.

L=a+(n-1)d
=1+99x2
= 199

n
So=Ra+L
Sp=2a+1)

_ 100
2
= 10000

{1 + 199)

Find the minimum number of terms required for the sum 4 + 9 + 14 + 19 + ... to exceed 2000.

4+9+ 14+ 19 + ... = 2000 Always establish what you are given in a question.
As you are adding on positive terms, it is easier to
solve the eguality S5, = 2000

Using S, = giza + (n — 1)d] You know a = 4, d = 5 and S, = 2000, you need to find n

2000 =£21[2 X4+ (n—1) %5
4000 = n[2 X 4 + (n - 1)5]
4000 = n(8 + 5n — 5)
4000 = n(5n + 3)
4000 = 5n2 + 3n
5n2+ 3n — 4000=10

-3+ /9 + 80000

n= 10 Solve using the quadratic formula
n=280orn=—-286
28 terms are needed Accept positive answer

EXAMPLE § Robert starts his new job on a salary of £15000. He is promised a salary increase of £1000 each

year, at the end of every year, until he reaches his maximum salary of £25 000. Find his total
earnings (since appointed) after

a B8years b 14 years.

a Total earnings = £15000 + £16000 + ... For 8 years
g =15000,d = 1000 and n = 8 Write down what you know
Sy = 3[30000 + 7 x 1000] Use S, = 22 + (n — 1)d]

Sy = £148000
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b Total earnings = £15000 + £16000 + ... + 25000 + 25000 + 25000 + 25000

This time there are 10 years of increases, taking him to
the end of his 11th year, and 3 years of the same salary

a=15000,d = 1000 and n = 11 For the first 11 years
§ypom lzl[anuuu + 10 % 1000] Use S, = %2a + (n — 1)d]

54 = £220000
After that 3 years at £25 000 so add another £75000
Total earnings = £220000 + £75000 = £295000

Show that the sum of the first n natural numbers is ;—ntn + 1).

This is an arithmetic series witha = 1, ¢ = 1, n = n In the sequence of natural numbers, the first
s -R{2X1 Fn-1)x1] term is 1, the difference between terms is 1
i and the number of terms in the sequence is n

- n

Sa=32+n=1] Uses,.=g|2a+{n— 1)d)
Sy = g{n + 1)

Sy = %n(n + 1)

You can use X to mean ‘the sum of".

For example:
10
¥ 21 means the sum of 2n fromn = 1ton = 10

m=1

10
Y2n=2+4+4+6+8+10+12+14+16+18 + 20

n=1

10
U =U+U+ U+ Uy + U+ Ug+ U + Ug + Uy + Uy

=1

10
Y (2 + 3rymeans the sumof 2 + 3rfromr=0tor =10
™ 22 45+8+..+32

15
> (10 — 2r) means the sum of 10 — 2rfromr =5tor =15
5 Z 04 (=2) + (=4) + ... + (~20)

20
Calculate ¥ 4r + 1
r=]

20

Yar+ 1 Substitute r = 1, 2, ... to find the terms in the series
r=1
=5+9+13+..+81 This is an arithmetic series
a=5d=4andn =20
S0 =22 %5+ (@0~ 1)x4 Use S, = M2 + (n ~ 1)d]

=10 (10 + 19 X 4)

=10 x 86

= 860
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1 P Find the sum of these series,

m a 4+7+10+ 13 + ... (20 terms) b 3+5+7+9+ ..(30terms)

CRITICAL c 150 +145+ 140 + 135+ ... (10terms) d —15 + (—12.5) + (—10) + ... (50 terms)
PROBLEN e @+ 1)+ @c+1)+@x+ 1)+ ..+ @1x+ 11)

SOLVING

2 P Find how many terms of these series are needed to make the given sum?
a 6+16+ 26+ ...,sum = 12550
b 7+11+15+19 + ..., sum = 900
c 20+ (-17) +(—-14) + (—8) + ..., sum = B48
d 29+ 24 +19 + 14 + ..., sum = —247 491

32 P Find the sum of the first 30 odd numbers.

4 » Ali starts works on an annual salary of $20 000. His contract will give him an increase of $120
every 6 months. If he keeps working for 15 years, how much will Ali earn?

5 P» Find the sum of the natural numbers up to 200.

6 P Kumar earns €35000 a year. He gets an increase of €123 every year on his salary. He works
for 20 years and then retires, His pension entitles him to 5% of his overall salary as a
maonthly allowance. What is his monthly pension allowance?

7 P Find the sum of the even numbers from 26 to 126.

8 P A joggeris training for a 5 km run,
She starts training with 200 m and increases
her run by 50m a day.
How many days does it take her to reach 5 km?

9 b Show that the sum of the first 2n natural numbers is n(2n + 1)

10 The sum of the interior angles of a triangle is 1807, a quadrilateral 360° and a pentagon 540°
Assuming the pattern continues, find the sum of the interior angles of a dodecagon
(12-sided shape).

11k Rewrite these series using sigma Z notation.

a 3+5+7+..+21 b 9+17+25+23+ ...+ 97
c B6+32+28+...+0 d The multiples of 4 less than 75

12 Prove that the formula of an arithmetic series is: §,, = %[a + L)

130 Calculate

Q14 HINT a ;Et{dr =1} b ri?-fr =1 c :E?{S — 6r d riﬁﬁr +13)
You will need to =

solve a quadratic 14 » For what value of n does } (2r + 3) exceed 1007

inequality. =

15b Forwhat value of nis 3100 — 6r) < 07
r=1
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KEY POINTS

EXAMPLE 12

=2

REASONING

IDENTIFY A GEOMETRIC SEQUENCE

Consider the sequence
3,927, 81...
The pattern here is that each term is multiplied by 3.

Consider another sequence
3, -6,12, —24...
The pattern here is that each term is multiplied by —2.

Sequences like these are known as geometric sequences.

These sequences are called geometric sequences.
1248, 1w

100, 25, 6.25, 1.5625, ...

2, —6, 18, —54, 162, ...

To get from one term to the next you multiply by the same number each time. This number is called
the common ratio, and often represented by r.

] i ;
Common ratio r = H—E, where 1, and u. are the first two elements
i

Find the common ratios in these geometric sequences.
1

a 2,10,50, 280, ... b 90, —-30, 10, mra i
a Common ratio = 1 = 5
b Common ratio = —% = —% The common ratio can be negative and it can be a fraction

1 P Which of these are geometric sequences? For the ones that are, find the commeon ratio.

a 2,10,50,250... b 3,618 34...

¢ 211, 105.5, 52.75... d 4,7,912..

e 7, —=7,7i=T. f 9,9098..

g 120, -30, 7.5, —1.875... h 61,59, 57,55...

2 P Find the next three terms of these geometric sequences.

a 113, —339, 1017... b 20, 80, 320...
2 2

c =, = 2. d 3,15, 75...
93

e 1,-0.25,0.0625... A

3 P If4, pand 16 are the first three terms of geometric sequence, find

a the exact value of p. b the exact value of the 5th term.
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FIND THE COMMON RATIO, FIRST TERM AND nth TERM OF A GEOMETRIC SEQUENCE

You can define a geometric sequence using the first term a and the common ratio r.
a, ar, ar?, ar?, e opnt

Firstterm Secondterm  Thirdterm  Fourth term nth term

Sometimes a geometric sequence is called a geometric progression.

HINT

Look at the relationship between the position of the term in the sequence and the index of the term.
You should be able to see that the index of r is one less than its position in the sequence. So the nth
term of a geometric sequence u, = ar*-.

Find i the 10th term and ii the nth term in these geometric sequences.
a 3,6 12,24, ... b 40, -20,10, -5, ...

a 3,6,12,24, ...

i a=3,r=—§-=23ndn=10

10th term = 3 % (2)° Use ar"-1
=3 x 512
= 1536
ii a=3,r=2andn=n

nth term = 3 x (2) Use ar"!

b 40, -20,10, -5

i u=4ﬂ,r=;—%ﬂ=—%andn=1ﬂ
9
10th term = 40 x (—1] Use art!
-1
64
il 40 x [—%)"'1
=5x8x (—%]H

-1
=5 x 2% x (—=1)*1 x [%)
= § X (=1)71 x 22 x (2~ T~ Use law of indicesa-;-' = x~m and (xm)r = gmen
= 5 X (—1)r-1 x 23 X 2-n+1
= 5 % (—1)r-1 x 23-n+1
=5 X (—1)n1 x 24-n

The second term of a geometric sequence is 4, and the 4th term is 8. The common ratio of the
sequence is greater than 0. Find the exact values of

a the common ratio b the first term ¢ the 10th term.
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a 2ndterm =4, ar=41)

dth term = 8, ar® = 8 (2) using nth term= ar" ' withn = 2 and 4
() = (1) gives:
8
2= =
r g 2
r=Ag So the common ratio is v2

b Substitute the common ratio back into (1) to find: av2 = 4

_ 4
o= /3 To rationalise -%- multiply top and bottom by /2
N
= 4\§
2
= 2/2 So the first term is 2,2

¢ The 10th term is:

ar® = 202 x (/2)° Substitute the values of a and r back into ar"~ withn = 10
=2 X (\"f}lm Use (v2)"° = (2)'° = pixt0 = 5
=2 x25
— 26
= 64

m The numbers 3, x and x + 6 form the first three terms of a positive geometric sequence.

Find
a the possible values of x b the 10th term of the sequence.
. ! s U,
a The sequence is a geometric sequence only if 7t
1 2

% =x ; 6 Cross multiply
x2 = 3(x + 6

x2=3x + 18

@ -3x-18=0 Factorise

x—6x+3)=0

The solutions are x = 6, x = —3, but this is a positive sequence so the only answer is x = 6.

Use the formula for the
7, 3 : nth term u,, = ar® 1 with

ar® =3 X 2% = 3 X 512 = 1536 i bl
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1 P Find the 5th, 7th and rth term of this sequence:

m a 3,6 12.., b 160, 80, 40... c 2 (—86),18... d (-1), (=2}, (—4)...
ggmhﬁjm 2 P Find the common ratio and the first term in the geometric sequence where:

a The 2nd term is 6 and the 4th term is 24.

b The 3rd term is 60 and the 6th term is —480.

¢ The 3rd term is —7.5 and the 6th term is 0.9375.
d The 4th term is 4 and the 7th term is 32.

3 » The nth term of a geometric sequence is 3(5" )
a Find the first term. b Find the 5th term.

4 P Given that the first term of a geometric sequence is 8 and the third term is 2, find the possible
values of for the 6th term.

Q5 HINT 5 P The expressions p — 6, 2p and p2 form the first three terms of a geometric sequence.
Calculate different Find the possible values of the first term.

expressions for

the common ratio.

Then form and FIND THE SUM OF A GEOMETRIC SERIES

solve an equation
The general rule for the sum of a geometric series is:

in p.
_ air® — 1) or S, = all — rv)
r—1 1-=r

MNote: You will not be asked to prove these formulae.

m Find the sum of these series.

a 2+6+ 18+ 54 + ... (for 10 terms) b 1024 - 512 +256 - 128 + ... + 1

Sn

a Theseriesis2 +6 + 18 + 54 + ., (for 10 terms)
Soa=2,r=g=3,n=1ﬂ

2(31 — 1
S0 5= —53—-—} = 59048
3—-1
b The seriesis 1024 — 512 + 256 — 128 + ... + 1
= = --_Elg... = --.1.. i 1=
Soa=1024,r 1024 ) and nth term is 1. Solve ar® 1 to find n
024 x (-1 =1
1024 X (—) =
G
1024 = (—2)*"
1024 is positive so (—2)" ' must be positive, and equal to 271
2n-1 = 1024
(rn — 1)lg2 = Ig(1024)
. _lg(1024) :
n =1 :g @ If you noticed that 1024 = 2% you could have

solved this without using logarithms
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An investor invests £2000 on January 1st each year in a savings account that guarantees him 4%
per annum for life. If interest is calculated on the 31st of December each year, how much will be in
the account at the end of the 10th year?

End of year 1, amount = 2000 x 1.04 A rate of 4% means x 1.04
Start of year 2, amount = 2000 x 1.04 + 2000 Every new year he invests £2000

= 2000 x 1.042 + 2000 x 1.04 in the account is multiplied by 1.04

Start of year 3,
amount = (2000 > 1.042 + 2000 < 1.04 + 2000) x 1.04
= 2000 % 1.04° + 2000 x 1.04% + 2000 x 1.04
So by end of year 10, Look at the values for the end of year 3 and extend this for 10 years
amount = 2000 x 1.04'0 + 2000 x 1.04% + ... + 2000 x 1.04
= 2000 % (1.040 + 1.049 + ... + 1.04) This is a geometric series. Substitute a = 1.04,

X (=1
1.04 X (1.047 - 1) r=1.04,n=1uin3=%
104 - 1
= 2000 X 12.486... = £24972.70

= 2000 =

Find the least value of n such that the sumof1 + 2 + 4 + 8 + ... to n terms would exceed 2000000.

. e =
Sumtontermsis S, =1 % = =2r -1 Substitutea=1,r=2intos,,=axr{:ﬂ1 1)

If this is to exceed 2000000 then:
2" —1 =2000000
27 = 2000001
nlg(2) = Ig(2000001) Use laws of logarithms: Ig(a”) = n lga
Ig(2000001)
lg(2)
n =209 Round up to the nearest integer

It needs 21 terms to exceed 2000000
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HINT
log,2 = 1

EXERCISE 6

CRITICAL
THINKING

Alternative method: 2" — 1 = 2 000 000
27 = 2 000 001
nlog, 2 = log, 2 000 001
n = log, 2 000 001
n=209
It needs 21 terms to exceed 2 000 000

10
Find ¥ (3 x 27)
r=1

10

S‘-m = 21(3 b4 2’}
— 321 4+83XD22483%X08 4 43 xD20 Thelz qual."ltity in parentheses is a geometric
series witha =2, r=2,n =10

=3[2" + 28 + 294 ... +219

_ 210:—= e =—1)
ax2fZ2) usa5, - 2
So 5, = 6138
1 P Find the sum of these geometric series:
a 1+3+9+27 + ... (7 terms) b 50+ (—25) + 12.5 + (—6.25) + ... (10 terms)
c 4+12+ 36+ ... (15 terms) d 320+ 80+ 20+ 5 + ... (6 terms)
[ 1
e »5 f Y@x29
r=1 r=1
>6x (L) h Y377
X |— A
8 2 ( .?5) z

2 P Legend has it that the inventor of chess was asked to name his reward for the invention by
the ruling king of the time. He asked for 1 grain of rice on the first square of the chess board,
2 grains of rice of the second square, 4 grains of rice on the third square and so on until all
the 64 squares were covered in rice. How many grains of rice could the inventor claim?

3 P A savings scheme is offering a rate of interest of 3.5% per annum for the lifetime of the
plan. Ji Won wants to save up to $20000. She works out that she can afford to save $500
every year. How many years will it be until she has saved up $20 0007

4 b The rate of tax in India operates on a flat rate system. If you earn more than 50000 rupees then
you pay a flat rate of tax of 20%. If you earn less than 50000 rupees then you pay a flat tax
rate of 15%. You earn 3750 rupees in the first month, and for each month after that your salary
increases by 3% of the previous month’s salary. How much tax would you pay that year?

5 P You are offered a job that lasts for 5 weeks and you can choose your salary. You have two
options:
a You get paid $100 a day for the first day, $200 for the second day, $300 for the third day
and so on. Each day your salary increases by $100.
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HINT

You can write ‘the
sum to infinity'

as s,

b You get paid 1 cent for the first day, 2 cents for the second day, 4 cents for the third day
and so on. Each day you are paid double of what you were paid for the previous day.
Which salary would you choose?

& P Abishek is sponsored to cycle from Cape Town to
Durban (1600 kilometres away) over a number of
days. Abishek cycles 15km on day 1 and increases
his distance by 15% each day. How long will it take
him to complete the challenge?

7 P Find the lowest value of n for which the sum
34+6+12 + ... + n exceeds 1.5 million.

8 P The first and last terms of a geometric series are 2 and 2048 respectively. The sum of the
series is 2730. Find the number of terms and the common ratio.

FIND THE SUM TO INFINITY OF A CONVERGENT GEOMETRIC SERIES

Considerthe series § =3 + 1.5 + 0.75 + 0.375 + 0.1875 + ..
Mo matter how many terms of the series you take, the sum never exceeds a certain number.
This number is called the limit of the sum, or more often, the sum to infinity.
You can find out what this limit is.
1 n
111-m 30-6)) n
=r. 2 =601-@)

1=r 4o d 2

2
If you replace n with certain values to find the sum you find that:

whenn =3,5,=525
whenn = 5, 55 = 58125
whenn =10, 5,; = 5.9994
when n = 20, 5, = 5.999984

Asa=33ndr=%,1hens=

You can see that as n gets larger, S becomes closer and closer to 6.

You say that this infinite series is convergent, and has a sum to infinity of 6. Convergent means
that the series tends towards a specific value as more terms are added.

Mot all series converge. The reason that this one does is that the terms of the sequence are getting
smaller,

This happens because —1 < r < 1. The sum to infinity of a geometric series exists only if —1 < r < 1.

& all —r"

R 1-r

H—1<r<1,r—=0asn— e, sothat: HINT

& o a(1 - 0) = . @ || =< 1 means all numbers whose actual
- s R 1 =5 size, irrespective of sign, is less than 1.

[
— (i

The sum to infinity of a geometric series is 3 if|r] <1
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Find the sum to infinity of these series.

m a 40+ 10+ 25 + 0.625 + ... b 1+ % - 515 - ﬁ; + ..., where p is a positive number.
CRITICAL
S— a 40 +10 + 2.5+ 0.625 + ...
In this series a = 40, r = % = % Always write down the values of a and r, using — for r
1
—1<r<1,s505, exists:
40 40 _ 160 : 10 _ 1. a
§ =2 =3 ubstitute ¢ = 40, r=-——==—=into 5_ =
Soter 4.1 28 2 ¢ T b
j T, 1
b 1+ ) =t
1
; ; B U P A
In this seriesa =1, r = U, =31 7
5 will exist if |;—?] <1,s05, existsonly if p > 1
fp>1,5.=— : =£% Multiply top and bottom by p
1=
m The sum to 4 terms of a geometric series is 15 and the sum to infinity is 16.
a Find the possible values of r.
b Given that the terms are all positive, find the first term in the series.
1 —
a 5;=15 Use the formula S, = E%. withn = 4
-7 _45 )
1 -
3 E i 16 (2) Solve the two equations simultaneously
16(1 — r9 =15
16 — 16rt = 15
16rt =1
o
" "6
i,
r= &2

b As all terms are positive, r is +%

Substitute r = —12- back into equation (2) to find a:

a
=16
o |
1 2
1y
1601 -3 =a
a=28

The first term in the series is 8.
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1 P Find the sum to infinity, if it exists, of these series.

m a 1+01+001+0001+... b 2+6+10+ 14 + ...
CRITICAL c 04+08+12+ .. d 1-2y+4y2-8y3+ ...
THINKING

2 P The first three terms of a geometric seriesare 4 + 2 + 1
a What is the common ratio of this series?

b Find the sum to infinity.

3 P The first three terms of a geometric series are 100 + 80 + 81
a What is the common ratio of this series?

b Find the sum to infinity.
4 » Find Y 3(0.5)
r=1

5 P Find the sum to infinity of the geometric series having a second term of —9 and a fifth

1
term of -
e 03

6 P Aballis dropped from a height of 6 metres. Suppose the ball rebounds ‘?—3 of the height

from which it falls. Find the total distance of travelled by the ball.

7 P The lengths of the radii of circles form a geometric series. The radius of the first circle is

15cm. The radius decreases by g of the length of the previous circle. Determine the total

area of all the circles in the series. Give your answer in terms of =

8 P Afactory contributes £1 million into a small city. It is estimated that 75% of that money is
respent back into the community. Economists assume that the money is re-spent again and
again at a rate of 75%. Find an approximation for the total money re-spent from this original
£1 million.

8 p The sum to the three terms of a geometric series is 9 and its sum to infinity is 8. What can
you deduce about the common ratio and why? Find the first term and common ratio.
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n The third and fifth terms of an arithmetic series are 67 and 121.

a Find the first term. [2]
b Find the common difference. 2
¢ Find the sum of the first 25 terms of the series. [2]

n The first three terms of an arithmetic series are 1, (2¢ — 5) and 8.6

a Find the value of g. 2]
b Find the 16th term of the series. [4]
Calculate 2", (5r — 1) [3]

“ The fifth and twentieth terms of an arithmetic series are 18 and 63.
a Find the first term and common difference. [4]

b Given that the sum of the n terms of the series is 270, find the value of n.

B The sixth and fifteenth terms of an arithmetic series are 277 and 214.

a Find the common difference and first term. [3]
a Find the possible values of n. [4]
a Find the maximum value of 5, the sum of the first n terms of the series. [3]

n A geometric series has a common ratio of —2 and the first term of 3.

a Find the sum of the first ten terms of the series [2]

b Show that the sum of the first eight positive terms of the series is 85 535. [4]
Evaluate } 1. , r? [3]
“ The second term of a geometric series § is V2 — 2 and the third term is 3 — /2 — 4

a Find the exact value of the common ratio and the first term of the series. [5]

b Find the sum to infinity of 5 and give a reason why the series is convergent. [4]

n The second term of a geometric series is 80 and the fifth term is 5.12

a Show that the common ratio of the series is 0.4

Calculate:
b The first term of the series. [2]
¢ The sum to infinity of the series, giving your answer as an exact fraction. [2]

d The difference between the sum to infinity of the series and the sum of the first 14 terms
of the series,
giving your answer in the form a * 10" where 1=a = 10 and n is an integer.
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A geometric seriesis a + ar + ar? + ...

Prove that the sum of the first n terms of this series is given by S, =

The first three terms of a geometric series are (p + 4), p and (2p — 15) respectively,

where p is a positive constant.

a

b
c
d

Showthatp2— 7p —60=0
Hence show that p = 12
Find the commaon ratio.

Find the sum to infinity.

[4]

=]
(1]
[2]
[2]
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CHAPTER SUMMARY: CHAPTER 5

B All arithmetic series can be written in the form:
73 + (a+d) + (a+2d) + (a@+3d) + .. +la@a+n—-1d) +

Firstterm Second term Third term Fourth term nth term

B The nth term of an arithmetic sequenceis a + (n — 1)d, where a is the first term and d is the
common difference.

B The sum of an arithmetic series is:
S, = %[2{: +(n — )d)or S, = (a + L)

where a is the first term, d is the common difference, n is the number of terms and L is the last
term in the sequence.

B You can use the symbol E to indicate ‘sum of’. £ is used to write a series in a quick and
500
concise way. For example, 3 (2r + 50) = 52 + 54 + 56 + ... + 1050
r=1
M In a geometric sequence you can get from one term to another by multiplying by a constant
called the common ratio.

B The formula for the nth term is ar® ! where a is the first term and r is the common ratio.

B The formula for the sum of the n terms of a geometric series is

_all =r" __g{rr=1)
R QiPn = ! |
[

M The sum to infinity existsif -1 <r<1and §_ = =7
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6 THE BINOMIAL SERIES

The binomial series has a long history that
stretches round the entire world.

Both the ancient Greeks and the ancient
Hindus were fascinated by the different ways
in which you can select objects from a group.
The binomial theorem itself was first proved
by Persian mathematician Al-Karaji in the 11th
century, who also described its triangular
pattern. Another Persian, Omar Khayyam, took
the formula to higher powers. The binomial
expansion of small degrees was known in the
13th century to Yang Hui of China.

In 1544, the German mathematician Michael

Stifel introduced the term ‘binomial coefficient’

and showed how to express (1 + a)" and

(1 + a)" - ! using Pascal’s triangle. Sir Isaac

Newton of England wrote down the generalised

binomial theorem, valid for any rational

exponent. Sir Isaac Newton (1642-1727)

LEARNING OBJECTIVES
* Use f‘: ) to work out the coefficients in the binomial expansion

» |se the binomial expansion to expand (1 + x)*
» Determine the range of values for which . is true and valid for the expansion.

STARTER ACTIVITIES

Consider these mathematical staterments.

{a + b)° = 1

fa+ &) = ia + 1b

(a + by = 10 + 2ab + 167
(a + by = 1a® + 3¢ + 3ab + 1H°

(@ + b= 1a* + 4a*h + 6a®H® + 4dab® + 1b*
There is a pattern in the coefficients. Can you spot it?

The coefficients form a pattern known as Pascal’s triangle:
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KEY POINTS

HINT
Watch out for
negative powers.

KEY POINTS

1\+/1
v
N

1 5 10 10 5 1
Note: To get from one line to another you add the adjacent numbers, as shown in the diagram.

By using Pascal’s triangle find the expansion of

a (2x +yp? b (3a - 2bp5

a (2x + y)*isinthe form (@ + b)* witha = 2x, b = yand n = 3 so use

(@ + b)* = a® + 3a2b + 3ab? +b° and substitute in for ¢ and b These numbers have

come from the triangle
in the key point above

(2x + yP = 2xP + 3@xP(y) + 32x)(yP + (y)?
= 82% + 1222y + Bxy? + 1P Simplify

b (3a¢ — 2byisinthe form{a + b)* witha = 3a, b= —2band n = 4 so use
(a + b)* = a* + 4a®b + 6a®b* + 4ab® +b* and substitute in for @ and b
(Ba — 2b) = (3a)* + 4Ba)’(—2bh) + 6(3a)?(—2b) + 4(3a)(—20p + (—2b)
= B1a* — 216a%2b + 216a%b? — 96ab® + 1644 Simplify

=k

P Expand these expressions using Pascal’s triangle.
a (3+12x)° b (5+ 2x)° c (2 +x)*

2 P Find the coefficient of 2* in these expansions.
a (5+x7 b (6 + 3x)°

USE ﬁ ] TO WORK OUT THE COEFFICIENTS IN THE BINOMIAL EXPANSION

For a binomial expression with a large power, e.g. (1 + )%, Pascal’s triangle contains a huge number
of rows. A better method is to use the binomial theorem. This enables you to expand (a + b)" into
increasing powers of b and decreasing powers of a. You will look at expanding expressions of the
form {a + b, (a + b7, ..., (@ + 0)*2, ... when the power is a positive whole number.

(2} is sometimes written as "C, where n is a positive integer. This can be evaluated on most
calculators. "C, is often pronounced ‘n choose r'.
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The binomial expansion, when n is a positive integer, is a formula for
@+ b)"=(a+ b) x...x(a+b)ntimes)
(@+ b ="Chgn +C,a® 16 + 3C,a™2b2 + ... +"Cy_a' bV + G hr

or
n— n n n n—15K1 n n—2 2 n 1 jn—1 LA
@+ 0y =(g)ar + ()arbr + (G)ar2b2 +... + [, T )b + (7)o
n! : : e :
{n_—_r-]-!r_! (r is effectively the ‘position’ in the expansion)
ﬁ (n is the power which the bracket is raised to)
EXAMPLE 2 Use the binomial theorem to find the expansion of (2x + y)*

@x + g = (3] + (J)enrw + (5)ex2w? + (§)ex @ + (3)w* n=4,a=2vandb=y
= 1) + @201 (y) + ORY () + @Y (9 + (9)*

(?)”ﬁm[;):;_éu:tm23‘11_;!74'(3]72121 (3) 1I3! ‘(4)2%21

=16x + 3223y + 2422y2 + Bxy® + y*

m Use the binomial theorem to find the expansion of (3 — 2x)8

_ (5 5 L 5 g 5 i S i 9\
@~ 200 = (2)@° + [3)@4(-22) + 3)@P(-20)7 + (J)@-22° + (3)@)-22 + 3 )(~22°
n=5a=3andb=-
= @)° + (8)@)*(~2x) + (10)(3)° (222 + (10)(B2(~20)° + EYB)(—22)* + (298

ny_ nl 5 _ 58 _ _ _ —
() = @ - *° (u) 5100 (1] 4l1| (2 3121 0,
5 _ 5 5| _ 5l 5/ _ 51
= =10,(3) =2 =5 () =55 =1
(3) 321 4l = i (5] 5101
— 243 — 810x + 108042 — 7203 + 24014 — 3225

1 P Expand these expressions using the Binomial Expansion.
/ 4
a (3x+ y)? b (m - n)* c (1+3xp d (1 + %y] e (3y + 4x)p°

2 P Find the term in x* of these expansions.
a (3x+6F b (4 + 5x) c (1+a) d (1-x%*

3 P Using the binomial theorem, or otherwise, find the first four terms of these expressions.
7
a (Bx+ 1) b (1- %y} c (7 - b d (3x2 + 2)10

+ %x)", where n is a positive integer, is 1.6

4 P The coefficient of 22 in the binomial expansion of (1
a Find the value of n.

b Use your value of r to find the coefficient of the 1% in the expansion.



KEY POINTS

HINT

It is very
important to put
brackets around
the expressions

including x parts.

HINT

You do not
need the entire
expansion, just
the required
terms.
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USE THE BINOMIAL EXPANSION TO EXPAND (1 + x)"

There is a shortened version of the expansion when one of the terms is 1.

Whatever power 1 is raised to, it will be 1, and can therefore be ignored.

The coefficients give values from Pascal's triangle. "C, cancels to n, "C, cancels to

n

(1+ 2 =g

Using the expression for the binomial coefficients

n
(1 +ap=1+nx+—— =
For example, ifn = 4

(1+ax=1+4x + 622+ 4x% + x¢

Find the first four terms in the binomial expansion of

a (1+3x)p b (1-2xp

a (1+3x)f =1+ 6038+ %{3,1:12 + %[&:}3 + ...
=1+ 60@3x + 15(3%)* + 20(3x)
=1 + 18x + 13522 + 540x3

)1,, + (:')1*'-11.-1 + (;)1"-2::2 e (?)w-w e

ol PO ) s

nin — 1)

and so on.

Substitute inn = 6 and x = 3x
Simplify

b s (—2x)° (—2x)° S —

(1=2x=1+(@)(—22) + {3}(2]T+ {3}{23[1}—€— Substituteinn = 3andx = —2x
=1 —6x + 12¢2 — 8a® Simplify

Find the coefficient of

a x? b af

&
in the binomial expansion of (1 = %x)

|
I
|
=
>

_E.xf)

16
so the coefficient of x5 is —%
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1 P Use the binomial expansion to find the first four terms of these series. o
a (1+2x° b (1 -3yp e (1+4x) d (1+ g)
s 7 e _—
e (1-31) f 1 31:) o (1-%)
2 P When(1 — 5107 is expanded the coefficient of x is 40. Given than ¢ = 0, find
a the constant g b the coefficient of x? ¢ the coefficient of 22

3 P a Find the first four terms of (1— x)8.

b By substituting a suitable value of x into your answer for part a, obtain an estimate for 0.99¢
4 » a Find the first four terms of { 1+ %)a

b By substituting a suitable value of x into your answer for part a, obtain an estimate for 1.02°
5 P Find the coefficient of 2® in these expressions

a (1-ux° b (1+x)° c (1+2x)
6 P When (1 = %:r]ﬂis expanded, the coefficient of x is —4. Given than ¢ = 0, find

a the constant p b the coefficient of 12 ¢ the coefficient of 12

DETERMINE THE RANGE OF VALUES FOR WHICH x IS TRUE AND VALID FOR AN

EXPANSION

The binomial expansion is shown below. When n is a positive integer, the expansion is finite and
exact. This is not the case when n is negative or a fraction. When n is not a positive integer the
series will be infinite. In this case the expansion (1 + x)" will be valid only in the range -1 < x < 1.
This can also be written using the modulus function as |x| < 1

= 1 — 1 —
{1+x}"=1+nx+n—m }.-r?+ﬂ{ﬂ )n 2}x3+...
2! 3l
Use the binomial expansion to find the first four terms of 3 +1 5%
e ” : 1 ;
ey (1+2x) Rewrite -——— in index form
—1)(— —1)(—2)(-3
=1+ (=1){2x) + ). g 2}{2x}2 + ChE2A3) = A }{23:}3 + ...
=] — 1) —2
Use the formula (1 + )" = 1 + nx + n }:cz + i e :'.-ra withn = —1and x = 2x

21 3l
=1 —-2r+4x2-8x¥+ ...

The expansion is infinite, but the first four terms can be used as an approximation for =T

provided that [2x] < 1. The approximation works well for 2x close to 0, but not as well if 2x is close
to 1, and not at all if 2x Is larger than 1.

When n is not a positive integer none of the (n — r) terms in the coefficients will be equal to zero
and so the series will continue and be infinite. In this case the expansion of {1 + x)" will only

be valid for values of x in the range —1 < x < 1. This is sometimes written using the modulus
function as |x| < 1
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m Use the binomial expansion to find the first three terms of

a Y1—2¢ b 1
(1 + 4x)®

and state the range of values of x for which the expressions are valid.

a i-2x=1-20 Rewrite in index form
2\ (=2%)* ¢ 2\(_5\(—2x)°
=1+ (=|—22 + =-=|-2
(3] A (3]( ) 2 (3][ 3)( 3) 6
=1 = 1}n - 2
Use(1 +x)"=1+n +nUrl )x2+nm n ]x3withn=1fx=—2:c
2! 3! 3
s g ®an W
1 3:r 91' 81 x
The range of validity is given by [2x| < 1, so that |x| < % In this case the ‘x' term is 2x
1 _ 4 i
b m = (1 + 4x)-2 ; 3 Rewrite in index form
(4x (4x)
= R R e e e ) e
Use(1 +x)" =1+ nx + “{"2: D T yf(” =
=1—12x + 96x% — 640x% + ...
The range of validity is given by [4x| < 1, so that |x| < 1 In this case the 'x" term is 4x

4

Find the binomial expansion of /1 — 2x and by using x = 0.01, find and estimate of /2.

V-2 = (1 - 20 Rewrite in index form
-1+ oo (215

nin - 1jx2 5 nin — 1)in — 2)

Use(1+a)"=1+nx+

22, in this case with n = %and x=2x

21 3!
1 1
= 1 — — tar 143
¥ - g4t - ga
v0.98 =1 — 0.01 — 0.00005 — 0.0000005 Substitute x = 0.01
| 19:130 = 0.9899495 Rewrite 0.98 as a fraction

7.2 Calculate the square root of the numerator
10 = 0.9899495 and denominator separately

/3 = wgpxm Multiply by 10 and divide by 7

= 1414213571
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EXERCISE 3

1 P Expand these expressions up to and including 13, and state the values of x for which the
expansion is valid where appropriate.

a (1+293 b ]

5 —
(1 - 3x) V4 + Bx

2 P Find the coefficient of the a® term, and state the values of x for which the expansion is valid.

el b Vi+2x : d i—=z

1+x ¢ d-3n

3 b a Expand(1 + 32)7", x| < % in ascending powers of x up to and including the term in 2%

11 : ;c ) < % in ascending powers of x up

b Hence, or otherwise, find an expression for

to and including the term in x°.

4 P Inthe expansion of (1 + bx}';' the coefficient of 22 is 24, Find the possible values of the
constant b and the coefficient of a3,

5 » a Find the binomial expansion of {1 + 6x) in ascending powers of x up to and including
the term in a2
b By substituting ¥ = 0.004 find an approximation to V2. By comparing it to the exact
value, comment on the accuracy of your approximation.

1+35

& P Find the coefficient of the 22 in
(1 + 2x)%
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T
Find the first 4 terms of the binomial expansion, in ascending powers of x, of (1 + E)

giving each term in its simplest form. 5]
a Wirite down in ascending powers of x, up to and including 1, the expansion of
(3 + ax)® where a is a non-zero constant. [3]
b Given that the coefficient of x? is double the coefficient of x, find the value of a. [4]
The coefficient of x* in the expansion of [1 = E] ., where n is a positive integer, is 9.
i 2
Find the value of n. [3]
1+x 1
nShowthath_x==1+x+-§r21|.t|{1. [n
1
) = ——=
5 A
a Use the binomial expansion to expand flx) in ascending powers of x up to and
including 2. [4]
b State for what values of x the expansion is valid. [1]

) = Find in ascending powers of x, up to and including %, the expansion of (1 + 3x)". [3]
b

By substituting x = 0.01 in the expansion, find an approximation to v103. [4]
¢ By comparing to the exact value, comment on the accuracy. [2]
Find the coefficient of the x® term of 11 :_3; [3]

n flx) = V1 — Bx

a Use the binomial expansion to expand f(x) in ascending powers of x up to and

including x3. [4]
b State for which values of x the expansion is valid. [1]
¢ By substituting x = 0.01 obtain an approximation to ,23. [4]

B ) = (1 - 32
a

Use the binomial expansion to expand f(x) in ascending powers of x up to and

including 12, [4]
b By substituting a suitable value of x, find an approximation to 97°. [4]
m a Expand % in ascending powers of x up to and including 2 and simplify each
terms fully. — =% [5]
b State for which values of x the expansion is valid. [1]
KD 0 -—2— -3<x<3
=t g:r 8 -
| 3

a Expand f{x) in ascending powers of x up to and including x? and simplify each term fully. [5]
b Given that f(:—ﬂ) = /15. Obtain an approximation of V15, giving your answer as a fully

simplified fraction. [4]

a Expand 2 _in ascending powers of x up to and including x® and simplify each term
fully. vl 4+ 2x [4]

b State for which the values of x the expansion is valid. [2]
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CHAPTER SUMMARY: CHAPTER 6

nn—1) , nr-1)n-2) .

o x2 + T a3+
can be used to give an exact expression if n is a positive integer. It can also be used to give an
approximation for any rational number.

n—-1) , nn-—1)n-2)
—r * + —m—xﬂ' + ...
where n is negative or a fraction, is only valid if |x| < 1.

B The binomial expansion (1 + x)" =1 + nx +

B The expansion of (1 + )" =1 4+ nx +

B The first four terms of (1 + 3x)%are
6l5)
21
The expansion is finite and exact.

1+680+ Blaye s @mxﬂ 4. =1+ 1By + 18522 + 5402

B The first four terms of (1 — 2x): are
14 ()2a+ ) -855T+ G- (-3EEE - 1- -G -5
The expansion is infinite and approximate.
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7 SCALAR AND VECTOR QUANTITIES

In the United States, there are around 5000 aeroplanes in the sky
at any given time. How do the pilots and air traffic control ensure
that these aircraft move around the skies without colliding?
They use vectors to keep the aircraft on specific flight paths.
Vectoring is used to aid navigation and to guide aircraft into their
final position so that they can land safely.

Without the use of vectors, commercial aviation would hardly
have developed at all.

LEARNING OBJECTIVES

Use vector notation and draw vector diagrams » Write down and use the Cartesian components of a

Perform simple vector arithmetic and understand the VECKE D tw CRmErsions

definition of a unit vector » Use vectors to demonstrate simple properties of

Use vectors to describe the position of a point in two geometrical figures

dimensions

STARTER ACTIVITIES

A guantity that has both size (magnitude) and direction is a vector.
A quantity that just has size is a scalar.

A scalar quantity can be described by using a single number (its magnitude or size).
A vector quantity has both magnitude and direction.
For example

Scalar: The distance from P to ) is 100 metres.
(Distance is a scalar)

Vector: From P to () you go 100 metres north.

(This is called the displacement from P to (). Displacement is a vector.) £ i
Scalar: A ship is sailing at 12kmh~.
(Speed is a scalar) 100m A 1
12kmh-
Vector: A ship is sailing at 12kmh~7, on a bearing of 060°. 607 >
(This is called the velocity of the ship. Velocity is a vector.) P
The diagram below shows the displacement vector from P to @) where () is 500m due north of P,

This is called a ‘directed line segment’,

The direction of the arrow shows the direction of the vector. Sometimes, instead of using the end points
= . P and (), a small (lower case) letter is used.
P{} =—— The vector is written as PQ. 3 = I print, the small letter will be in bold type.

The length of the line segment /7 represents distance In writing you should underline the small

500m. In accurate diagrams a scale could be used letter to show it is a vector gor a
p {for example, 1cm represents 100 m).
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HINT

Think of
displacement
vectors. If you
travel from P to
(J, then from ¢} to
R, the resultant
journey is P to

R:PQ + OR = PR

HINT

If you travel from
P to (), then back
from (J to /*, you
are back where
you started, so
your displacement
is zero.

SCALAR AND VECTOR QUANTITIES

VECTOR NOTATION AND HOW TO DRAW VECTOR DIAGRAMS

You need to be able to write down vectors and draw
vector diagrams.

Vectors that are equal have both the same magnitude
and the same direction.

¢
—_— —
S Here PQ = RS

i

Two vectors are added using the ‘triangle law’

When you add the vectors a and b, the resultant vector
a + b goes from ‘the start of a to the finish of b’. This is
sometimes called the triangle law for vector addition

The diagram shows the vectors a, b and ¢. Draw another diagram to illustrate the vectora + b + ¢

First use the triangle law for a + b. Then use it again
for@a+b)+¢c
The resultant goes from the start of a to the finish of ¢

Adding the vectors P(} and a’ gives the zero vector 0: ﬁ + a.‘ =0

The zero displacement vector is 0. It is printed in bold type, or underlined in
written work,

P Youcanalsowrite P} = =(P.So PO + (P =0 or %—P@=D
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The modulus, or magnitude, of a vector is written in single vertical bars.
The modulus of the vector a is written as |al.

The modulus of the vector P() is written as |E|

m The vector a is directed due east and |a| = 12.

SKILLS

PROBLEM
SOLVING
REASONING

EXERCISE 1

The vector b is directed due south and |b| = 5.

Find |a + b].
La
ks b Use the triangle law for adding the vectors a and b
a+
la+bl2=122 + 52 = 169 Use Pythagoras’' theorem
la + b| =13

In the diagram, a’ =a, (R=b,(5=c,and RT = d.
Findinterms of a, b, ¢, and d.
a Ps

e

b RP

—

a PS= =-a+c=c—a Add vectors using the triangle APQS

| 3l

—_—

+ QS
b RP=RQ + QP

=

=-b+a=a-b Add vectors using ARQP
¢ PT=PR+RT=(b-a)+d=b+d-a Add vectors using APRT and use

o . PR=-RP=—(a—b)=(b—a)
d TS=TR + RS = —d + (RQ + (Q5)

So E =-d+(-b+c)j=c-b-d Add vectors using ATRS and also ARQS

1 P Given vector a (as seen in the diagram), draw the vectors
a 4da
b —-2a

c —a

1
d -=
Ba y
2 P The vectors a and b are shown in the diagram. Draw /

a a+b b Za-b c a-2b

"
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3 » The vector a is directed due east and |a| = 32.
The vector b is directed due north east and |b| = 6.
Find |a + b|.

4 » The vector a is directed south west and |a| = 16.
The vector b is directed south east and |b| = 20.

Find |a + b|.
5 » Inthe diagramﬁ =a,P0=b,OM=cand NO =d N R P
Find interms ofa, b, ¢, d d
— —_— b
a NG b MN o
c F() d PO M c Q
6 P Inthe diagram PR = a and P = b. M is the midpoint of PR.
In terms of a and b find Q
a PM b
b MQ
c OM
J— — — [
7 P Inthe diagram QP =a, R = band 5 = c.
Given that PR = E, prove that —a + 2b = c. a b .
P R 0y

PERFORM SIMPLE VECTOR ARITHMETIC AND UNDERSTAND THE

DEFINITION OF A UNIT VECTOR

A unit vector is a vector with a magnitude of 1. Two important unit vectors are commonly used:
these are the vectors in the direction of the x and y. The unit vector in the direction of the x-axis is
i and the unit vector in the direction of the y-axis is j.

m The diagram shows the vector a. ,/a'/'

Draw diagrams to illustrate the vectors 3a and —2a.

3a The vector 3ais a + a + a, so it is in the same direction as a with 3 times its
magnitude. The vector a has been multiplied by the scalar 3 (a scalar multiple).

The vector =2a is —a — a, 50 it is in the opposite
direction as a with 2 times its magnitude.
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Any vector parallel to the vector a may be written as Aa, where A is a non-zero scalar.

m Show that the vectors 6a + 8b and 9a + 12b are parallel.

9a + 12b
3
2

ma o

(6a + 8b) A

So the vectors are parallel.

Subtracting a vector is equivalent to ‘adding a negative vector’, so a — b is defined to

be a + (—b).
a W b HINT
b To subtract b, you reverse
the direction of b, then add.

a-b

A unit vector is a vector with modulus 1.

The vector a has magnitude 20 units. Write down a unit vector that is parallel to a.

The unit vector is % or ;—Ga Divide a by its magnitude. In general, the unit vector is TE[
a

If Aa + ub = aa + Bb and the non-zero vectors a and b are not parallel, thena = Aand 8 = .
The above result can be shown as follows:

Aa + ub = aa + b can be written as (A — a)a = (8 — )b, but two vectors cannot be equal unless
they are parallel or zero.

Since the vectors a and b are not parallel or zero, (A —a)=0and (8 —u) = 0,s0a=Aand B = u.

m Given that 5a — 4b = (25 + f)a + (s — )b, where the non-zero vectors a and b are not parallel, find
the values of the scalars s, (.

28+ 1t=5 Equate the coefficients ofaand b
s—t==-4
3s=1 Solve simultaneously by adding the equations

il
T8

f=g5+4=41

3

1 1

s=—and{=4-
So 3 t 3
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EXAMPLE 8 In the diagram, % = 3a, ﬁ = b, E =daand PX = U_Jﬁ Find, in terms of a, b and k:
a P§

P e Q
b PX
HINT c SQ
It is useful to g 5 b R
check that the d SX
result is correct

in special cases.
For example, if

k=1,5Y=4a. b PR=PQ+QR=3a+b

This is correct — —_
because if k = 1, PX = kPR = k(3a + b)

5 —_— E— —
Xand R 'T]re the e S0= SR+ RO =da +i-by=ia=b
same point S T o

and SR = 4a d SX=SP+PX=-PS+PX=—-(b-a)+k{Ba+b)=(3k+1a+(k-1b

» In the triangle ABC, AB = 2a, BC = b. The midpoint of AC is M.

m Findintermsofaand b

—r a— ——
REASONING a AC b AM c CM
CRITICAL
THINKING

iy |y, ——! | e—

s —_—
a PS=PR+RS=PQ+QR+RS=3a+b-4a=b-a Use the triangle law

e

2 P» The diagram shows a parallelogram ABCD

Fis a point on BC such that BE: EC =1:3 ; ;
Write expressions for these vectors, b
a DC b €D ¢ AC
—_— —_— L
d AE e DE : L =

3 P Ineach part find whether the given vector is parallel to 2a + 3b.

a6a+9h b 24a+7b ¢ a+gb d 6b + 14a

4 P The non-zero vectors a and b are not parallel. In each part find the value of A and ju

a a+4b=2%a - ub b A+2a+E—-3b=0
¢ Sda—4b-2a+pub=20 d (1+Aa+3db=pua+ 4ub
e BA+5a+b=2a+(1-3b f Ga—-5b=02A+pa+{}—ub

g 10a—8b = (41 + 2ua + (A — b

5 » Inthe triangle POR, PQ = a, PR = b. Q
M is the midpoint of ,:'TQ and N lies on E such that Hf :P_-R =1:4.
Find in terms of a and b. a
a PM b atr c H’

d RN e@ P b 3
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6 P ABCDEF is a regular hexagon with centre 0. C B
— —
OA=aandAB=Db b
Find expressions, in terms of a and b, for
— b A
a OB
b AC
e EC : I;
7 » The diagram shows two sets of parallel lines. i 4 55 W
Vector P() = 2a and vector PS = 3b. / / /
—_— —t —_— —_ y
PR=3PQand Pl = 2P5 & > g
— b
a Write the vector PV in terms of a and b. / /
— g =
b Write the vector U/ in terms of a and b. P 2a@Q R
8 P Inthe diagram, points A and B have : p HINT
position vectors a and b respectively. The position vector
. - : ; I} :
The point P divides AR in the ratio 1:2. o of Pis how you get
Find the position vector of P. b from Oto P

i

USE VECTORS TO DESCRIBE THE POSITION OF A POINT IN TWO DIMENSIONS

The position vector of a point A is the vector (04, where (J is the origin.

(1A is usually written as vector a

A
a —.
A= a
t)
HINT AB = b — a, where a and b are the position vectors of A and B respectively.
Use the triangle A
law to give
AB = A0+ OB 4
=-a+b B
SodB8=b-a

0
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In the diagram the points A and B have position vectors a and b respectively (referred to the origin {J),
The point P divides AR in the ratio 1:2.

A

P
a
B
b
7]
Find the position vector of P.
fﬁ =b-a
—_— - — —_—
OF = (A + AP 0P is the position vector of P
AP = %{b -~ a) Use the 1:2 ratio (AP is one third of AB)
P=at+lib-a=2asl
(P =a+ 3|[t:i a) aa + 3I:|
1 B The points A and B have position vectors a and b respectively (referred to the origin 0).
The point P divides AR in the ratio 1:5.
m Find, in terms of a and b, the position vector of P.
ANALYSIS
2 P The points A, B and (' have position vectors a, b and c respectively (referred to the origin ).
The point P is the midpoint of AB. .
Find, in terms of a, b and ¢, the vector PC.
3 P OABCDE is a regular hexagon. The points A and B have position vectors aand b
respectively, referred to the origin 0.
Find, in terms of a and b, the position vectors of €, [} and E.
USE VECTORS TO DEMONSTRATE SIMPLE PROPERTIES OF GEOMETRICAL
FIGURES
EXAMPLE 10 B ABC is a triangle
ABis 2a
2a D ACis 3b

B
L

A b C
a Find BCintermsofaandb

BC = BA + ACsuch that BD: D = 2:3
BC=-2a+3b
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D is a point on the line BC such that BD: DO = 2:3

b Show that AD is parallel to the vectora + b
First you need to find AL in terms of a and b.
Al = AB + BD

AD = AB + %H(.‘

AD =2a + %{—Ea + 3b)

AD = 2a + —%a + %b By expanding the brackets
6. . 6
= —a + —
AD = Za +2b
Factorise to find if parallel.
AD = g{a + b)

Therefore line Al is parallel to vector a + b because Al is a multiple of vectora + b

m B In the diagram AR = aisand AC = b

The peint X divides AB in the ratio

AX:AB=4:1
The point Y divides B2( in the ratio
BY:¥(=2:3
A ‘f; = p ThepointDonACis guch that
AC:CD=5:3
2
a ShoithatX}’— 5hn EH
XY =XB + BY
-S|
AB =
iy
BC=-a+b
Therefore:
ﬁ=%a+-§{wa+b}| Due to the ratin 2: 3
1 2 2
=-a—<a+
e i
1 2
o ——— = —
5275
2 1
=Eph 1
5 5
HINT b Show that X, Yand D) are co-linear
Co-linear means If two points are parallel and come from the same point then they are co-linear.
all the points are XD =XA +AD
on the same line. XD =XA+AC+CD

Therefore XD is 4(X'Y) which shows X is parallel to XV
Since XI) and XY share a point and are parallel then they must be on the same straight line and
co-linear
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1ip» O In triangle OAE the midpoint on AR is M.
5}[=x af}=y ﬂD=2xandEZ=2y

_ — —
Express AR, OM and DC intermsof xand y
Show that AE and DC are parallel,

N'is the midpoint of OB
M is the midpoint of a
CTA' =a El}; =b

Show MN is parallel to AB

3 ¢ 8 A Theratioof 0A:0C =1:2and OB: 0D =1:2

e 3]
Find Af, OC, 0D and DC
Show that AB is parallel to D
4 p p OM:MQ=1:2
=1
PR = 3F’t;_.'
Show that 0A and MV are parallel

M
0% & " c

The diagram shows OABCMN.
OA = a, OB = b, BC = 3b
AM:MB = 2:1

AN NC=1:2

a FindARintermsofaandb

s

b FindOMintermsofaandb
¢ Show that OMN are co-linear
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HINT

This standard
notation is easy
to read and

also avoids the
need to write
out lengthy
expressions with
i and j terms.

6 » [2 OACR is a parallelogram
OJAisa
OBisb
& X ¢ OBtoODisinthe ratio 1:3
h// / XCis 1BC
0 = A

a ShowthatAD =3b - a
b Show that A, X, D) are co-linear

7 b P P=a 0OR=bhb
—_— —_—
a N is the point such that PQ = QN
The point M divides PR in the ratio 2 : 1

a Show that OM = -;-a % %b

b Prove that OMN is a straight line

WRITE DOWN AND USE CARTESIAN COMPONENTS OF A VECTOR IN TWO
DIMENSIONS

The vectors i and j are unit vectors parallel to the
x-axis and the y-axis, and in the direction of
x increasing and y increasing, respectively.

The points A and B in the diagrams have
coordinates (3, 4) and (11, 2) respectively.
Find, interms of iand j :

a The position vector of A.
b The position vector of B.

c The vector AB.

a a= ﬁ = 3i + 4j (i goes one unit ‘across’, j goes one unit ‘up’ j | —)

b b=0B=11i+2j

¢ AB=b-a=(11i+2j) - @i +4)  voucan see from the diagram that the vector AB
= 8i — 2 goes B units ‘across’ and 2 units 'down’

You can write a vector with Cartesian components xi + yj as a column matrix: (E )
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m Giventhata = 2i + 5j, b = 12i — 10jand ¢ = -3i + 9j, find a + b + ¢ using column matrix
notation in your working.

webe-(@s (- 1

Add the numbers in the top line to get 11, the x component, and the bottom line to get 4, the
i component. This is 11§ + 4j.

The modulus or magnitude of xi + yj is /2% + y2.

m The vector a is equal to 5i — 12j. Find |al, and find a unit vector in the same direction as a.

la| = y52 + {—12)2 = V169 = 13
A unit vector in the same direction of a is -=-.

_ _ [a
a_5|~121_5i_g

HINT You can also express this as 11—3( u 12)
From Pythagoras’

theorem, the
magnitude

of xi + yi,
represented by
the hypotenuse,
is 12+ y?

m Giventhata = 5i + jand b = —2i — 4], find the exact value of [2a + b.

za+b=2(3)+(25) = (") + ()= ()

|2a + b| = /B2 + (—-2)2 = VB8 = /4,17 = 2,17

1 » Giventhata = 3i + 4jand b = —2i + 2j, find
m a Z2a b -3b c a+b d 4b — 5a
INTERPRETATION o p Given that a = 4i + 4j, b = 2i + 6j and ¢ = 3i + 4j, find
a at+b+ec b |a+b c 2b-¢
d |2b - ¢ e 2b+2c—3a
3 P Thepoints A, B, and C have coordinates (4, —2), (6, 4) and (—2, 6), find
a the position vectors of A, Band € b ‘E

e AC a lod e |14 ¢ lad
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4 bk P (), and R are points with position vectors 2i — 3j, i + 2j and 4i — 2j. Find in terms of i and j
a ITQ b QR c EF';
5 P |If the coordinates of A are (3, 4) and AR = 2i + 2j, find the position vector of B.

6 P Giventhata = 6i + 3j, b = 6i — 8j and ¢ = —5i + 14j, find the unit vector in the direction of
a, bandec.

4

7 » Giventhat 2e — 3f = ( o

Jandf=(_

), where e = { 5

12 ] find the constants m and n.
7

8 b Ifr=(_4)1s=(3)andpr+qs=(3?

) 7 ), find the constants p and g.

© » Giventhata = (5| andb = 2], find

a a+3b b |a+ 3b| c 4a +2b d |4a + 2b|
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I Relative to a fixed origin 0, the point A has position vector 5i — 6j.
The point B is such that AB =i + 11j.
Show that the triangle 0OAB is isosceles.

In the diagram below, BA = a and B(' = ¢. DE is such that DA:DE = 1:5 and
AXis such that AX: XC = 3:2.

Prove BX and XFE are co-linear

B
B If the vectors 4i — 6j and mi — 2j are parallel, state the value of m.
“ The vectors of A and B are 3i — 2j and (i + j. Find the value of t if OAB is a straight line.

B The points A, B, C and D form a quadrilateral and:

AB=3i+5j,AC=6i + 6jand BC = 31 + ]

a Find AD.

b Hence, or otherwise, show that ABCD is a trapezium.
Find the exact value of |BD|.

d Find a unit vector parallel to BD.

e The point Fis on the line BD and BF: FD = 1:2
AF =51 + 4%1
Point E is on the line AD and ABCE is a parallelogram.
Show that F lies on the line CE.

f Find the ratio of EF: FC.

[4]

[5]

[3]

[2]

ZEE B

3]
[4]
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n Zaynab, Asaad and Ali enter a running competition. They all take different routes,
which are described by these vectors, where s = [g) t= [;) and the units are km.
Zaynab: s+ 2t
Asaad: 2s + t
Ali: s —t
a Express each journey as a column vector. [3]

b They all take 6 hours to complete their routes.
i Find the length of each journey in km. [2]
ii Find the average speed of each runner. [1]

OPQR is a parallelogram. M is the midpoint of the diagonal 0.
OF = 2aand OR = 2b

—

a Express OM interms of a and b. [2]
b Use vectors to show that M is the midpoint of PR. [2]
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“ The diagram below shows a regular hexagon. [5]

EE=43 5§=4h

Express in terms of a and/or b
a AB b EF

X is the midpoint of BC.

—_—

¢ Express EX in terms of a and/or b.

Yis the point on AR extended such that AB:BY = 3:2

d Prove that E, X and Y lie on the same straight line.

Show that the triangle whose vertices have position vectors 2i + 6j, 8i + 2j and

11i + 13j is an isosceles triangle. [3]
By 4
10 Ky (-a)*h_ (-2)

Find b — 2a. [2]

m OARB is a tnangle M is the midpoint of QA. N is the midpoint of 0B.
G'M a and (JN b. Show that AB is parallel to MN. [3]

— —
m The diagram shows a parallelogram ABCD with AB = b and AD = a.

Eis such that that DE . EC= 3:1.

EF = AE and CF = uBC

“
a Find CFin terms of . [2]
b Find EFin terms of a, b and A. [21

¢ Find the values of u and A. [4]
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CHAPTER SUMMARY: CHAPTER 7

The velocity of a skier moving down a ski slope has direction and magnitude.

B Vectors that are equal have both the same magnitude and the same direction.
B Two vectors can be added using the ‘triangle law’.

a b

a ;-;- b
B The modulus of the vector is another way of saying its magnitude. The words are
interchangeable.
B The modulus of vector a is written as [a|.
B The modulus of vector E is written as I.'TQL
W The modulus of xi + yj is | x% + ¥2.
The vector —a has the same magnitude as the vector a but in the opposite direction.
If vector a is parallel to vector b, a = Ab where A is a scalar,
a—bisthesameasa + (—h).
A unit vector is a vector that has a modulus (or magnitude) of 1 unit.

If Aa + ub = aa + b and the non-zero vectors a and b are not parallel, then A = g and x = .

The position vector of point A is the vector 04, where 0 is the origin.
)4 is usually written as vector a.

—

AB= b — a, where a and b are the position vectors of A and B respectively.
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8 RECTANGULAR CARTESIAN COORDINATES

Straight line graphs are an excelient tool for showing linear
growth or a linear relationship between two variables.
Scientists and engineers use them on a daily basis.

One example of this is the linear relationship between the flow

of water and water level. In May 2006, the Sichuan earthquake

in China caused landslides that blocked several rivers, creating
natural dams. Lakes formed behind these dams and the largest of
these was Lake Tangjiashan. This filled with water at a rate that
was about five times the rate at which water could drain from it.
As a result, the water level grew to the point where it threatened
to flood an area that is home to over one million people.

Scientists used the methods you will cover in this chapter to predict when the lake would overflow. This gave
time for towns and villages to be evacuated, saving many lives.

LEARNING OBJECTIVES

= Use the equation of the straight line ¥y = mx + ¢ and Understand the relationships between the gradients of
ax+by+c=0 parallel and perpendicular lines

= Work out the gradient of a straight line Find the distance between two points on a straight line

» Find the equation of a straight line Find the coordinates of a point that divides a straight line
in a given ratio

STARTER ACTIVITIES

Write out the gradient and y-intercept of these lines.

ay=2x+5 b 10x-5y=15 cy=%x d y=6 ey=§x+9
WORK OUT THE GRADIENT OF A STRAIGHT LINE
You can work out the gradient (m) of a straight line joining the point ¥4 i
with coordinates (x;, ;) to the point with coordinates (x., i) by using %
the formula
_ ¥t
= Lo —
{x0 1)
0 X
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EXAMPLE 1 Work out the gradient of the line joining these pairs of points.

a (-2, 7)and (4, 5) b (2d, —5d) and (6d, 3d)

a (x5, y4) = (=2, 7) and (xz, y2) = (4, 5)

g= Yo~ th
So, m= =
o m= "0 Usem=w =%,
e T |
6 3
The gradient of the line is —%

b (xy, 1) = (2d, —5d) and (x, y2) = (6d, 3d)

_3d - (-5d)

6d — 2d
- 8d _ 2" U
ad 2 Usem-xz_x1

The gradient of the line is 2.

The line joining (2, —5) to (4, a) has gradient —1. Work out the value of a.

m = =1, (¥y, y;) = (2, =5) and (¥, y2) = (4, a)

a— (-5 Yo — U4
=S =1 S
4-2 Use m Xo — Xy
n+5
SO 2 = 1:
a+hbh=-2
and a=—7
m 1 B Work out the gradient of the lines joining these points.
a (4,3)and (6, 4) b (-3,2)and (-4, -2)
(12 4 1
& (E 5) and ( %, E) d (2¢, 4¢) and (5¢, 6¢)

2 » The line joining (2, —4) to (5, d) has a gradient of 3. Work out the value of .
3 » Theline joining (3, —6) to (6, a) has a gradient of 3. Find a.

4 P The line joining (a, 3) to (2, 1) has a gradient of —%. Find a.
1
5
& » The line joining (3a, ) to (—27, —7) has a gradient of % Find a.

5 P The line joining (—10a, 6) to (17, —4) has a gradient of —=. Find a.

7 P The quadrilateral A, B, C, D has coordinates (—86, 1), (—4, 4), (2, 0) and (0, —3).
a Find the gradients of the lines AR, BC, CD and DA.

b What do these gradients tell us about the quadrilateral?
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FIND THE EQUATION OF A STRAIGHT LINE

You can find the equation of a straight line with gradient m that W ——
passes through the point with coordinates (x,, i,) by using the ik
formula y — ¥, = mx — x4)
(xq, i1
Fa
0 X
Find the equation of the line with gradient —% that passes through the point (4, —6).
| il =
m= =z (xs, 1) = (4, —6)
y-(-8=—-4 Use y — y, = mix — x;)
1
y+6=—-=(x—4
Y o —4)
yg+é= —;—x + 2
y= —%x -4
Find the equation of the line with gradient 5 that passes through the point (3, 2).
The gradient is 5, so Ly
== ) '
i _— =5 (x, ) is any point on the line. i
-2
y-2=>5@-3) Use y — y = mix — x,) g
y—2=5r—15 3.2) x-3
y=5r—-13 = .

m A line [ is parallel to the line y = 2x + 3 and passes through the point (1, 2).
Find the equation of the line /.

Parallel lines have the same gradient so line [ has gradient 2.

2=2x1+¢c To find ¢, substitute m =2, x =1andy=2intoy =mx + ¢
c=0

So line { has equation

=2z

KEY POINTS Parallel lines have the same gradient
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1 P Find the equation of the line with gradient m that passes through the point (x,, ¥,) when
m a m=3and(x,, 1) = (2, 6) b m= —-6and(x,, y.)= (3, 6)
e m= % and (x;, y;) = (=6, —10)

CRITICAL
THINKING

2 P Find the equation of the line that passes through the points (4, 13) and (—15, 8).
Write your answer in the formax + by + ¢ =0

3 » Find the equation of the line that passes through the points (22, 9) and (B, 8).
Write your answer in the form iy = mx + ¢

4 P Find the equation of the line that passes through the points (18, 6) and (4, 12).
Write your answer in the form y = mx + ¢

5 P Aline is parallel to the line y = —%J: — 3 and intercepts the y-axis at (0, —4).
Calculate the equation of the line and write your answer in the form ax + by + ¢ = 0.

6 P Alineis parallel to the line 2x — 3y + 7 = 0 and passes through the point (0, 3).
Write down the eguation of the line.

7 P Theline y = 6x — 18 meets the x-axis at the point P. Calculate the coordinates of P.

8 P Theliney = g-r + 7 meets the y-axis at point the B. The point ¢ has coordinates (6, 3).
Find the equation of the line joining B and (.

UNDERSTAND THE RELATIONSHIP BETWEEN PERPENDICULAR LINES

If a line has a gradient of m, a line perpendicular to it has a gradient of —%.

You can also say that if two lines are perpendicular, the product of their gradients is — 1.

Work out the gradient of the lines that are perpendicular to the lines with these gradients.

1 2
a 3 b - g ==

2 5
a Gradient m = 3 so the gradient of the perpendicular line is —%. Gradient = —};E
b Gradient m = % so the gradient of the perpendicular line is —2. —% W =8 = —1
c Gradient m = —%. so the gradient of the perpendicular line is g -% W =2 = —1
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m Show that the line y = 3x + 4 is perpendicular to the line x + 3y — 3 = 0.

The gradient of the liney = 3x + 4is 3. Compare y = 3x + 4 with y = mx + ¢ to find m
x+3y—-3=0 Rearrange into the form y = mx + ¢
3y=—-x+3
y= H%—x+1

The gradient of this line is -—-:-13-.

1

The products of the two gradients is 3 x g m 1.

The lines are perpendicular because the product of their gradients is —1.

EXAMPLE B Work out whether these pairs of lines are parallel, perpendicular, or neither.
a y=-2x+%andy=-2x-3
b 3x—-y—-2=0andx+3y—-6=0

rand2x -y +4=0

M| =

c y=

a y= —2x + 9 has gradient —2 Thisisoftheformy = mx + ¢,som = -2
y = —2x — 3 has gradient -2

Since the gradients are equal the two lines are parallel.

b 3x-y-2=0
SO,y =3x—2 Rearrange the equation
Therefore the gradient of this line is 3.
xr+3y—-6=0

So,y= —%x + 2
Therefore the gradient of this line is —%

Since 3 % — = —1 the lines are perpendicular.

o=

c y= %x is already in the form y = mx + ¢

So, the gradient is %
2x—y+4=10
So,y=2x+4
Therefore the gradient of this line is 2.

These two lines are neither parallel nor perpendicular,
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EXERCISE 3

REASONING

Find an equation of the line that passes through the point (3, —1) and is perpendicular to the line

y=2x—4

The line y = 2x — 4 has gradient m = 2.
So the gradient of the perpendicular line is -%,

=N | —@ -
m= 2-{I1ry1} {3' 1]

y-(-=-2-3

1 3

= —x+2

i+ 1 x 5
1 1

= — -|—_
¥y="5%"3

Use the rule —FL- withm = 2

Usey — y; = mlx — x)

1 B Work out if these pairs of lines are parallel,
perpendicular or neither.

a y=4x+2 b y=%x+3
s T N oo
iy 4.1: 7 Y 43: ]
c y=5-3 d S5xr—y—1=0
Sx —y=—4 y=—%;r+2
__3 _ _
e y= §x+6 f Sx—y+5=0
3xr+2y—-3=0 2x+0y—-6=10
2 p»
4 =>5x+2.

Find the equation of the line

Find the equation of the line that passes through (—3, 8) and is perpendicular to the line

a parallel to the line ¥y = —2x + 3 and passing through (1, 1)
b perpendicular to the line ¥ = 4x — 4 and passing through (-2, 6)

c perpendicular to the line 2x + y — 9 = 0 and passing through (3, 2}
d perpendicular to the line 4x — 6y = —7 and passing through (—3, 4).

Find the equation of a line passing through the point (3, —4) that is perpendicular to the line

8x + By = 15. Write your answer in the form ax + by + ¢ = 0.

Find the equation of a line passing through the point (6, 3) and perpendicular to the line

4x — 5y = —10. Write your answer in the form ax + by + ¢ = 0.

equationis y = %.t +5

Show that the quadrilateral is a rectangle.

Find the equation of a line that passes through (5, 6) and is perpendicular to the line whose

Find the equation of a line that passes through (7, —3) and is perpendicular to 4x + 3y = 12.
The vertices of a quadrilateral P)RS have coordinates P(—1, §), (7, 1), R(5, —3), S{(—3, 1).
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FIND THE DISTANCE BETWEEN TWO POINTS ON A LINE

You can find the distance d between two points (x4, ) and (x,, ) that lie ]

on a straight line using the formula: e, )
d =@ = %2 + 2 — y1)? %
(x1, 4
m Find the distance between these pairs of points. o b
a (2,3)and(5,7) b (4a, a) and (—3a, 2a) e (2/2, — 5/2)and (4/2, V2)
a ux
| 57 | Draw a sketch
0 ¥
Let (x4, y1) = (2, 3) and (xz, y2) = (5, 7)
=/6-27+(7 -3¢ Use d = \(x: — 24 + (42 — 41)°
= (3T ¥ &7
=y25 =5 Take the positive square root because d is a length

b Let(x,, y,) = (4a, a) and (x;, y,) = (—3a, 2a)
d = (-3a — 4a)® + (2a — a)®
- TP T e
= {/49a? + a?
= B0a2
Sod = 5/2a

c {Ij, 9'1} = EE'.Q, _ﬁté) and |:x21 yg} = (412-,'.51
d = (@2 - 2/2) + (2 — (~5/2))
2/2)° + (6/2)°

=8+ 72
= V80
Sod=4/5
1 P Find the distance between these points, leaving ——
m your answer in surd form where appropriate. -
REASONING a (1,2)and (7, 10) b (3, —7)and (8, 5) 13 { :
c (—2,2)and (1, 6) d (5,2) and (1, 6) S5
e (-1, -5)and (5, 5) f (—4a, 0)and (3a, —2a) _?-;_',_.E:_,':_ﬂ'.-,k
g (—7b, 5b) and (20, —5b) h (—2¢, 2¢) and (-3¢, 5¢) -§_’u
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FIND THE COORDINATES OF A POINT THAT DIVIDES A LINE IN A GIVEN RATIO

Consider a line between points A(x,, y,) and B(x., ¥.), divided by the point Px,, y,) in a ratio of

mn.
yll B‘
4 (xa, _!d'z}
3_
HINT 5]
If m = n then the 14
coordinate F is . oz
the midpoint of A —_11’-'*_ 6 7 8 ¥
and ¥
Using similar triangles, you can derive these formulae:
B Gk _ yy + my,
Ip = m+n and yﬂ = _m_
Find the coordinates of the point which divides A(0, 6): B(4, 10) in the ratio 3:1.
(100) + (3)(4) nx, + mx
2y s = 1 2
4 3+1 tee m+n
_ (1)) + (3)10) _ _ nyy +my,
Ul e Use ¥ = Tmin

Therefore the coordinates are (3, 9)

m A line between points A(—1, 3) and B(5, 7} is divided by point P such that AP:PB = 1:4.

Find the coordinates of point 2.
_ 4= 1)+ (1)) _ nx, + mx,
KA T M T
=k
5
_ 43 +1(7) _ Yy, +my,
PR US s =—iFn
=18
5

Therefore the coordinates of P are (%, ?)

m 1 B Find the coordinates of the points which divide A in the given ratios.
m a A(1, 5):B(-2, 8) in the ratio 1:2. b A3, —7):B(-2, 8) in the ratio 3:2.

reommrmeereciey e A(-2, 5):B(5, 2) in the ratio 4:3. d A4, 2):B(6, 8) in the ratio 2:2.

2 P Find the coordinates of the point which divides the line segment from (—2, 1) to (2, 3} in the
ratio 3:4.

3 » Find the coordinates of the point that divides the line segment MV with the coordinates of
endpoints at M(—4, 0) and M(Q, 4) in the ratio 3:1.
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A is a point with coordinates (2, 4) and B is a point with coordinates (—1, 0).
The line L. has the equation 3y = 4 — 2x. Is the line L parallel to AB?
Show your working clearly. [2]

The straight line L, passes through the points (—3, 0) and (9, 10).
Find an equation for L, in the form ax + by + ¢ = 0, where a, b and ¢ are integers. [2]

3 The equation of aline is givenas 4x — 5y — 8 = 0.
Point A(7, 4) and B(2, 0) lie on the line.

a Find the length of AB, leaving your answer in surd form. [3]
The point ’ has coordinates (2, (), where { = 0, and AC = AB.

b Find the value of 1. 1]
¢ Find the area of triangle ABC. [2]

) Find the equation of the line L; which is perpendicular to the line
y = 2x + 8 at the point (1, 10).
Give your answer in the form ax + by + ¢ = 0. [31

B Find the equation of the line which is perpendicular to the line
y = 5x + 8 at the point (5, 33). [21

“ Find the equation of the line which is perpendicular to the line
y= —%.-r + 8 at the point (9, 5). [3]

A is the point (0, 1) and B is the point (10, 6).
a Find the coordinates of the midpoint of AB. 2]
The equation of the straight line through A and Bis y = %.-r + 1.

b Write down the equation of another straight line that is parallel to A% and passes
through the point (0, 1). 1

“ Prove that the coordinates (3, 2), (1, 2), (—3, —2), (1 ,2) form a square. [2]

Find the area of rectangle ABCD with vertices
A(—3, 0), B(3, 2), C{4, —1), and D(-2, —3). [21

Quadirilateral ABCD has vertices A(—3, 0), B(2, 4), €(3, 1), and D(—4, —3).
Calculate the perimeter of the quadrilateral. [21
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The line [, passes through the points A(—1, 2) and B(11, 8).
a Find an equation for {,.

The line [, passes through the point €{10, 0) and is perpendicular to I,.
The lines [, and L, intersect at the point D.

b Calculate the coordinates of D.
¢ Calculate the length AD.

d Hence, or otherwise, calculate the area of the triangle ACD.

Given the points A(—1, 2) and B(7, 8), determine the coordinates of point P that
divides AF in the ratio 1:3.

i E® Determine the midpoint between (—7, —2) and (4, 5).

The points A(—5, 5) and B(9, —2) lie on the line L.
a Find an equation for L in the form ax + by + ¢ = 0.
b Show that the distance between A and B is 7/5 .

Quadrilateral DEFG has vertices D(5, 1), E(2, 4), F(—4, 4) and G(—1, 1).
a Find the equation of the line of DE.
b Calculate the area of DEFG.

(2

[1]

[3]

(2]

[2]

[4]
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B The general form of the equation of the straight line is y = mx + ¢ where m is the gradient and
¢ is the y-intercept or constant.
Another form of this equation is ax + by + ¢ = 0 where a, b, ¢ are integers.

Y2 — U4

3',2 _I1L

B The formula for calculating the gradient is m =

B You can find the equation of the line with gradient m that passes through the point with
coordinates (x,, i;) by using y — y; = mx — x).

B Two lines with the same gradient are parallel.

Ha
n
—jk
m
0 X
B If a line has a gradient of m, a line perpendicular to it has a gradient of —%_

B You can also say that if two lines are perpendicular, the product of their gradients is — 1.

)

{'t21 HE}
(Fl

(a0 14)
o' x

B You can find the distance d between (x4, y,) and (x, y) using the formula:
d=(x;— 2 + (o — yy)?
B The coordinates of the point (x,, y,) dividing the line joining the points (x,, ¥} and (12, &) in the

n;t‘1 +mx2 _Hy1+myg
m+n m+n °

ratio m:n are given by x, = and y,,
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9 DIFFERENTIATION

In the time of Sir Isaac Newton and Gottfried Leibniz,
the founders of calculus, one of the biggest problems
was poor navigation at sea. Shipwrecks occurred
because the captain did not know the actual position of
his ship. This was mainly due to a poor understanding
of how the earth, planets and stars moved in relation

to each other. Calculus (differentiation and integration)
was developed to improve this understanding and help
improve navigation at sea.

Differentiation is used to solve many real life problems.
For example, it is used to determine maximum and
minimum values, which you will learn about in this
chapter. This technique is very useful for companies to
determine costs, and for engineers and architects to
calculate the amount of building material required.

LEARNING OBJECTIVES

= Find the gradient function of a curve and differentiate Use the quotient rule to differentiate more complicated
a function that has multiple powers of x functions

y = f(x)

Find the stationary points of a curve and calculate if they

are minimum or maximum points

» Use the product rule to differentiate more Apply what you have learned about turning points to solve
complicated functions problems

= LUse the chain rule to differentiate more complicated
functions

STARTER ACTIVITIES

Simplify

a a*xa b ;‘—_?3 c ‘%; d adxa?

e (a9 f (a?)3 g (a2 h ()

i a9 i (a8 k (a9 R

m [%]E n (a2 % b4 o lattd)’ p (a2b-3-2
af\? . ab 3 a2t F
(g) r [ﬂ'f HS} 2 5 (ﬁ] t (E)

BhHE 2y = 2 T

s (8 =) < lewn
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FIND THE GRADIENT FUNCTION OF A CURVE AND DIFFERENTIATE A FUNCTION

THAT HAS MULTIPLE POWERS OF x

On a straight line graph, the gradient is constant, the same everywhere along the line: it has a
fixed value.

However, on a curved graph the gradient is always changing. The gradient depends on where you
are along the x-axis. The different gradients can be shown by tangents, lines that touch the curve
in one place only.

m Differentiation is the process by which you produce an equation to calculate the gradient at a

specific point.
' * L] tangent
/— Straight line = Gonstant 3

- R gradiant A7 4 Curved line = Gradient

/ 0 X P \E changes
tangent ;

As a general rule, if;
flx) = ax” This is the formula for the curve. i.e. the function

then... This is the gradient function for f(x), the formula that

fix) = naxr1. gives the gradient at any point.
It is also known as the derivative, or ‘derived functon’

m A function can be written as f(x) or as an equation in the form y = ax? + bx + ¢

5 G d
The notation for the gradient function is: f (x) or Ey

Find the derived function when f{x) equals
a xf b xf e 2 d% e r¥xa?
a 6a° The power 6 is reduced to the power 5 and the & multiplies the answer
b f(x)=a2 The power % is reduced to% -1= -%, and tha—;- multiplies the answer
Flx) = %x ;.
= o This is then written in an alternative form
c flx)=x"2
fir) = 229 The power —2 is reduced to —3 and the —2 multplies the answer

2 This is also rewritten in an alternative form
o using knowledge of negative powers
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d Letflx) = i
el Simplify using rules of powers to give one
—F simple power, i.e. subtract 1 — 5 = —4
Sofx) = —4x5 Reduce the power —4 to give —5, then multiply your answer by —4
o vl
o
e Letflxr) =22 xa® Add the powers this timetogive2 + 3 =15
= x5
So f{x) = 524 Reduce the power 5 to 4 and multiply your answer by 5
Use standard results to differentiate
a 13+ —xt b 2x3 c %x5+4x?
a y =18+ x2—xt
d
So ﬁy = 3x2 + 21 - %x *  Differentiate each term as you come to it. First 2%, then a2, then x*
=312 + 2x - 1
b y=2x3
So % = —Gx~4 Differentiate x~*, then multiply the answer by 2
i
g
c y=1x+ax
3
So % = % b4 %x : 4 81 Take each term as you come to it, and treat each term as a multiple
= % X 2% + 8x
y
= +
vz T oY

m Let f(x) = 412 — 8x + 3

a Find the gradient of y = f(x) at the point [% 0.
b Find the coordinates of the point on the graph of y = f(x) where the gradient is 8.
¢ Find the gradient of y = f(x) at the points where the curve meets the line y = 4x — 5.

a Asflx)=4x2—-8Bx+3

flx)=8r-8+0 First find f'(x), the derived function
So f'[ %] = —4 Then substitute the x-coordinate value to obtain the gradient
b f(x)=Bx—-8=8 Put the gradient function equal to 8
sox =2 Then solve the eguation you have obtained to give the value of x
andy =f(2) =3 Substitute this value for x into f(x) to give the value of y

The point where the gradient is 8 is (2, 3). Interpret your answer in words
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c 4x2-Br+3=4x-5
4x2-12x +8=0

2 -3x+2=0
fxt=2)x-1)=0
Sox=1orx=2

At x = 1 the gradient is 0.
At x = 2 the gradient is 8, as in part b.

Put f(x) = 4x — 5, then rearrange and collect
terms to give a quadratic equation

Divide by the common factor 4

Solve the quadratic equation by factorising

Substitute the values of x into f(x) = 8x — 8
to give the gradients at the specified points

m Use standard results to differentiate.

1
b x3(3x + 1
e
e
4.-1:
dy
Therefore — = ——x "2
dx a8
b Lety=2x%Q3xr+1)
1 3
8
= 3xt + 23
Therefore d_y = 12x3 + 312
dx
= 3x2(4x + 1)
_x-2
c lLety= e
=1 _2
X 2
=== 2ot
dy
Therefore — = —x 2 + 4¢3
dx
_ -4
S 2

Express the 4 in the denominator as a multiplier

of % and express the x term as power — |

2

Differentiate by reducing the power
1

of x and multiplying % by — >

Multiply out the brackets to
give a polynomial function

Differentiate each term

Factorise

Express the single fraction as two separate
< 2 P n 1

fractions, and simplify P to 4

Then express the rational expressions as

negative powers of x, and differentiate

Simplify by using a common denominator

1 P Find f (x), given that fix) equals

REASONING f g V% h x4 b i 3.
x2 i
£ ; i

k = | x3x b m x4 X 2t
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2 p Differentiate

a 3x? b 7x? e 3x=
3 5 =
d s e 51 f 3ix
3 5
3 P Differentiate
a y=x+x72 hy=%:|:‘2+4x2 C y=2x"+3x2+9x0
4 » Find d—gwhen
dx
a y=2%+x2+2x b y=23+3 c y=6x"-5x2+3x2+6x+3
5 P» Find f(x) when
a fl.[z¢.-]=3:l:+§:r.:=tI b f{x}=3x5+2x3 e flx)=3 — 8™ +x"§
6 P Find the gradient of the curve at point A for
a fix)=2+3x2+6x+3andA =(0,0)
b fly=3x2+2x"andA =(2,13)
e flx) =422 +3x 1+ 27 + 157 and A = (4, 13)
7 b Differentiate
1 o 2x + 3
a —xix -2 b 3vx + — c
3 o x
3x2-6 1
a 3£ -0 e xlx?—x+2) f (Bx—2(ax + )

USE THE CHAIN RULE TO DIFFERENTIATE MORE COMPLICATED FUNCTIONS

Consider the function y = (1 + x)'°.

One way of calculating o is to use the binomial expansion, but this is a very long and inefficient

way of calculating it.

Another way is to use the chain rule.

m Differentiate y = (3x* + x)°

. . dy _dy  du

= the ch loe—=—"x==
Letu = 32* + x Using acamruedx T
QU _ 4048+ 1
dx
y=u
d
d—£=5t£‘
dx da dx

= But X 122% + 1

= 5(3x* + 2122 + 1) Substitute 1 = 3x* + x back into the equation
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m Differentiate: y = v5x2 + 1

: : dy dy  du
= the ch | e
Let u = 5x2 + 1 Using the ¢ atnruadx e
du
=— = 10x
dxr
y=1u
y=u Using the rules of indices
dy 1,
o 2
dr du dx
= %u-é x 10x
= Bxu:
= 5x (522 + 1) u = 5x* + 1 back into the equation.
- -
VvBaZ + 1
m Given that iy = (x® — 7a)*
dy ;
Calculate = using the chain rule.
y = (x2 - Tz)*
dr du dx
letu =22 — Tx :—” =2 —7 Differentiate « in terms of x
x
y=u' :_5" = 42 Differentiate y in terms of u
i
dy : dy . du.. 9y _dy du
—= =43 2x - 7 tit jons for == and == info —— = —= X ==
ar w2x -7 Substitute expressions for o anddx nto ST % Ko
dy . s : Ce——
Ezﬂllx - TP2x - 7) ubstitute in u = 22 — 7x
EXAMPLE 8 Differentiate

Y = sin(2x? + 3)
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Yy = sin{2x2 + 3)
letu =222+ 3 so %—4:;
dx
= sinu s0 Sy _ cosu
4 du
d
A cosi X 4x
dx
d
—-‘J’: = 4xcos(22? + 3) Substitute u = 2x? + 3 back into the equation
1 P Differentiate
m a 3x+ 14 b (2x - 4 e 1+ x93 d (1 - 5x)7 e (2+3x
1 [ 4 v
CRITICAL foex+2l g (2R n 7oz i 4R-T70¢ ] 607 309
d 2
PROBLEM
SOLVING
2 P Differentiate
a Ber b 10ed-z ¢ 3e-ir d er-‘ 3 e 59’*2"1"‘
3 P Differentiate
a sin(2x + 1) b cos(2x? + 2) ¢ cosdx d 2sin?2x
4 P Giventhaty = = S find the value of Eig at the point (1, 2)
(3x — 22 dx T
5 P Find an equation for the tangent to each curve at the point on the curve with the given
x-coordinate.
a y=@Bx—-o6fatx=2 b y=sin2x + Blatx = -3

DIFFERENTIATE e“*, sin ax AND cos ax

In Chapter 10 you will learn about radians. Radians are
just an alternative way of measuring angles.

The conversion between radians and degrees is:

7 radians = 180 degrees

These rules apply when radians are used.

; ‘ d

dy )
If y = acosx then E= —asinax

; -4
You will also need to differentiate the exponential function gﬂ’j F i

you met in Chapter 1. & R |

This function, e*, is very special, as the gradient of the
curve is the same as the value of the function itself.

p d
In other words, if y = e* then Ey =e'

d
It follows that if ¥ = e®* then d—i: gax
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EXAMPLE @ Differentiate
a y=sindx b y=2sin5x c iy =4cosx
d y=ei1" e y=3e¥

a y=sindx

’ ) dy dy dy
U the ch o= = =—= 5=
sing the chain rule e
Letu = 4x
du
=4
dx
¥ =sinu
dy
— = COSH
du
Therefore
d_y=d_y }(E
dr du dx
d
—y=003u 4
dx
I
— =4cosu
dx
I
— = d4cosdx asu = 4x
dx
b y=2sin5x
. ; dy dy dy
he ch jo= X T T
Using the chain rule o ot
Let u = 5x
du _
dx
y=2sinu
dy
e 2cosu
Therefore
dr da dx
d
—yzzcusuxﬁ
dx
Ei.:"‘_' = 10cosu
dx
dy

Il
&

= 10cos 5x asu
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c Yy =4cosx

. . dy dy  du
] the ch le=—=—Sx=

sing the chain rule B e
letu ==x
du
===
dx
y=4cosu
dy
- = _4s
ou sinu
Therefore
ﬁzd_y){%
dx du dx
d
£=—4sinux1
d
ﬁ:—ilsinu
d
—y=—4sinx asu=2x
dx

d y=e;’
. d
d—i=%e*‘ Iiy=e“‘then£=a&"witha=%
e y=3e¥
d

% = Be If y = ke then E‘q = kae= witha=2and k=23

1 P» Differentiate

m a sindx b -cosx c =3sin2x

ANALYSIS d e e 3sinx — 2cos3x f 2e% + 4x
REASONING

EXERCISE 3

d
2 b Find—ywhen
dx
a y=sinéx b y=3cos_x
c y:%sinﬁx+3cusﬂx+54 d y=3e%

e y= —%elf+39-‘“—43x

3 P Find the gradient of the curve with the equation y = 3e* at the point (0, 3).

4 P Find the gradient of the curve with the equation i = 3sinx at the point x = -31—7-
§ P Find the gradient of the curve with the equation ¥ = 5cos2x at the point x = Z;E
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USE THE PRODUCT RULE TO DIFFERENTIATE MORE COMPLICATED FUNCTIONS

KEY POINTS

If y = uer

dy de | du
= et s
dr dr  dx

Given that f(x) = x(2x + 1)? find f'(x)

EXAMFPLE 10

flx) = x(2x + 1)°

letu = x SO % =1
lets = (2 + 1)° so gxﬂ = 3(2x + 12(2)
= 6(2¢ + 1)
£ = (x)(6(2x + 1)?) + (2x + 1)3(1)

= 6x(x + 12 + 2x + 1)3
= (2x + 1)2(6x + (2x + 1))
= (2x + 1)2(8x + 1)

You need to be able to differentiate functions that are multiplied together, using the product rule.

Apply the product rule

Use the chain rule

dy _ dv , .du
P e el
L dx I‘L::I.-rr: ud:r

(2x + 1)2 is a common factor to both terms, so factorise

You can also now simplify the part in brackets

Given that f(x) = x%v3x — 1, find f'(x)

EXAMPLE 11

flx) = x2/3x — 1 Apply the product rule
let u = x° S0 qu 2x
dx
lety = (3x — 1)° so gx—” = %(3:: ~1)#(3)  Use the chain rule
- —Zi{a:c =A%
dy 3 - ! dy _ dv du
—= Z(3x — 1)72) + (3x — 1)2(2 — ==+ P
i G R I T T b Uss = =u-- +uo
2 1 ]
- %’i{ax — )4 2nBx — 1)}
=32 | op/Ex—T1
2v3x — 1
m Differentiate
a y=e'sinx b y=xe”
a y=e'sinx Apply the product rule
Letu =e*  so %% =g*

Letry = sinx so —— =cosx
dx



DIFFERENTIATION CHAPTERS RLY .

dy | : dy _ dv , du
ety - n e it S
o e*(cosx) + sinx(ef) Use Py udx ydx
dy ;
-~ =e@gf(cosx + sinx
e ( in.x)
HINT b y=xe” Apply the product rule
You will also letu = x s0 d_“ =1
need to use the dx
chain rule to letv =e® so 9% =oyer
differentiate e*
dy ., dy _ dv , du
5 r2xe*) + e¥'(1) Usedx Ut O
= 2x%* +e*
=ev(2x2 + 1)
1 P Use the product rule to differentiate
SKILLS a x[ + 424 b 2x(1 + 3x%?2 c x/x-—-2
CRITICAL d 2x45 + 2P e 4x2(5x — 2 f x3/3x+1
THINKING
PROBLEM
SOLVING 2 P Use the product rule to differentiate
a xe¥ b (x2 — 4le-2 c 2xe ¥
d (dales e (Bx + 1ler f Bx+ 2e
3 P Use the product rule to differentiate
a xcosx b cosZxsinx ¢ dxsinBx

d eficosx) e e'lsinxl

di
4 P Find the value of d_.-rf at the on the curve

a xid4x - 3°wherex =2
b 4x(2x — 2): where x = 3
c 2x + 1lx + 3° where x = 4.

5 P Find the eguation of the tangent to the curve at the point given by the x-coordinate
fix) = x2ldx - 1): where x = 1.
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USE THE QUOTIENT RULE TO DIFFERENTIATE MORE COMPLICATED FUNCTIONS

. ozt E
Given that y = 5 5 find oy
T Apply the quotient rul
Y= T pply the quotient rule
Let e = x* S0 % =2x Differentiate
letp=2x+5 so %; =2 Differentiate
dy _ 2x + 520 - @) v —ull
dy _ (2x + x) — (x ) . dy  “dx dr
e @x + 5)2 Substitute each component into — = e
2 s 2
Hof - 1= By Simplify/work out parts of the numerator
(2x + 5)?
2x(x + 5) :
= Group together like terms
(2x + 5)2 i
EXAMPLE 14 Differentiate
EZ.T+3 et
a - b =
: * Y™ sinx
EEx +3 :
a y=-— Apply the quotient rule
Letu = 23 so 9¥ — pg2r+s
letv =x S0 dv _ 1
dx
Therefore du dv
2r+3) _ @2r+d i mren
% - M2et) — o) Substitute in each component into d_y = Gx e
dx x2 x 2

21.&2:*3 s er-S
I R

Simplify
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e 0 )
S
b y= 5:; Apply the quotient rule
Letu =e* so d—u=e‘
dx
dv

Lety =sinx so — =cosx
dr

pau _, do
d
Substitute in each component into ﬁ = %

9_5{ - sin x(e®) — e'(cos x)
dx (sin x)2

_ e*(sinx — cosx)
sin?x

Simplify

-
v

Use the quotient rule to differentiate

B 3x 3z
b e i
| sKiLLs 2 e x + 3 © bx-3¢

CRITICAL D
THINKING d Ba? a vx + 3 g &+ 6
SOLVING. e + 22 4x? Ax +3
2 P Use the quotient rule to differentiate
b et e’ e
e x+1 - . 1 — g
3 P Use the quotient rule to differentiate
cosx a* ax?2 +1 2r -1
b = c T d -
x sinx cosx sinx

4 P Find the equation of the tangent to each curve at the point given by the x-coordinate.

atx =3 hy=s'%at.t=fn

A tangent to a curve is a straight line that touches the curve at one point only. &4 MNormal
As a result the gradient of the tangent is the same as the gradient of the curve
at the point where it touches the curve.

Curve
The ‘normal’ is a straight line perpendicular to the tangent at the point where i) *
it touches the curve.
You can use differentiation to find the tangent to a curve at a particular point. Tangan

m Find the equation of the tangent to the curve y = 2* — 3% + 2x — 1 at the point (3, 5).
‘l;ll' L

Tangent
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EXERCISE 6

INTERPRETATION

y=x3-3x2+2x -1

:—ir =322 —-6x + 2 Differentiate to get the gradient function
f(3) = 3(3)2 — 6(3) + 2 Substitute the x value in to find the gradient
(3} = 11
The gradient at (3, 5) is 11
Yy — iy = mlx — 1) Use the equation for a straight line
¥y=5=11x-3) Substitute in the values of the coordinates and the gradient
¥y—-5=11x - 33 Expand brackets
y=1x—-28

Find the equation of the normal to the curve with the equation i = 3cos 2z at the point (‘f 0|

iy =3cos2xy
f'lx) = 3(—sin2x) x 2
= —6 sin2x

o T o
f( ) 6sin,
= —6 Substitute the x value in to find the gradient
The gradient of the tangent at {if i U} is —6.
1

So the gradient of the normal is & Product of the gradients of perpendicular lines is —1
Yy =y =mx — xy Use the formula for a straight line
y—0= %{x - %} Substitute values of the coordinates and the gradient in
1
y=gr- Eﬂz This is the equation of the normal at (:‘E" D)

1 P Find the equations of the tangent and normal of these equations at the given coordinates.
a y=x%-—8x+11at(3, -4

=15 42 Lo
b y=ze*-x +4x+23t{1,2]
= a3
€ y—m-;;atﬁ.-?}
d y=e>at(1,e&?
o [+
=a-rgt|1 =
e y-ewatft )
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FIND THE STATIONARY POINTS OF A CURVE AND CALCULATE WHETHER THEY

EXAMPLE 17

ARE MINIMUM OR MAXIMUM STATIONARY POINTS

A point where the gradient of f(x) stops increasing and starts decreasing is called a maximum point.
A point where the gradient of f(x) stops decreasing and starts increasing is called a minimum point.

These are known as turning points, and occur where f'(x) = 0. . i
MAXIMLIm

To find the coordinates of these points, you need to
+ Differentiate f(x) to find the gradient function.
= Solve f(x) = 0 (as this represents the gradient being 0) *

* Substitute the value(s) of x into the original equation to find the
corresponding y-coordinate minimum

You can also find out whether stationary points are maximum or minimum
d?y,
points by finding the value of f{x) (i.e. E;“;} at the stationary point.

This is because f"(x) measures the change in gradient.
You obtain f(x) by differentiating f(x) twice.

d d?
If % _ 0 and 29 < 0, the point is a maximum.
dx da?

dy d?y e o
e _— .
If - 0 and ) 0, the point is a minimum

Find the coordinates of the turning point on the curve iy = x* — 32x, and state whether it is a
maximum or minimur.

y=x%—32x
dy ; : . —_— '
= 4x® - 32 Differentiate to find the derivative function
42 - 32=0 Set the derivative function equal to 0
dx3 = 32 Simplify
xr=2
y=x—-32x
y =@ - 322) To f:nf.:! the value.nlf yatx = .2 substitute
x = 2 into the original equation
= —48
The stationary point is at (2,—48)
9 agr a2
dx
dz
—x*': = 1242 Differentiate again
= 12(2¢ Substituteinx = 2
= 48

Positive number = minimum point and

So the staticnary point is a MINIMUM. 2 5 :
negatwe number = maximum point
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HINT

‘Minima' and
‘maxima’ are the
plural forms of
‘minimum’ and
‘maximum’.

KEY POINT

Find the stationary points on the curve
flr) =243 — 1522+ 242 + 6

and state whether they are minimum or maximum points.

fix) =2x% - 1522+ 24x + B

f'(x) = 622 — 30x + 24 Differentiate to find the derivative function
Gr2 —30x+24=0 Set the derivative function equal to 0
Bx2-5x+4=0 Factorise

Blx2 —4x—-1)=0 Factorise again

xr=1lorx=4 Write the solutions

Substituting into the original formula will give these coordinates as stationary points.
(1.17) and (4, —10)
fix) = 6x2 — 30x + 24

f'(x) = 12x — 30 Differentiate again

'(1) = 12(1) — 30 and °(4) = 12(4) — 30

Substitute in x = 1 Substitute inx = 4
=—18 =18

So (1, 17) is a maximum and (4, —10) is a minimum

Note: This is an extension activity and will not be in the exam.

Consider the curve f{x) = 6x — 22 below. The gradient of the tangent at any point is given by
fix)=6—-2x.

yu

15-

10

5_ I:

! —'5"?| 'r;\ 10 ¥

At the point f'(1) the gradient is 4. When the tangent has a positive gradient, the graph is going up
and the function is increasing.

At the point f'(4) the gradient is —2. When the tangent has a negative gradient the graph is going
down the curve and the function is decreasing.

At the point f'(3) the gradient is 0 and it is a stationary paint.

fixg) = 0 = fisincreasing at x = x,
f'(x) < 0 = f is decreasing at x = x,
f'(xy = 0 = fis stationary at x = x,
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di
1 » Find the values of x for which£=0
SKILLS a y=ux2+12x b y=5¢2+3r—2

18
DECISION c =442 — 3y — 2 d =2 +
MAKING ¥ Yy X
2 P Find the x-coordinates of the points where the Ql"Eld'fEﬂt is zero. Establish whether these

points are maximum or minimum points.

a y=6x2+2x b y=10+ Tx — 622
¢ y=10-—2x + 4a% d y=x*-2a?2-x+1
e y=x+% f y=x9+%

APPLY WHAT YOU HAVE LEARNT ABOUT TURNING POINTS TO SOLVE PROBLEMS

Whenever you see a question asking about the maximum value or minimum value of a quantity,
you are likely to use differentiation at some point. Most questions will involve creating a formula, for
example for volume or area, and then calculating the maximum value of it.

m a A large tank (shown) is to be made from 54 m?® of sheet metal. It has no top.
Show that the volume of the tank is given by V' = 18x — %:ﬁ

]

b Calculate the values of x that will give the largest volume possible, and calculate what this
volume is.

c Justify that the value of V' you have found is a maximum.

a Stepi
Try to make formulae using the information you have.
V= ay Formula for volume
SA = 227 + 3ay Formula for the surface area (no top)
Step 2
Find a way to remove a constant, in this case y. You can rewrite the surface area formula in
terms of y.
222 + 3y = 54 50 54 —212=3xyandy=54;7;2x2
Step 3

Substitute the surface area formula into the volume formula, to replace y.

. 2 & 4
V=x?ysoV= .1:2(—54 2% ) ang y=23%_— 2%

x 3x
V=18x — %xﬂ Simplify
b dv _ 18 — 2x2 Differentiate to find the derivative function
dx

Set the derivative function equal to 0

.
18 -2x%=0 (since you are looking for the maximum)
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DIFFERENTIATION
2x* =18 There is a maximum at x = +3 (since a
r=+3 length cannot be negative)
V=18(3) — 2{3]3 Substitute ¥ = 3 into the formula for volume
3
= 3-5 mz

eV _
da?

d2v
Whenx=3,—=—-4x3=-12
dx?

This is negative, so ¥ = 36 is the maximum value of V.

The diagram shows a minor sector OMN of a circle with centre 0 and radius rem.
The perimeter of the sector is 100cm and the area of the sector is Acm?.

a ShowthatA =50r - r2 rem

Given that r varies, find

b The value of r for which A is a maximum and show that A is a maximum.
c The value of 2 MON for this maximum area.

d The maximum area of the sector OMWN.

0

a Let the perimeter of the sector be P, so

P=2r+ro This is the sum of two radii (2r) and an arc length MN (ré)

_ 100 —2r

& r

equation (1) Rearrange and substitute P = 100

Let the area of the sector be A, so

A=12g (equation 2) . ;
2 The area formula is in terms of two variables r

Substitute equation 1 into equation 2 and #, so you need to substitute for A so that the
A = 1,5(100 — 2r formula is in terms of one variable, r
VERE [f)

= 50r — r?

b 9 _50_2r
dr
dA

When T 0,r=25 Use the method which you learned to find
d2A stationary values: put the first derivative equal to
Also v —2, which is negative zero, then check the sign of the second derivative
So the area is a maximum when r = 25.
o o= 1250 Substiute = 25 into g = 100.= 2"

-2
So angle MON = 2 radians

d The maximum value of the area is
50 x 25 — 252 = 625¢cm? Use A = 50r — r2




1 b Arectangular field is fenced on three sides.

CRITICAL
THINKING
PROBLEM
SOLVING

DIFFERENTIATION CHAPTER 9

A house forms the fourth side of the rectangle.
Given that the total length of the fence is 80m,
show that the area, A, of the field is given by
the formula A = {80 — 2y), where y is the
perpendicular distance from the house to the
end of the field.

Given that the area is a maximum for this length
of fence, find the dimensions of the enclosed
field and the area which is enclosed.

A closed cylinder has a total surface area equal to 600, Show that the volume, Vem?,
of this cylinder is given by the formula V = 300#r — 773, where rcm is the radius of
the cylinder.

Find the maximum volume of such a cylinder.

A shape consists of a rectangular base with a semi-circular top, as shown.
Given that the perimeter of the shape is 40cm, show that its area is
given by the formula

-
A=40r — 2r3 - % where rem is the radius of the semicircle.

Find and justify the maximum value for this area.

A wire of length 2m is bent into the shape shown, made up of a
rectangle and a semi-circle.

a Find an expression for y in terms of x.
b Show that the area is given by A = %{B — 4x — wx)

¥

The shape shown is a wire frame in the form of a large rectangle split by parallel lengths of
wire into 12 smaller equal-sized rectangles.

The total length of wire used to complete the whole frame is 1512 mm and the width of one
of the smaller rectangles is xmm. Show that the area of the whole shape is Amm?,

10842
7

Find and justify the maximum area which can be enclosed in this way.

where 4 = 1296x

A
xrmm

-
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EXAM PRACTICE: CHAPTER 9

“f{x}=x3+3x x>0

a Differentiate to find f'(x). [2]
b Given that f'(x)= 15, find the value of x. [1]
d
B Gienthaty =5 -7+ 223 1> ofing Y 3]
£ dx
vl 1 =/ !
Bfm: (3 433:][‘3 VXx) Y0
xs
a Show that f(x) = 9x ¢ + Pri + (), where P and () are constants to be found. [2]
b Find f'(x). [4]
¢ Evaluate f'(9). [1]

B Acurve C has equation y = 2x* + kx® + 7

. dy
Find — 2
a n d []

b The point P, where x = —2, lies on (..

The tangent to ( at the point P is parallel to the line with equation iy = gx + 5
Find the value of k. [2]
¢ Find the value of the y-coordinate of P [11]

BThecuwe(?hasequationy=:ca—212—x+9 x>0

a The point P has x-coordinate 2. If the x-coordinate lies on the curve, find the value of

the y-coordinate. [1]
b Find the equation of the tangentto C at 2
The point @ also lies on C. [2]
¢ Given that the tangent to C at () is perpendicular to the tangent to C at P, find the
x-coordinate of (J, giving your answer in surd form. [3]
e =
IE) A curve has equation y = %
a Find gii in its simplest form. [4]
b Find an equation of the tangent at the point x = 2. [3]
. dy . .
Fmdarfy = 3sin5x + 4cos3x [3]

“Findggify=cos(g] [2]
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“ fx) = e2* + 322 + 4sin4x. Find f'(x) [3]
B[P Find the gradient of the curve y = 2e 2" at point (0, 2). [3]
Find the gradient of the curve with equation y= 4 cos2x at the point where x = -E 3]

fx) = x+ k
Ll ey

Find f'(x). [3]

e 4
EED -+ 3+ 4

Find the equation of the normal to the curve i = f(x) at the paoint

where x = 3. [3]
Differentiate y = 6e2c’ [3]
Differentiate y = 3sin22x [4]
Q16 HINT The function g(x) =;L§ xeR, x+In2
x € B means x . ) (e* —2)
is a real number. a Find g'(x). [4]

It can be positive,
negative or
zero, including

integers, rational Differentiate with respect to x, > bz giving your answer in its simplest form.

b Find the value of x for which g'(x) = 1 [2]

numbers 2
Differentiate 12 cos 3x with respect to x. 3]
Given f(x) = (3x2 — 1)(x2 + 5x +2), find the derivative of f(x). 31
[EZ) Find the equation of the tangent to the curve fix) = xsinx where x = g . [5]
m A curve has the equation y + 10 = 12x¢ — 2 4]
a Find the coordinates of the turning point.
b Determine the nature of the turning point.
y =2 - pr’ (4]

d i
a Show that o 2x — lk.t'*
dx 2

b Given that y is decreasing at x = 4, find the possible set of values for &
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E A sector OMN of a circle has area 100 cm?2. [5]

a Show that the perimeter of this sector is given by the formula P = 2r + @, r= ‘f;T

b Find the minimum value for the perimeter of such a sector.
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CHAPTER SUMMARY: CHAPTER 9

B You should know, and be able to use, these standard formulae:

Function Derivative
X7 ny"?
sinax (1Ccos ax
cosax —asinx
ar (=l

B You also need to know these rules.

B Chain rule:
dr du dx
B Product rule;
dy  dv , du
Ky=uvthen——==u—+ v-=
HEME e =y ik
B Quotient rule:
u-d—“ - HEP_
dy “dr = dx
Fy=2then—=—"_ <=
iy SRR dx v
: e ; dy
B A turning point is a point where T 0
dy d?y K
If T 0 and ax? = 0 then the point is a minimum.
2
If d_y = 0 and d_y < 0 then the point is a maximum.
dx dx?






10 INTEGRATION

Integration has many uses but it is especially
important in kinematics. Integration helps
engineers understand the relationship between
displacement, velocity and acceleration.

You already know how to find the area of
common shapes, but how do you find the area
under a curve? Integration helps you solve
this problem and you'll learn about it in this
chapter. You will also take this a step further
to calculate the voelume of solids which have
curved surfaces.

LEARNING OBJECTIVES

= Use integration to reverse the process of differentiation

» Understand how calculus is related to problems
involving kinematics

STARTER ACTIVITIES

Copy and complete the table below.

INTEGRATION CHAPTER 10 gl .

* Use integration to find areas
¢ Use Integration to find the volume of revolution

= Relate rates of change to each other

flx) GRADIENT FUNCTION f'(x) f'{2) (-1} (0]

iy =1lr+ 3-8

_x*+ad

Tk
y = xlx5—7x)

_x? X2
¥y="—%
y= :Tx +2

_ le? 4+ 321 -2
e S
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KEY POINTS

KEY POINTS

KEY POINTS

KEY POINTS

INTEGRATION AS THE REVERSE OF DIFFERENTIATION

The indefinite integral of x" is denoted by [x"dx

This is the constant of integration and it is important in indefinite integrals because the derivative
only tells you about the change that occurred. If you integrate the derivative, you will calculate the
entire change that occurred over the range of integration. However, it doesn't tell you where you
started, hence ¢ is a generic 'starting point’

The expression to be integrated

The constant of integration
has to be included in all
indefinite integrals

The elongated S

: n#*1 =
means integrate

The dx tells you which letter is the variable to integrate with respect to

The rules for integration you need for this course are

n+1

+ 1

fxndy = nx +e, (m#1) This is the one you will most commonly meet

This arises from the equation showing the

1
Jewdx = g8 te unusual character of e: [e*dx =e* + ¢

[sinxdx = —cosx + ¢ MNotice the minus sign
[sinaxdx = —%cosm: +c
Jeosxdx = sinx + ¢ Mo minus sign

s
[cosaxdx = gsihax + ¢

Integrate
, ; d y
a [2xddy b [3xidy a‘” = 6x + 2¢3 — 3x!
d fle)= %x'é - %x-i e [(x:+219)dy £ [(3x2 + px? + g9dx
a [22°
_ 2zt +c Increase the power by one, and divide by the new power
4
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b [3x:
- §;‘_§ +e Increase the power by one, and divide by the new power
2
=2x:i+ ¢
c %=Ex+2x‘3—3x%
_ 6 o 2 o 3.1
y= E.‘r + _—2::: Frtc Integrate each part separately
2
=32 —x2-2xi+¢ Simplify
=3x2——1'-—2\5'F+c
x2
d fx)= %x‘é = %x‘i
%.‘I'I? %1";
flx) = D iR Integrate each part separately
2 2
=xi+aite Simplify if possible
=.Jx + i_ +:6
v
e [(x:+ 2x%dx Integrate each part separately
2 3 2 4
1 = S
Bx -+ 41 I Simplify
25,14
=Zyrd + —x! +
3\..1' prite
HINT t [{3x%+px?+ gYdx Integrate each part separately
p and ¢? should
be treated as if = gxﬁ' + %x“' +qix+c Simplify

they were just

numbers.
=x3 - g +¢*x+¢

m Find [2cosx + 3e™" — sin2x)dx

[(2cosx + 3e™* — sin2x)dx = [2cosxdx + [3e *dx — [sin2xdx Integrate each term
. oo separately using standard
= 2sinx — 3e™* + Ecosax +c integration rules
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EXERCISE 1

REASONING
INTERPRETATION

KEY POINTS

1 P |Integrate with respect to x
a [+ 3ndx b [(4x® — 2x)dx ¢ [Bx2+ ddx
d [(6xi — 3x?dx e [(30x2 — x~Ydx f o f(x2+xi— 2 + d)dx
g [l4x? — 3x-* + ridx h [ppxt+2t+3c3dx i ,[[3 E_foldx
2 P Integrate with respect to x
a [Px + 3)aldx b f(ﬁi:a]dr ¢ [(2x + 32dx
f2x + 3 of 1 _ E 5 7
d J(—,,-E )d.r e j(4xa Iz)dx £ Jlei+ x-Tdx
3 P Integrate with respect to x
a 2cosx b 2sindx c de*
d 3e* e 3e* f Se ¥
[+ ] sin%x h 5cos3x i 4sin3x
4 P Integrate with respect to x
a 2{cosx — sinx + 3x) b 7e*+ 3sinxy — 2x2 c e*+ sinx + 2cosx
d 3x2 + 2s5in2x + 3e¥ e 4{cosx + e* + x9

UNDERSTAND HOW CALCULUS IS RELATED TO PROBLEMS INVOLVING

KINEMATICS

You need to understand how displacement (s}, velocity (v} and acceleration (a) can relate to calculus.
The relationship between these variables in calculus is:

2
= %‘% and «= %‘f fora = % This is known as a second derivative.)
These can also be written as
s= [pvdt and v= [adt

The velocity, tms ", of a ball after { seconds, is givenby v =8 + 10t — 2. (t = 0)
a Find the acceleration after { seconds.
b Calculate { when the acceleration is zero.

c Hence, or otherwise, find the maximum velocity.

a a= % =10-2¢ Integrate the function for v to find a

b a=10-2¢
0=10-2¢ Substitute a = 0
2t=10
{ = S5seconds Solve
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¢ The maximum velocity occurs when f’—f =0and¢ =5,

Therefore, vpy, = B + 50 — 25 = 33ms.

m The velocity, ms~', of a particle after ¢ seconds is given by
v=12t -8 (t=0)
Given that the initial displacement is 10m, find

a an expression for 5 in terms of ¢ b the displacement whent = 2.
a s= [vdt

= [(12t— 83 dt

=612 -2t +¢

t=0ands=10intopr = 121 — 813
c=10

Thus, s =6¢2 — 214 + 10

b Whent =2
=622 -2@)7 +10 Substitute t =2 intos =612 — 214 + 10
s=2m

1 » The displacement, s metres, of a particle after { seconds is given by s = 250 + 10¢2.
m Find an expression for the velocity.

Fﬁnﬁhsm 2 P The displacement, s metres, of a particle after { seconds is given by s = 60 + 48t — 162
ggiLnlmfi Find an expression for the velocity.
THINKING

3 P The displacement, s metres, of a particle after { seconds is given by s = 25 + 30t — 52
a Find an expression for the velocity.
b Work out the velocity after 3 seconds. Clearly state your units.

4 b The velocity, vms ™', of a particle after t seconds is given by v = 160 — 32¢.
a Find an expression for the acceleration.
b Att = 0 the particle's displacement is 384 m from its starting point.
Find
i an expression for this displacement
ii the time when the particle passes through the crigin.

5 P The velocity, rms~1, of a particle after { seconds is given by v = 24 + 61 — {2
a Find an expression for its acceleration.
b Calculate its acceleration after 2 seconds.
c Whens=0,t=0
d Find the displacement when { = 2,
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USE INTEGRATION TO FIND AREAS

The definite integral is defined as
b
ﬁ[ fila) dx = [f(x)]} = fla) — f(b) a and b are called the ‘limits’ of the integral

provided f' is the derived function of f
throughout the interval (a, ).

In particular if you wish to find the area between a curve, the x-axis and the
lines x = @ and x = & you use

[
Area = ! y dx
where i = f(x) is the equation of the curve.

i
y = f{x)

m Find the area of the region i bounded by the curve with equation ¥ = (4 — x)(x + 2) and the
positive x- and y-axes.

Whenx=0,y=8
Wheny =0,x =4 or -2

s
/ “
= ) 7\
The area of R is given by A sketch of the curve will often help in this type of question

A =1_f(4—x}[x+2}dx

Expand the brackets to leave the function

A
o aHB Fan=mI in a form that you can integrate

4
A= lﬁ:r -+ g — J:s—:ra] Integrate
0
43 | 0° R—
= (8(4) + 42 - E] - (80) + 02 - E) Substitute in limits of 4 and 0
_ _ 64y _
—(32+1E 3) ()

So the area is 26—3— square units
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m The region R is enclosed by the curve with equation iy = 22 + f-,:,, x > 0, the x-axis and the lines
x = 1and x = 3. Find the area of K.

Area =f[:r= +‘%)dx

This curve is not one you would be expected to sketch but the limits of the integral are simply
x¥ = 1and x = 3, so you can write down an expression for the area without referring to a sketch

3
= [{x2 + 4x2dx Write the expression in a form suitable for integrating
1
1 -
= [ExS -4y ‘l Integrate
1
_[1.s_4° —
= Ia—x + : Simplify
= [%(3}3 = %) = (%{1}3 * ‘;—“) Substitute in the limits 3 and 1
b ] = imoli
=(0-3)-(5-4 Simplfy
5
=15 =2
3
1
- 111
3

You may be able to use a graphical calculator to check your answer, but you must show your
working.

In the examples thus far, the area that was calculated was above the x-axis.
If the area between the curve and the x-axis lies below the x-axis, then [ydx will give a
negative answer.

m Find the area of the finite region bounded by the curve iy = x(x — 3) and the x-axis.

L

First draw a sketch. The solutions to ¥ = x(x — 3) are
x = 0and x = 3. So the curve crosses the x-axis —
> (0, 0) and (3, 0)

In this case you can see that the region is below the x-axis

Area =j;3x{x — 3)dx

= [3(x2 — 3x)dx Multiply out the brackets
3
- l%;ﬁ - %x2] Integrate and use square brackets
o
— (Lema— B} — (Lo — Brope N——
O ) (30° - 30 ) Substitute in the limits



. i::3 CHAPTER 10 INTEGRATION

= (9 - "2'5?“) -0 Work out each part
__9 The minus sign indicates that
2 the area is below the x-axis

Thus, the area is g square units.

Find the area between the curve y = x{x + 1){x — 1) and the x-axis.

First let's try this in the same way as in the previous examples. ik
Start with a sketch.
You can see this time that part of the curve is above the Ls
: ; /-1 0 1x
x-axis and part is below
Area = _['__‘ix{x + 1){x — 1)dx
= [1,(x* — x)dx Expand the brackets
1
= Ex“ - %xﬂl Integrate and use square brackets
-1
(F0¢ = 501) = (-1 = 2-1) Use the limits
Y S, ) e e |
- ( 4) [ 4]
=0

From the sketch you can see that this is clearly not the correct answer and this method will not
work. As a result, you must approach this type of question differently. You need to integrate each
section separately and then combine them as positive values.

Area = [ x(x + N)(x — 1)dx = [*x(x + 1ix — N)dx + [Jalx + 1)x — 1)dx
Area above the x-axis Area below the x-axis

Use the limits =1 and 0 as the curve

ayia = [0 i
Area above the z-axis _f_1x1[x + Nl = T)dx lies above the x-axis in this region

= [ (23— x)dx Expand the brackets
- 1 4—1 20

I4I 2.1‘ l_‘ Integrate
=l 4—1 2—-1_— ‘1'—1_2 H

(30 - 3087) - (F(-1* - 2-13) Use the limits
T
B ( 4_]
w1

4

So the area above the x-axis is % square unit.
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Area below the x-axis =j;‘x(x + 1)(x — 1)dx

= [o(x® — x)dx Expand the brackets
1
_ H o % x2 Integrate
4]
= ( :11_{1 ) - %{1 )2) - (%{nr = .12-{012] Use the limits
-~1-0
1 The minus sign indicates that the
- 4

area is beneath the x-axis
So the area below the x-axis is % square unit.

The total area of the curve betweenx = —1andx = 1is % - square unit.

1
2

I

Sometimes you may need to find the area between a curve and a line, or between two curves.

’4 Region i

L F]
e .

Ola b ox

KEY POINTS The area between a line (y,) and a curve (y,) is given by:

Area = f:y,dx — [ty.dx

m Below is a diagram showing the line y = x and the curve iy = x{4 — x).

Find the area bounded by the line and the curve.

i =2z
R
3\ ¥
i=x{4-x)
Equate the equation of the line and the equation of the curve

x=x4 - 1) to find the x-values where the line crosses the curve

x=4x — 32 Expand the bracket
2-3x=0
xix—-3)=0

x=0orx=3
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SKILLS

DECISION
MAKING

CRITICAL
THINKING

EXERCISE 3

Area = [Hx(4 — x)dx — [fxdx Use [Py dx — [Py,dx to find the area

= [#8x — x?)dx
o,
= (307 - 10r) - (201 - 1or)
RN

9
2

square units

Sketch these curves and find the area of the finite region bounded by the curves and the
x-axis.

a y=xx—-2) b y=@x+hx-3)

c y==(@x+4x-1) d y=x@x— 2)fx—5)

Find the area between the curve with equation y = f(x), the x-axis and the linesx = a
and x = b in each case.

a fi)=4x2-2x+2 a=0,b=3 b filxy=3x-22 a=-10=2

e flr) = 2% — 4x a=1,b=2 mlf{:.:)=“‘f"'2:r‘jr a=-1,b=2

e fiX)=8xr3+.7% a=1,b=4

Find the area of the region between the curves or lines represented by these equations.

a y=x%andy = 2x b y=xandy =4

c y=x2-xjandy ==x d y=x2—zandy=%x2
e y=xr—-1andy=2x+1

Evaluate

a f 3x?dx b _lj?::—zdx

e Ifédx d hf[::@—z.x—sx%}dx

Find the area enclosed by the curve ¥ = 22 — x — 1 and the line y = 5.

Find the area between y = 1 + 4x 2 and the x-axis fromx = 1tox = 2.

The diagram shows the curve y = 2% and the line \ | /
4 = 9, with the enclosed region shaded. Lty
A B
a Find the points of intersection A and B. B
ﬁ.
b Find the area of the shaded region.
4.
2_
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8 P Thediagram shows the curve y = 2 — 2x + 1 and
the line y = x + 1, with the enclosed region shaded.

a Find the points of intersection of the curve and the line.

b Find the area of the shaded region.

9 P The diagram shows the curve y = 22 + 3x. i
3_
Find the area of the shaded region between 4
x=-1andzx = 2. |
44
2_
-6 -4 \-2 2 %
10» The diagram shows the finite region R, bounded by the i}
curve with equation y = x(4 + x),the line y = 12 and 201
the y-axis. 154
a Find the coordinates of point A. 10+
5-.—

b Show that the area of the shaded region is 13% units.

-
=

o

11 Show that the area between the curve y = 4x — 22 and the r-axis fromx = Otox = 5is B%-

USE INTEGRATION TO FIND A VOLUME OF REVOLUTION
You can also use integration to find volumes.

!lla y:ﬁ y;

The volume of revolution of a solid rotated 2+ radians around the x-axis between x = a and

b
x = b is given by: Volume = :-rﬁ[yz’dx
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Find the volume of revolution formed by rotating the area enclosed by the curve y = x + x2, the
x-axis and the coordinates x = 1, x = 3.

First sketch the curve.

yi
10
E..
E_
‘i_
24
—4 =2 z 4 2
V= 'rrf[.t + x3)2dx Use V=w[y2dx
) a
= 1-1-_];x (x2 + 2x% + x%dx Expand
1
= wjgat + gat + gt | Integrate
g T T L
= l 3 l 4 ,..,I._ Bl — _._I_ 3 _1_ 4 1 EI = . TR
al(ler+ J@e+ Tor) - (2 Jene v Love)]  substitutein the imits
1557 47 gz
=M an  &’n |
20 60 Simpily
=L T
i 15 7 cubic units

m The region [ is bounded by the curve with the equation y = x2 — 1, the x-axis and the lines x = 1
andx = —1.

a Find the area of i

b Find the volume of the solid formed when the region R is rotated through 2 7 radians about the
x-axis.
1
a Area= [(x*- 1)dx
=

= [2x — x]1,4
=(201) = (1) = 2(=1) = (=)
=2

b V=ryde

mf 2 — 1P dx

7 [t — 202 + 1)de
-1

_[as 2 !
"’[? ?*f“]_,
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-2~ (403 )

167
156

m The region R is bounded by the curve with the equation i = sin2x, the x-axis and the linesx = 0

=T
andx—g,

a Find the area of K.

b Find the volume of the solid formed when the region i is rotated through 2 7 radians about the
xr-axis.

a Area= f$|n2:rdx
jeose]
2c052x

|
SEARED

0 Usecos24 =1 — 2sin2A
b Volume = 'rrj sin®2x dx

Rearrange to give sinfAd = ...

( )w j[%ﬁ — ‘oo A di Note that 2 x 2x gives 4x in the cos term
= 2)1:'.1: —smd.tl
— (1 T Multiol -
= E) “[5 -0} - (0 ultiply out and integrate
= w?
4

-
v

Find the volume of the solid formed by rotating the area enclosed by the curve y = 12, the

EXERCISE 4
m x-axis and the line x = 2.

EEE‘?IIHE}M 2 P Find the volume of the solid formed by rotating the area enclosed by the curve iy = a3, the
INTERPRETATION x-axis and the line x = 2.

3 P Find the volume of the solid formed by rotating the area enclosed by the curve y = 12 + 1,
the x-axis and the line x = 2.

4 P The region / is bounded by the curve with equation i = f{x), the x-axisand thelinesx = a
and x = b. In each part find the exact value of:

i theareaofR,

ii the volume of the solid of revolution formed by rotating R through 2« radians about the
x-axis.

2
=—=_—ag=0>b=1
. 1+:c£1
b ffx)=lhx;a=1,b=2
e f=xvd—2x2a=0,b=2
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HINT

Find

dh
di

RELATE RATES OF CHANGE TO EACH OTHER

Differential equations arise from many problems in mechanics, physics, chemistry, bioclogy and
economics. As their name suggests, these equations involve differential coefficients and so
equations of the form

dy _ ds d’y dP

e 3y, a=2+ﬁi, E=—25y E:1U_4P

are differential equations (x, ¥, {, s and P are variables).

You can set up simple differential equations from information given in context. This may involve
using connected rates of change, or ideas of proportion.

The image shows a right circular cylindrical metal rod
which is expanding as it is heated. After { seconds the
radius of the rod is x cm and the length of the rod

is 5x cm.

gA _ 0.032cm? s and

e
di

ad _ 5
X

Find % when the radius of the rod is 2cm, giving

your answer to 3 significant figures.

dx _dd  dx

dt dit dA

dx 1
== = 0.032 ¥ —
dt 2
dx _ 0.016

dit e

Whenx = 2cm

dx _ 0.016
di 2w

9x _ 9 .00255cm s
dt

A vase with a circular cross-section is shown.
Fluid is flowing into the vase.

When the depth of the water is i cm, the volume of
water Vem? is given by

V = azh(h + 4), 0=h=25
Water flows into the vase at a constant rate of 80rcm®s-' and

%’ — 80 and g = 8xh + 167

Find the rate of change of the depth of the water, incm s,
when i = 6



INTEGRATION CHAPTER 10 Rki .

dh _dv , dv
dif dit dh
dh 1
gD —
dt B’n‘h + 187
When i =6
dh 1
i " Bk + 167
dh _ 80
di Gdw
dh _ 5

= 1.256
& cms

You can relate one rate of change to ancther. This is useful when a situation involves more than two
variables.

EZIT)  Given that the area of a circle, 4, is related to its radius r by the formula A = 7%, and the rate of

change of its radius in cm is given by % = 5, find % whenr = 3
A=mre
dA _ Sy As A is a function of r integrate to find ad
dr dr
dd _dA . dr
U — =
%% " ar "
dA dA dr
—_= bstitut alues of = and —
at 2ar X 5 Substitute in values e an T
= 30+ whenr =3

m The volume of a hemisphere Vem? is related to its radius rcm by the formula V = %wr@ and the

total surface area Scm? is given by the formula § = #r? + 27r? = 37r? Given that the rate of

increase in volume, in cmis—! %’ = B, find the rate of increase of surface area ﬁ

dt
V= %‘n‘i"a and § = 37r? This is area of circular base plus area of curved surface.
dv _ 2 ds _ As IVand § are functions of r, fmd —— and ds
ar 2mr? and ar Gmr dr ar
Now 93 - dS . dr . dV Use an extended chain rule together with the property
dt dr dV dif that dr_.l_gf
dlr" dr

ﬁﬂrx;xﬁ
2mre

18

r
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You can use this formula for finding approximations.

dy
-n--_x
6y~d dx

This formula shows an approximate relationship between a small change in the variable, x, 6x and
the equivalent small change in the variable y, &y.

Given that i = 423, find the approximate percentage change in i for a 1% change in x.

y = 4a’
dy : .
s0——=12a% Differentiate
HINT dx
8x is 1% of x . dy
x =122 X = in e
s0 bx = & oy =12x mn Substitute into 6y = - X &x
12 x3
y. e The percentage change in i will be %y » 100
12 x3 12 x2
Pe t h =——"—___ x 100 Substitute &
rcentage change 5% 100 == 100
= 3%

1 » Giventhat V = %m’ﬁ and thatﬁg = 8 find drwhenr =3.

ED | & _ o g AV

wreeneon 2 % Given that V = Zarr2 and that S7 = 6 find - when £ = 2.
REASONING
3 P Given that y = xe* and that -E:I:f- = 5 find %E:_ when x = 2.
- dé _ dr
4 P Giventhatr =1+ 3cos#and thata 3, find — e when # = E

5 » Ify = 322 find the approximate percentage change in y due to a change of 1% in the
value of x.

6 P If y = 923 find the approximate percentage change in y due to a change of 1% in the
value of x.

7 P In a study of the water loss of picked leaves the mass M grams of a single leaf was
measured at times { days after the leaf was picked. It was found that the rate of loss of mass
was proportional to the mass M of the leaf.

Write down a differential equation for the rate of change of mass of the leaf.

8 P Acurve C has equation i = f(x), ¥ = 0. At any point I on the curve, the gradient of (' is
propartional to the product of the x and the y coordinates of P. The point A with coordinates
(4, 2)is on € and the gradient of C at A is ;—

dy xy
Show that a m3E
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MNote: These are extension activities and will not be in the exam.
9 p Attime ¢ seconds the surface area of a cube is A cm? and the volume is Vom®.
The surface area of the cube is expanding at a constant rate of 2ecm2s,

dv _ 1
Show that == = =V
ow tha 8D

10k Aninverted conical funnel is full of salt. The salt is allowed to leave by a small hole in the
vertex. It leaves at a constant rate of 6em? s,

i
i,

Given that the angle of the cone between the slanting edge and the vertical is 30°, show that
the volume of the salt is —%wh*‘, where & is the height of salt at time ¢ seconds.

Show that the rate of change of the height of the salt in the funnel is inversely proportional to
h?. Write down the differential equation relating iz and ¢.
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d
“ d_: = (22 + 3)? and the point  with coordinates (3, 20) lies on the curve (.

Find the equation of the curve in the form y = fix).

5

The gradient function of a curve is f'(x) = —x* + 2x 2 — = 13 find the equation of

the curve given that it passes through the point (1, 7).

BED) Given thaty = 51° — 5x°2, x # 0, find [ydr

dy x+9
dx 'n."f '

Find .

B Integrate S5e* — 4cosx + 227

The diagram shows a sketch of the curve y = 10 + 8x + 2% — x*. The x-coordinate of
point A is 2. The region R, shown shaded, is bounded by the curve, the y-axis and the
line from O to A, where O is the origin.

Find the exact value of the shaded region R.

4 i

~
: \

My

The line y = 10 — x intersects the curve with equation y = 10x — 22 — 8at A and B.
a Find the coordinates of A and B.
b Calculate the exact value of the region bounded by the curve and line.

B The diagram shows the curve y = 4 + 3x — #*

Ik

|
7

a Find the coordinates where the curve crosses the x-axis.

b Find the exact area of the shaded region.

D Find j{E:c + 3/%)dx

[3]

[3]

[3]

[4]

[5]

[2]
[4]

[2]
[3]

[3]
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The diagram shows the curve € with the equation ¥ = x(x + 4)(x — 2). The graph intersects
the x-axis at x = 0, x = —4 and x = 2. The finite region, shown shaded in the diagram, is
bounded by the curve € and the x-axis. Find the total area of the finite region shown shaded
in the diagram.

/ 0 x
[4]

The diagram shows a sketch of the curve y = x2 — 3x + 2. Find the sum of the areas.  [4]

H’J\.

E_

-
0

_2_

05 1 185 2 25 3 %

Find the area bounded by the line y = —x — 11 and the curve ¥ = 9 — x2 shown in
the diagram. 41

Find the volume of the solid formed when the area enclosed by the curve y = 22, the x-axis
and the line x = 2 performs one revolution about the x-axis. [5]

Find the volume of the solid formed when the area enclosed by the curve y = 2 + 1, the
x-axis and the line x = 1 performs one revolution about the x-axis. [5]

i Find the volume of the solid formed when the area enclosed by the curve y = ¥ + 3 and
the lines x = 1 and x = 2 performs one revolution about the x-axis. 5]

A metal cube expands uniformly as it is heated. At time ¢ seconds, the
length of each edge of the cube is xcm, and the volume of the cube is Vem? and g = 3x2
The volume, Vem?, increases at a constant rate of 0.048cm?3s™!
Find 3—:: when x = 8. [5]
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If the radius of a spherical bubble increases from 1cm to 1.02em, find (to 2 significant
figures) the approximate increase in the volume of the bubble. [4]
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B You should know, and be able to use, these standard integral formulae.

FUNCTION INTEGRAL

2" - lne—1

n+1
. 1

sinax —goosax + ¢
=

COS (Lt gsinax + ¢

EI’J‘J’ 1eﬂ1 + (o
a

B You should also know how to calculate areas and volumes:
B Area between a curve and x-axis = ‘fydx, y=0
B Area between a curve and y-axis = fx dy,x=0

B Volume of revolution about the x-axis = = fgzdx

i
B Volume of revolution about the y-axis = « J'xzdy
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Hummingbirds are tiny, colourful birds with beautiful
feathers. They are admired for the sound of their
wings, which flap up to 80 times per second, and for
their song.

Sound is vibrations. These can by analysed as a
combination of sine waves (sine is a trigonometric
function — you can see a sine wave on page 191):
any sound can be created with the right combination.
When physicists or engineers investigate sound, they
are actually investigating sine waves. Without their
mathematical understanding of these waves, their
analysis of sound would be very limited.

LEARNING OBJECTIVES

Measure angles in radians Use sine and cosine rules to solve problems in 3D

Calculate arc length in a circle using radians Use trigonometry identities and formulae to solve

. . roblems
Calculate the area of a sector using radians P

Understand the basic trigonometrical ratios and sine, * Solve trigonometric equations
cosine and tangent graphs Use tﬂgﬂnﬂmetriﬂ formulae to solve Equatiﬂﬂﬁ

Use sine and cosine rules

STARTER ACTIVITIES

Q1 HINT

This is a way of i @ Write dUWﬂ thE meaniﬂg Gf SDHGAHTDA.

remembering ) . ; ;

how to compute 2 P» An aeroplane climbs at an angle of 15 degrees with the ground. What is the distance

the sine, cosine, it has travelled (to the nearest hundred metres) when it has attained an altitude of
400 metres?

and tangent of

an angle. In other
words, what are 3 P The angle of elevation to the top of a tree is 20°. How far away are you from the tree, if the

the standard tree's height is 15m? Round your answer to 3 significant figures.

formulae for
sine, cosine and
tangent?
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TRIGONOMETRY

KEY POINTS

EXAMPLE 1

HINT

Your calculator
will give the
decimal answer
1.91986

These answers,
in terms of 77, are
exact.

MEASURE ANGLES IN RADIANS

Radians are an alternative to degrees. Some calculations involving circles are easier when radians
are used, as opposed to degrees.

= A radian is the angle subtended at the centre of a circle by an arc whose length is equal to that
of the radius of the circle.

180°

+ {1 radian = =

HINT
The symbol for radians is %, so #° means that #is in radians. If there is no symbol with an angle you
should assume that it is in radians, unless the context makes it clear that it is in degrees.

<

Convert these angles into degrees.

b —

X 180 Remember that = rad = 180°
= 157.5° Check using your calculator

Convert these angles into radians.

a 1580°
b 110°
150° = 150 X % i o = 0. T
a 150° =150 X 25 Since 180° = mrad, 1° = 7 rad
_ 9m*
6
b 110° = 110 X -7
180
11
= __q7

18
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1 b Convert these angles (in radians) to degrees.
1 1 ] 1
m a 'jl-[:'!-‘l'l‘ b -2—'[:"-11‘ c 'fl‘-é"lT d Eﬂ- e
REASONING 7 5 3
£ 3 ] h - i = —
aT g 5 g'n' 411' i 5
2 P Use your calculator to convert these to degrees.
a 0.57¢ b 1+ e 2¢ d 1.37¢
e V2 f 3.4 g 4.49°
3 » Use your calculator to write down the value of these trigonometric functions.
c
a sinfg) b tan/2° ¢ cos0.56¢
d cos(3.2F e sin3.2c f tan3.2c

4 » Convert these angles to radians, giving your answer as multiples of .

a 8 b 10° e 225° d 30°
e 112.5° f 120° g 135° h 240°
i 270° j 315° k 330°
5 P Use your calculator to convert these angles to radians, giving your answer to 3 significant
figures.
a 50° b 75° ¢ 100°
d 120° e 235° f 325

CALCULATE ARC LENGTH AND THE AREA OF A CIRCLE USING RADIANS

The formula for the length of an arc is simpler in radians than in degrees.

* To find the arc length [ of a circle use the formula [ = r#, where r is the radius of the circle and ¢
is the angle, in radians, contained by the sector.

o ¥

Show that the length of an arc is [ = ré.

The circle has centre (} and radius r. The arc A8 has length L.

The length of the arc is proportional to the angle around 0. j'lll
. S -
So el which means [ = r@ q j
HINT 8
Length of arc Angle AOB

- = ; -, with both les in radi
Circumference  Total angle around 0’ b i ekt b s
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CHAPTER 11

EXAMPLE 5

HINT

The perimeter is
given by the arc
AB, by 0A and by
(OF8. The length of
the arc AR is ré.

EXAMPLE 6

TRIGONOMETRY

Find the length of the arc of a circle of radius 5.2 cm, given that the arc subtends an angle of 0.8< at
the centre of the circle,

Arc length = 5.2 X 0.8 Use! = réwithr = 5.2 and # = 0.8
= 4.16¢cm

An arc AR of a circle, with centre @ and radius rcm, subtends an angle of d radians at 0. The
perimeter of the sector A(B is Pcm. Express r in terms of P and 4.

A
rcm
0
i Draw a diagram to display the data
P=ro+2ar
= r{f + 2)
_.. P
F=5%%

The border of a garden pond consists of a straight edge AR of length 2.4 m, and a curved part (, as
shown in the diagram below. The curved part is an arc of a circle, centre ) and radius 2m. Find the
length of €.

C

C subtends the reflex angle ¢ at 0, so the length of C
is 2# measured in metres, because the radius is 2m

A 2.4m B

: You can use the isosceles triangle AOB to
3 find the angle AQE inside the triangle

e T B

(Use your calculator in radian mode)

sinxy = %, so x = 0.6435°

The acute angle AOB is 2x rad = 2(0.6435) Use ¢ + the acute angle AOB is 27°
= 1,287¢

So ¢ = (27 — 1.287) rad = 4.996°

So the length of € is 26 = 9.99m (3 s.f)
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The formula for the area of a sector is also simpler with radians.

» To find the area A of a sector of a circle use the formula A = 1:‘7‘-’ f, where r is the radius of the
circle and ¢ is the angle, in radians, contained by the sector.

Show that the area of the sector of a circle with radius r is A = %,—za

P

<

@

The circle has centre ( and radius r.

The sector PO} has area A.

The area of the sector is proportional to the angle around @, so

e O Area of sector _ Angle POQ

wre 2w Area of circle  Total angle around 0
A= %r?ﬂ Rearrange

A plot of land is in the shape of a sector of a circle of radius 55m. The length of fencing that is
erected along the edge of the plot to enclose the land is 176m. Calculate the area of the plot of land.

A
55m

(0

55m
B

Draw a diagram to include all the data and let the angle of the sector be 0.

Arc AB = 176 — (55 + 55) = B6m As the perimeter is given, first find length of arc AB

66 = 550 Use formula for arc length, [ = r#, where @ is in radians
So ## = 1.2 rad.

Area of plot = %{5512 {(1.2) Use the formula for area of a sector, A = %rzt?

= 1815m?
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1 P Anarc AR of a circle, centre () and radius rcm, subtends an angle # radians at 0. The length
of AR is Lom,
_
DECIRION a Find L when
- i r=8,60=045 i r=5506=3n i r=22,0=07
b Find r when
i L=10,0=05 ii L=234,0=07 iii L =25, ﬂz%w
¢ Find 8 when
i L=10,r=84 ii L=55,r=5625 iii L=/12,r=y2
d Find the area of the sector contained by angle f when these statements are true.
i r=80=043 ii 1"=3.5,:15l‘=%"r iii r=22,0=0.7

a

2 P Find the area of the sector and the arc length of these (angles given in radians).

v

§ai 6.7 cm

V

(&

3 P Find the area the shaded area (angles given in radians).

b

.
P
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Find the area of the shaded region in this diagram,

d4om

The area of sector (JAR is 250cme. The radius is 11cm.
a Find a.
b Find the length of the arc.

A sector of a circle has radius 6cm and angle 2.2°. Calculate the area and perimeter.

Referring to the diagram, find 2em
a the perimeter of the shaded region
b the area of the shaded region. '@

dem

Z2em

In the diagram, AB is the diameter of a circle with
centre O and radius 4cm. The point C is on the

circle such that 2 COB is -%m Find

a the perimeter of the shaded region

=5
3
0

b the area of the shaded region. dem

The arc AR of a circle with centre () and radius r is such that, £ AOB = 0.25¢. Given that the
perimeter of the minor sector AOB is 45¢cm,

a calculate r

b show that the area of the minor segment A0 is 50cm?

¢ find the area of the segment enclosed by the chord AFB and the minor arc AB.

In the diagram, BC is the arc of a circle with centre () em B
and radius 7 cm. The angle subtended by the arc is 1.9¢. A

The points A and D are such that 0A = 0D = 3cm. 3em

Calculate the area of the shaded region. a m‘

dem
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11 P In the diagram, AR is a sector of a circle with centre () and
radius R cm. £ AOB = 20 radians. A circle with centre (C and
radius r cm touches the arc AR at T, and touches (JA and
OB at ) and I respectively, as shown.

a Write down, in terms of B and r, the length of OC.
b Using 20CE, show that Rsind = r{1 + sinf).

¢ Given that sin# = % and that the perimeter of the sector

(AR is 21cm, find R, giving your answer to 3 significant
figures.

12 The diagram shows a triangular plot of land. The sides AR,
BC and €A have lengths 12m, 14m and 10m respectively.
The lawn is a sector of a circle with centre A and radius 6m.

a Show that ~BAC = 1.37 radians.

b Calculate the area of the flowerbed.

14 m
13 There is a straight path of length 70m from the point Railway track
A to the point B. The points are joined by a railway
track in the form of an arc of the circle whose centre
is C and whose radius is 44m, as shown in the A Path §
diagram. 70m
a Show that the size, to 2 decimal places, of Ag A

£ ACHE is 1.84 radians.

b Calculate
i the length of the railway track
ii the shortest distance from ( to the path
iii the area of the region bounded by the railway track and the path.

UNDERSTAND THE BASIC TRIGONOMETRICAL RATIOS AND SINE, COSINE AND

TANGENT GRAPHS

You need to memorise the exact values of certain trigonometrical ratios and you need to be able to
find the exact values of some trigonometrical ratios.

You can find the trigonometrical ratios of angles 307, 45° and 60° exactly. Consider an equilateral
triangle ABC of side 2 units. If you drop a perpendicular from A to meet B( at D, then BD = DO =1
unit, the angle BAD is 30°, and the angle ABD is 60°, A
Using Pythagoras' theorem in the triangle ARD '
AD?=22-12=3

So AD = /3 units.
Using the triangle ABD, sin30° = % cos30° = % tan30° = iﬁ -5
"
; V3 1 - B
and sinB0° = 3 cos6B0° = 3 tan60® =3 1 J3]




HINT

The graph of
sin#, where fis
in radians, has
period 27

HINT

Because it is
periodic

HINT

Because it is
periodic

HINT
Symmetry about
a=0°

TRIGONOMETRY CHAPTER 11 gL .

If you now consider an isosceles right-angled triangle POR, in which £
P} = QR = 1 unit, then the ratios for 45° can be found.
Using Pythagoras’ theorem N ;
PRE=12+12=2
So PR = /2 units. .
i
1 _ 2 - Q

Then sind5° = cos45° = — = — and tan45° = 1.
Ve 2
You need to be able to recognise the sine graph.

Functions that repeat themselves after a certain interval are called periodic functions, and the
interval is called the period of the function. You can see that sin # is periodic with a period of 360°,

There are many symmetry properties of sin @ but you can see from the graph that
sin(# + 360°) = sin# and sin(# — 360°) = sin#

sin(90° — &) = sin(90° + #)

You need to be able to recognise the cosine graph.

Ha

Like sin ¢, cos ¢ is periodic with a period of 360°. In fact, the graph of cos i is the same as that of
sin @ when it has been translated by 90°.

Two further symmetry properties of cos ¢ are
cos(i# + 360°) = cosd and cos(# — 360°) = cosd
cos(—6) = cos(f)
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EXAMPLE 9

EXERCISE 3

ANALYSIS

You need to be able to recognise the tangent graph
N EENNENEEEEEEET S 3

180150 ~120 ~90 ~60 —3(

The tan function behaves very differently from the sine and cosine functions but it is still periodic, it
repeats itself in cycles of 180° so its period is 180°.

The period symmetry properties of tan 6 are

tan(# + 180°) = tan®

tan(¢# — 180%) = tan#

Find the exact value of

a cos405° b tani120° ¢ sin300°

a cos405 = cos(360 + 45) You can see from the cosine graph that cos x has a period of 360°

= cos45
i Use triangle PR( above

2

b tan120 = tan(180 — 60} You can see from the tangent graph that tan x has a period of 180°

= tan(—60)
= —tan60
=3 Use triangle ABD above
¢ sin300 = sin(360 — 60) You can see from the sine graph that sin x has a period of 360°
= sin({—60)
= —sinB0
= — g Use triangle ABD above
1 P Express these trigonometric ratios using either 30°, 45° or 80°. (Do not use a calculator.)
a sin135° b cos120° c sin(—60%) d sin330° e tan210°
f tan135° g sin405° h cos(—150°) i cos330° i tan300°

k sind20° I sin(—240%) m tan(—120%) n cos225° o tan300°



TRIGONOMETRY CHAPTER 11 Rl .

2 p The curve shows the graph ¥ = cos x inthe interval 0 = x = 47 (0 = x = 7207,

Write down in radians any points where the curve intersects the x-axis.

USE SINE AND COSINE RULES

In your IGCSE Mathematics course you should have met the sine rule, the cosine rule and the
formula for the area of a triangle,

A

The formulae for these are

: e T - sind _ sinB _ sinC
:':";h - W T B e 8§ §
ote that side
" e "
i 1= Gbooalte Cosine Rule: b: + 2 - 2bccosA
angle A Area of a triangle: Eab sind’

In the triangle ABC, AB = 8cm, the angle BAC is 30°, and the angle BCA is 40°. Find BC.

Always draw a diagram and carefully then add the data

Using the si i = B
sing the sine rule g
i £ =z 8 i = = b = i =
gives S50 arab Substitute ¢ = 8cm, € = 40°, A = 30%, a = x
_ 8sin30
= ¥ = sin40

=g.22
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CHAPTER 11

EXAMPLE 11

TRIGONOMETRY

In the triangle ABC, AB = 4cm, AC = 12cm, and the angle ABC is 64°. Find the angle ACE.

A

4cm

12cm
5 Los)

s
Using the sine rule % — %
gives d%c = 55:54 Substitute b = 12cm, ¢ = 4cm, B = 64°
. dsinB4

Ele sinC = 12

_ sin64

3

_ aipn-1[5iN64
and C = sin ( 3 ]

=17.4°

In the triangle ABC, AB = 4cm, AC = 3cm, and the angle ABC is 44°. Work out two possible
values for the angle ACE.

Here b = 3cm, ¢ = 4cm, B = 44°,
Here C = B, as ¢ = b, and so there will be two possible results. The diagram shows why.

With B = 44° and ¢ = 4cm drawn, imagine putting a pair of compasses

at A, then drawing an arc with centre A and radius 3cm. This will ;lf'l;zn:zl:;ot IEREGH

intersect BC at Uy and (> showing that there are two triangles ABC,

and ABC, where b = 3cm, ¢ = dcmand B = 44°,

: . 3 _ 4

Using the sine rule sindd _ sinC

gives sin’ = 4—5{;'.]&

One solution is C = sin” ‘(%)
= 67.9°

This corresponds to the triangle AB (..

The other solution is C = 180" — 67.9° As sin(180° — 1) = sinx
=112.1°

This corresponds to the triangle ABC,
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In the triangle PQR, PQ = 5.9cm, QR = 8.2cm and PR = 10.6cm. Find the size of the angle PQR.

P
106¢cm BAem
Q
R 8.2cm
2 4 p2 g2
Using the cosine rule cos@ = %
Substitute p = 8.2cm, r = 5.9¢cm
gives cos() = U hoB it and g = 1D't.rﬁcm
2x82x59
= ~0.1065...
50 @ = cos ' (=0.1065...)
= 96.1°

w In the triangle ABC, AB = 5cm, BC = Bom, and the angle AB( is x°. The area of the triangle AB( is
12emé. Given that AC is the longest side, find the value of x.

B

S5cm Gem

A C

Using Area = %acsinﬂ

gives 12 = % X B X5 Xsinx Substitute @« = 6cm, ¢ = 5cm, B = x°® and the area = 12cm?

s0 sinx = 0.8
There are two possible solutions for x.

One is x = sin—1(0.8) = 53.1°. However this cannot be the solution because B must be the
largest angle, and if both A and € are smaller than 53.1%, the sum of the angles of the triangle
cannot be 180°,

The other solution for x is 180° — 5§3.1° = 126.9°. This is the correct solution.

It can be written as 127° to 3 significant figures.
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1 P In each triangle below find the values of x, y and z.

DECISION
MAKING
PROBLEM
SOLVING

2 P Find the area of each triangle.

a B b A [+ B
6.4 cm G.4cm
8.6cm
C 3.5cm
Qoo ’
7.8cm B 2 5¢em '
A

3 P Intriangle ABC, AB = 11em, BC = 9cm and €A = 10cm. Find the area of the triangle.

4 » Abird leaves a point A and flies 3.2km, on a bearing of 128°, to a point B. It then flies
4.7 km, on a bearing of 066°, to point (. Show that angle ACR is 24 .5°.

5 » AB(CDis a quadrilateral. AR = 7cm, AD = 6cm and BC = 9cm. Angle ABC = 75° and angle
ADC = 90°. Calculate the perimeter of ABCD.

& P Prove the sine rule for a general triangle AB(C.
7 P Prove the cosine rule for a general triangle ABC.

8 P The longest side of a triangle has length (2x — 1}cm. The other sides have lengths (x — 1)cm
and (x + 1)cm. Given that the largest angle is 1207, find

a the value of x. b the area of the triangle.
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USE SINE AND COSINE RULES TO SOLVE PROBLEMS IN 3D

You need to be able to solve problems in 30.
m The diagram below shows a cuboid with dimensions 8cm, 6cm and 5cm.

H X 0
I E
! F
i
Scm :
AR S s c
L 2t Bom
4 Bcm B
a Find length AC. b Find length AG. ¢ Find angle GAC.
a AC is the diagonal across the base ABCD of the cuboid. D €
Start by sketching this base and draw AC.
Identify a relevant right-angled triangle (triangle ABC in this case). gem
Use Pythagoras' theorem to find AC.
A2 = AB? + B(? A 8cm 8
AC? =862+ 82
AC? =100
So AC=10cm
HINT b Identify a relevant right-angled triangle. Use triangle AGC (you use this triangle because (' is
Al was vertically below (7).
caleulated in [
part a
Scm
4 10cm G

Use Pythagoras’ theorem to find AG.
AG2 = AC? + (G2

AGE =102 + 52
AGE =125
So AG=11.2cm (3s.1)

¢ Find angle GGAC. This is the triangle drawn in part b. Use trigonometry to find angle (A,
G

Sem

. 10cm ¢

tanf = -%. therefore, theta = 26.6 degrees.




. i 8 CHAPTER 11 TRIGONOMETRY

EXERCISE 5 1 P The diagram below shows a square-based pyramid. The length AE is 8cm. Point E'is

vertically above point X (not marked), the centre point of square ABCID. The height of the
m pyramid, EX, is 7cm.
DECISION E
MAKING 4
PROBLEM
SOLVING
c
7 B
Bom
A
a Calculate length AC. b Calculate length AE.
¢ Calculate angle EAC. d Calculate the area of face AED.
2 P Acube has sides of 6cm. Find B
a the length AB /,
b the angle between AB and the horizontal plane. e .
L cm
- - r C
f"’ e Gcm
A Gecm

3 » The diagram represents a cuboid ABCDEFGH. CD = 10cm, BC = 8cm and BF = 4cm.
a Calculate the length of AG. Give your answer to 3 significant figures.

b Calculate the size of the angle between A( and the face ABCD. Give your answer to
3 significant figures.

# H
i
E ; G
I
i
4em !
e D
,,w" 10em
B Bem ¢

4 P The diagram represents a ski slope. AEFD is a rectangle.
ABCD is a square. EF and F(7 are perpendicular to plane
ABCD. AB = AD = 60m. Angle ABF = 90°.

Angle BAFE = 30°. Calculate the size of the angle that the
line DE makes with the plane ABCD.
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5 p ABCDEFGH is a cuboid. M is the midpoint of H(:. NV is the midpoint of D,
a Calculate BN.
b Work out the size of the obtuse angle between the planes MNB and CDH(.

i M e
1 "
1 (31
; | 3 -
£ ; =T 3
il bR
".r‘l' ___________ ﬁ"'-.:___‘:_ ______ 'E
e ) Tasm
A 12m B

& P A mobile cell tower 150m tall has two support cables running 300 metres due east and x
metres due south, anchored at A and B. The angle of inclination to the horizontal of the latter
cable is 50°

a Find the distance between the cable attached to B and the horizontal plane.

b Find the distance between A and B.

USE TRIGONOMETRY IDENTITIES TO SOLVE PROBLEMS

You should already know the identity

_ sind
cosf

You also need to know the following. The first of these is not given in the exam.

tan o

sin?¢ + cosfd =1
sin{4 + B) = sinAcosB + cosAsinB

cos{d + B) = cosAcoskE — sinAsink

tanA + tanf
ol 1 — tanAtanB

Simplify these expressions.

a sin?30 + cos230
b 5 - 5sin2g

sin2d

: -_—
V1 —sin?26

a sin?3# + cos230 =1 This is the same as sin2 @ + cos# = 1 with @ replaced by 34
b 5 - 5sin?# =51 —sin®a)

= 5cos? 0 Use sin?# + cos?# = 1 which gives 1 — sin®# = cos?d
c sin24 ~ _Sin26 Use 1 — sin228 = cos224
V1 —sin?28  Jcos?2¢
- Sin28 ) Since vcos224 = |cos 24l
leos 24l

=tan2for —~tan2@ aslcos2d = +cos24
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EXAMPLE 17

cos? — sin'd _

1 —tan2@
cos2

Show that

When you have to prove an identity like this, you often need to use basic identities you know like
sin? 0 + cos?g =1

Usually the best strategy is to start with the more complicated side (here the left-hand side, LHS)
and try to produce the expression on the other side.

LHS = cos*f — sint @

cos?d
20 — ajne 24 + sin?
il s:ncf:sc;s il Factorise the numerator as the difference of two squares
20 — cind
= £0s°8 = sin"d Use that cos?# + sin?d = 1
cos® i

cos’d _ sin‘#
cos?d cos?i
1 - tan®#

= RHS

Use the formula for sin(A + B) and cos(A + B) to prove that

_ tanA + tanB _ o tanA —tank
R A L =B e
& el + o= sinfA + B} _ sinAcosB + cosAsinB

cos(d + B) cosAcosB — sinAsinf
Dividing the top and bottom by cosAcosE gives

inAces . cosAsink
::; Acosh F m:g; B Cancel terms as shown and use the result
tan{d + B)= sing

cosicesff  sinAsinB lang =2
costcosfi cosAcosB

_ tanA + tanB
1 = tanAtanB

b Replace & by — 8 in the result above.
_ tanA + tan(—B)
G S tanAtan(—B)

_ tanA —tanB
1+ tanAtanf?

Use the result tan(—#) = —tand

v E — '.-'ﬁ

Show, using the formula for sin{4 — B), that sin15° = 3

You know the exact form of sin and cos for many angles, for example 30°, 45°, 60°, 90°, 180.
You can use two of these to write 15°.

sin15° = sin{45° — 30°) = sin45°cos30° — cos45°sin30°

_Y2 8 v2.1
2 % 2 2 KE
= {2 x 3 -2
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Given that 2sin(x + y) = 3cos(x — ), express tanx in terms of tany.

2sinx cosy + 2cosxsiny = 3cosxcosy + 3sinxsiny Expand sin{x + y) and cos(x — y)

2sinxcosy Z2cosxsiny 3cosxcosy 3sinxsing
COSXCOSY COSXCOSY  COSXCOSy  COSXCOSY

Divide by cosxcosy

2tanx + 2tany = 3 + tanxtan cosx  O0SY _ 4 sinx _ siny _
anx any = 3 + 3tanxtany Us‘&msx cosy 1'msx tanxandmsy tany
s0 tanx(2 — 3tany) = 3 — 2tany
3 — 2tan
and tanx = —y
2 — 3tany
EXERCISE 6 1 b Simplify each of these expressions.
m a 1-sin?g b 1- ms?%ﬂ c B6sin®4e + 6cos?4d
CRITICAL sindf V1 — cos?f
d cos2A —1 — f ————
. tan46 cos #
MAKING T — omel3A
ANALYSIS g ﬂ_ﬁd h (1+ cosx)? + (1 — cosx)? + 2sin?x
V1 — sin23A
i sintx + sinfxcos?x j sinfx + 2sinfrcosix + costxy
2 » Provethat
a (cosx +sinx)2=1+ 2sinx cosx b cc:sﬂ — cosf=sinftand
cos?f : 1 + sinx COSX
—= =1+ d =
1 —sind hany cosx 1 - sinx
e tanx 4+ 1 o 1 f cos?d —sinfA=2cos24 - 1=1 - 2sin?A

tanx ~ sinxcosx

g 2 — (sinx — cosx)? = (sinx + cosx)? h sinxcos?y — cos?asin?y = sin®x — sin®y

3 P Express these as a single sine, cosine or tangent.

a sin15co0s20 + cos15sin20 b cos130cosB0 — sin130sin80

tan76 — tan45
1 + tan76tan45

e cosddcos3fd — sindfsin3a

d cos2rcosx — sin2xsinx

tan2x + tan3x
1 — tan2xtan3x

g sin{d + BjcosB — cos(A + B)sinB
3x+ 2 3x -2 Ix+2 3x -2
" ""F‘( = 2 y)':“s( 2 y) - Si"( 2 H)Si"( x 2 y)

4 P Calculate, without using your calculator, the exact value of

a sin30cosB60 + cos30sin60 b cos110c0s20 + sin110sin20

tan45 + tan 15

¢ sin6Dcosi15 — cosB0sin1s ey POy

T gocam
1 —tan15 WA, —lang
1+ tanis Fi

1+ tantZtanZ
tan 7 tan 2
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EXAMPLE 21

5 P Prove these identities.
a sin{A + 60) + sin{d — 60) =sinA

sin(x + 1)

m =tanxy + tﬂny

c ms(ﬂ+ g] + f’:.";sinﬂssin(ﬂ+ g}

SOLVE TRIGONOMETRIC EQUATIONS

You can use your calculator to find a solution to an eguation such as sinx = 0.4. Here, the solution
isx =236

However, by analysing the sine, cosine and tangent graphs, you can see other possible solutions.
Here, the solutions are

x =180 — 23.6 = 156.4

x = 23.6 + 360 = 383.6

and so on.

The below table summarises this situation for sine, cosine and tangent.

EQUATION 1st SOLUTION [CALC) | 2nd SOLUTION | 3rd SOLUTION | 4th SOLUTION
sinx =k a 180 — a All cases are | All cases are
cosr =k a 360 — a +360 2nd solution
tanx = k i 180 + a +360

Solve, in the interval 0 =x < 360, giving your answers to the nearest degree.
a sinx=0.5 b 4sinx= -3 c 2tanfx + 1)=20

a sinx=05
x = 30° Using a formula table or a calculator
or
x =180 — 30
= 150°

b 4sinx=-3

gine = =2 Rearrange into the form sinx = k.

4
x = —48.6°

This is outside the range so you need to find a second and third solution.

x =180 — (—48.6) Use the formula table to calculate the correct range of answers
= 228.6°

or

x = —48.6 + 360 = 311.4° (to 3 5.f)

Therefore, x = 229° or 311°
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c 2tanx+1=0

tanx = ——12- Rearrange into the form tanx = k
x=-266 Use the formula table to calculate the correct range of answers
or
x=-266+ 180
= 1534
x = —26.6 + 360
= 3334

sox =155 orx = 333° (to 3 5.1)

m Solve, in the interval 0 = x < 360, giving your answers to the nearest degree.
a cos{x —25)=04
b tan2x =3

a cos(x —25) =04
lety=x-—-25
Then cosy = 0.4 Substitute y = x — 25 into the equation
y =66.4 Solve for cosy = 0.4
or
y = 360 — 66.4
= 293.6
Therefore,
x—25=66.40r2936
x = 91.4° or 319° Then use x = ¥ + 25 to find the x values to the nearest degree

b tan2x =3
y=2x Substitute y = 2x into the equation
tany = 3
y=71.60r25160r431.6 or611.6 Solve for tany = 3
Therefore

x = 35.8°0or 126° or 216° or 306° Thenusex = gto find the x values to the nearest degree

You may also need to solve equations in radians.
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m Solve 2cos2x + 1 = 0 for —7 = x = . Give your answers in multiples of =

Solve 2cos2x + 1 = 0 for — 7 = x = . Give your answers in multiples of =

2cos2x+1=0 First rearrange into the form cos2x = &
Lety = 2x
cosy = = 1
2 - 2
== Using a calculator gives ——
3 3
x= 1’33 Since y = 2x divide by 2 to find x. This is the first solution
or
y=2r- 2?“ Use the formula table for the second solution
= Aw
3
o= %’” Since y = 2x divide by 2 to find x. This is the second solution
y= 2?” - 27 Use the formula table for the third solution
.
3
x= —23—“ Since y = 2x divide by 2 to find x. This is the third solution
or
y=|(27- %"E] — 2 Use the formula table for the fourth solution
= _27
3
= —% Since y = 2x divide by 2 to find x. This is the third solution

So the solutions in therange —7 = x = ware

we2w 2w 0w

L R

m Solve, in the interval given, giving your answer to 3 significant figures.

a sin(x—g]=§ O=x=2%w

-TSYXS=T

Py |- P

b s'mﬂ(:c +1—g) -

a sin(x—g]=%

=g -0
Lety =x 5
Then sin y = ‘3“ [Snlue for sin y = %]

i = 0.848 rad

or (Use the table to find all the values in the acceptable range)
=229 rad

Therefore,

x - g = 0.848 or 2.29

xr =242 or 3.86
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b sini’(:c 4 %') =%

lety =x+ =

ety =x+<
Then sinfy = %
siny = +12 (Solve forsiny = E)

2 2
y= j—lrmr g-:r or —%rrnr —%‘.T (Use the table to find all the values in the acceptable range)
Therefore,
x=tg Ly 1, 5,
12Tt et e

EXERCISE 7 1 P Solve these equations for 8, in the interval 0 < # = 360°.

m a sinéd= -%— b tanf=,3 c cost=—1 d sinf =sin1s
CRITICAL e cosf=-—cos40) f 2tane=2 g cosft=0 h sine = -0.766
THINKING

PROBLEM . i = =T

SOLVING i 7sing=35 j 2cosf=-y2

ANALYSIS

2 P Solve these equations for x or 6. Give your answers to 2 decimal places or in terms of »
where appropriate, in the intervals indicated.
V3

a sin:r=—?,—18{]5xs_18[} b Zsinx=-03,-180 =1 =180

¢ cosx = —0.809, -180 = x = 180 d cosx =084, -360=x=0

e tanx=%§,0£xﬁ?2ﬂ f tanx =2.90,80 = x = 440

g sinf=0-2r=s0=2m h sinﬂ:;,uzwaﬂﬁw

i cnsﬂ=--;—1—21r'-'5£ﬂ£1r i 2{1+ta;nﬂj=1-5tani-w5f}£21r

3 P Find the values of #, in the interval 0 = # = 360, for which

a sindé=20 b cos3p= -1 c tan26=1
1 1 : 1 :

d tan—-8=— e sin(—f=— f 2sin{¢—20)=1
2 Va3 -9 va ( )

g tan(o +75) =3

4 P Solve, in the intervals indicated, these equations for 6, where # is measured in radians. Give
your answer in terms of 7 or to 2 decimal places.

a sinf=0 -2n=0=2r b sinﬂ=ﬂ,ﬂﬁﬁ£2w
cosf

5 P Solve these equations in the interval given, giving your answers to 3 significant figures where

appropriate.

a cos(3x +60) = 1, —90 = x = 90 b ms(x+l’]=§.gﬂxazﬂ
2 2 =7

¢ tan(dx — 30) = 2, 90 < x < 270 d sinIZEx—-ﬁ}:—%,-wﬂwa

e cos?(:r—%)=%,—n5xssﬁ



. rit i} CHAPTER 11 TRIGONOMETRY

USE TRIGONOMETRIC FORMULAE TO SOLVE EQUATIONS

m Solve these equations for 0 = x = 360°,

HINT

When factorising
sinx(2cosx = 1)
= 0, do not
cancel. This
would cause the
solutions x = 0°,
180° to be lost.

a 2sinx = tanx b sin?(r — 30°) = %

a 2sinx=tanx
_ sinx _ sinx
i—— Use that tanx e

so 2cosrsiny = sinx
and sinx{(2cosx —1)=10 Rearrange
sinx = 0, which gives x = 0° or 180°0r 360°
or 2cosx—1=40
COSX = % which gives x = 60° or 300°

The solutions are ¥ = 0° or 60° or 180° or 300° in the range 0 = x = 360°

HINT
If one of the solutions was x = 90°, it would have been rejected. The reason is that the equation was multiplied by a factor
cos.x because there was a cosx in the denominator on the rhs of 2 sinx = ':’:;i. However, cos30° = 0, so this would have

been incorrect. Take care when multiplying by trigonometric functions.

EXAMPLE 25

b sin?(x — 30) = Jﬁ

sin(x — 30) = + - Take the square root of both sides
Lety = x — 30 v
So the solutions of siny = lﬁ in the interval 0 = x = 360° are
v
y = 45° or 135° Recall that sin45 = ?%
x — 30° = 45° or 135° Asy=x-—30
x =75 or165°
The solutions of siny = “'lﬁ in the interval 0 = x = 360° are
N

—45% or 180° — (—45°) or —45° + 360°

x — 30° = —45° or 225° or 315° Asy=x— 30°
x = —15% or 255° or 345°
The solution x = —15° is not in the range 0 = x = 360° so it is rejected.

The acceptable solutions are x = 75° or 165° or 2557 or 345°

You may need to solve trigonometric equations in radians.

Find the values of x, in the interval — 7 < x = 7, that satisfy the equation
2cos2x + 9sinx = 3sin?x

Give your answers in radians correct to 3 significant figures.
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2ecos2y + 9siny = 3sin®y Use cos2x + sin?x = 1 to replace cos®x = 1 — sinx
2(1 = sin%x) + 9sinx = 3sin®x

Let sinx = 5

2 — 252 + 9g = 352 Substitute 5 = sinx

552 -95-2=0 Rearrange

(5s+1)(s -2 =0 Factorise

s=20rs= —d

5
sinx = 2 has no solutions

; 1
siny = ——
5

gives 1= —-0.201(3sf)

Use a calculator in ‘rad’ mode to get this solution. You can find ancther solution noting that
sin(# — x) = sinx when x is in radians. This gives: * = 7= — (—0.201) = 3.34 (3 s.f.).

You can find further solutions considering —0.201 + 2« and 3.34 *+ 2. You could also consider
solutions like —=0.201 = 44, but it is clear that these would all be outside the interval =7 < x =

EXERCISE 8 1 P Solve these equations for &, in the interval 0 < # = 360.

m a cosf=,3sind

CRITICAL b sin® = —-cos#

THINKING

PROBLEM

e 2 » Solve 2cosf — 3siné = 0,0 < f = 27 where @ is measured in radians.

2 P Solve these eguations for #in the interval 0 < & = 360.
a 4cos?i=1
b 2cos?d = 5cosH — 2

sinf + 2cos?f +1=0

d 4cos?0 — 5sing=5

1]

4 P Solve these equations for x, in the interval 0 = x = 2+. Give your answers to 3 significant
figures or in the form -g- m, where @ and b are integers.

2sin2(xr + 5 =1
a 2sin?(x 3}
b 6sinfx + cosx =4

c cos?x —6Bsinx=25
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EXAM PRACTICGE: CHAPTER 11

The diagram below shows a sector of a circle of radius 6.cm with centre A. Given that the
size of angle BAC is 0.95radians, find

a the area of the sector ABC [2]

b the length of the arc BC. [2]

The point ) lies on the line AC and is such that AD = BD. The length AD is 5.16cm.

¢ Find the perimeter of K. [3]

d Find the area of R. [2]
B

Gcm
@ R
A

b ¢

The shape BCD is shown above.

The straight lines DB and DC are equal in length. The curve BC is an arc of a circle with
centre A and radius 8cm. The size of £ BAC is 2.2 radians and A = 4cm.

a Show that the area of the sector BAC is 39.6 cm?. [2]
b Calculate the size of - DAC, in radians. [3]
¢ Calculate the total area of the shape. [4]

In the triangle ABC, AB = 11cm, BC = Tecm and CA = 8cm.
a Find the size of angle €, giving your answer to 3 significant figures. [2]

b Find the area of triangle ABC, giving your answer in cm? to 3 significant figures. [3]
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“ Show that the area of a triangle is ;—ab sin [3]
B a Given that sin# = Scos @, find tan . 3]
b Hence, or otherwise, find the values of #in the interval 0 = # < 360° for which
sin# = 5cos A [2]
I Solve 2cos2x + 1 = 5sinx, for the interval 0 < x < 2. [4]
B Simpiify
a sin?30 — sin?30cos?36 [4]
b cos*f + 2sinfcos2f + sin‘é [4]
“ a Given that 2(sinx + 2cosx) = sinx + 5coszx, find the exact value of tanx. [4]

b Given that sinxcosy + 3cos xsiny = 2sinxsiny — 4cosxcosy, express tany in
terms of tanax. [4]

IED) Find, giving your answers in terms of w, all values of @ in the interval 0 < @ < 2a for which

a tan(f + %’1:1 3]

b sin20=-'3 4

Find the values of x in the interval 0 = x = 360° for 2sinx = cos(x — 60). [41
vaethat{cocs&—tanm2+{sinﬁ+ 1)2=2 + tan? @ [41
'FB) & Sketch, for 0 = x < 27, the graph of y = sin(:t: + g) [3]
b Write down the exact coordinates of the points where the graph meets the axes. [1

kB Solve 3sinZ@ — 2cos2d = 1 for the interval 0° = @ < 360°. [4]

' cos(d +
v et cs?:g - -:g]sﬁ = sa'n{Bcusg &l

The region R is bounded by the curve y = sin2x, the x-axis and the vertical lines x = 0
and x = g Find the volume of the solid formed when the region is rotated 2 radians

about the x-axis. [6]
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CHAPTER 11

CHAPTER SUMMARY: CHAPTER 11

. 180
B 1 radian P degrees. A
B The length of an arc of acircleis | = ré 1
M The area of a sectoris A = %r?ﬂ I J
B

B The sine rule is

a  _ b __c
sinA sinB  sinC
or
sind _ sinB _ sinC

[l b o

B The cosine rule is
a? = b + 2 — 2bccos A
or
b? = a? + ¢? — 2accosB
or

ci=aq?+ b2 —2abcosC

B You can find an unknown angle using rearranged form of the cosine rule.
b2+ ¢ —a? aeg2i=2 i ) L
cosd="————— or ——— e
2bc 2ac 2ab

B You can find the area of a triangle using the formula

cosf = or cos(C =

Area = %ab sin€
if you know the length of two sides (a and ) and the value of the angle ( between them.
B You need to know these identities.

= _ sin#
cosf
W sin?d + cos?d =1
W sin{4 + B) = sinAcosB + cosAsinB
B cos(A + B) =cosAcosE — sinAsink
tanA + tan B
+ =
Witantd +.5) 1 —-tanAtanB
B The table below will help you sclve trigonometrical equations.
EQUATION | 1st SOLUTION (CALC) | 2nd SOLUTION | 3rd SOLUTION | 4th SOLUTION
sinx =k i} 180 — a All cases are | All cases are
cosr =k a 360 — a +360 2nd solution
tanx =k i 180 + a +360







GLOSSARY

acceleration the rate at which the velocity of an object
increases

adjacent next to one another

approximation ‘approximate’ means ‘almost exact’

area of a triangle %absinﬂ'

arithmetic sequence where the terms have a common
difference

asymptote aline that a curve approaches, but never
reaches

attribute if people attribute something to a person, they
believe that person did it, said it, etc

base of a logarithm y = lgxr means the same as 10¥ =
x. Here the base of the logarithm is 10. Another commaon
base is the constant . In this case can write log,x as Inx

bearing an angle measured clockwise from north.
Always expressed with three digits, e.g. 045°

beehive a container where people keep bees

binomial series means the same as ‘Binomial
Expansion’

calculus the part of mathematics that deals with
changing guantities, such as the speed of a falling object
or the slope of a curve

Cartesian describes the standard x-y graph and its axes

) dy dy du
h le =2 =2 x S8
chain ruie d‘x dH d_'r

chime (of a clock) to sound a small bell

coefficient in the expression 3x2 + 4x + 2, 3 is the
coefficent of x2 and 4 is the coefficient of x

column matrix e.g. {;]

common difference the difference between any

two consecutive terms in an arithmetic sequence (or
series), shared by (common to) the whole sequence.

In the arithmetic sequence 2, 4, 6, 8, 10 ... the common
difference is 2

commeon ratio the same as a common difference
(above), except that multiplication rather than addition
is used. In the geometric sequence 2, 4, 8, 16, 32 ... the
commeon ratio is 2

cosine rule g2 = b2 + ¢2 — 2becosA

. raFd GLOSSARY

constant aterm that does not include a variable. In the
expression 3x% + 4x + 2, 2 is a constant

cube a six-sided solid whose sides are all squares

cuboid a six-sided solid whose sides are all rectangles,
placed at right angles

dam a wall built across a river or stream to stop the
water from flowing, especially in order to make a lake or
produce electricity

deduce to reach a logical conclusion. If x + 2 = 3, you
deduce that x = 1

derivative, derived function the result of differentiating

determine to find out. By analysing the equation of a
curve, you can determine whether it is a circle or not

displacement change of position

divisible able to be divided without remainder.
2+3xr+2=@x+1Nx+2,hencex®+3x+2is
divisible by (x + 1) and (x + 2), but no other expression

due north/south/east/west directly to the north/south/
east/west

earnings the money that you receive for the work that
you do

elongated longer than usual

equivalent having the same value or meaning as
something else

expansion multiplying out terms in brackets.
The opposite of factorisation

exponential function a function where the variable
occurs as an exponent, e.g. e2r 1

factor theorem if f{x) is a polynomial and f(p) = 0 then
(x — p) is a factor of f(x)

factorial the result when you multiply an integer by
all the integers below it, down to 1. It is written as an
exclamation mark. 5! = 5 x 4 x 3 x 2 x 1

factorise to rewrite an expression using brackets.
You factorise 12 + 3x + 2 to get (x + 1){x + 2)

finite having an end

fluctuate if an amount fluctuates, it keeps changing
both up and down

function x + 2, 2x, 22, Inx, sinx, e* and so on are
functions of x. An equation such as y = 2x% + x can be
written as f(x) = 2x2 + x
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geometric sequence (or series) each term is multiplied
by a multiplier to produce the next term. 2, 4, 8, 16, 32 ...
is a geometric sequence where the multiplier is 2

global warming the gradual heating up of the Earth
gradient slope

graph (verb) to draw a mathematical function as a graph
graphical calculator a calculator that can display graphs
hemisphere half of a sphere

hence means the same as ‘therefore’: 2x = 6, hence
r=3

hexagon ashape with six sides

identity (e.g. trigonometrical identity) a statement which
is always true, wherever the value of the variables
involved. tan # = Siné is an identity. Notice that

cos#
you show this by using = instead of =

inequality the opposite of an equation. The equals sign
(=) is replaced by an inequality sign: =, =, <, =, <> or

#. For example ‘x = 1" means ‘x is greater than or equal
to 1’

infinite series doesn't end
integer a whole number

intercept where curves or lines cross the x-axis or
y-axis

interpret to explain the meaning of something
]
interval the interval of L xdxis [a, b]

invest to give money to a company such as a bank in
order to obtain a profit
kinematics the study of moving objects

landslide a sudden fall of a lot of earth or rocks down a
hill, cliff etc

legend a historical story that may not be true
LHS left-hand side

linear where the variables have the power 1.
Hence y = 2x + 3islinearbuty = x* and y =J—c

{i.e. ¥ = x ') are not. A linear function can be represented
by a straight line

linear growth where the value over time can be
expressed as a straight line

linear programming solving a problem by drawing
graphs of inequalities

linear relationship where the power of the variables
is1.y=4x +1(.e y' = 4x" + 1) shows a linear
relationship between x and y, which can be plotted as

aline. On the other hand, y = 42 + x + 1,y = 1,y = sinz,

y = lg(x) and y = e* show non-linear relationships
between x and y, which produce curves

local alocal maximum is greater than nearby values on
the curve, but not necessarily greater than values further
away

long division in algebra, a method of dividing one
polynomial by another

magnitude if a vector is drawn on a graph, its
magnitude (or size or modufus) is the distance from the
origin to its tip. The magnitude is not a vector itself, but a
scalar.

By Pythagoras, the magnitude of [;] is 2 + 2

manipulate (a mathematical expression) to work on it so
as to change it into a simpler or more useful form

mathematical modelling using mathematics to
understand and/or solve a real-world problem

midpoint a point that is half of the way through or along
something

modulus of a vector the vector’s magnitude

modulus the positive value of an expression, shown as
|x]. [1] and |- 1| are both equal to +1. Useful in statements
such as |x| < 1, meaning that x is a fraction between —1
and +1, Note that the modulus of a vector has a different
meaning

multiply out expand. If you multiply out (x + 1){x + 2),
you get a2 + 3x +2

non-perfect square an expression that can't be
factorised into the form (ax + b)?

normal is perpendicular to a tangent

obtuse between 90° and 180° {";}T' and =)

outcome the final result of something - used especially
when no one knows what it will be until it actually

happens

overlap if two or more things overlap, part of one thing
covers part of another

parallel two lines that are the same distance apart along
their whole length

parallelogram a quadrilateral in which opposite sides
are parallel and equal



Pascal's triangle a triangle of numbers where each
number is the two numbers above it added together
except for the edges, which are all 1.

per annum for each year

perfect square an expression that can be factorised
into the form (ax = b)?

perimeter the whole length of the border around an area
or shape

period how often a curve repeats itself. y = sinfhas a
period of 360° (2#)

perpendicular gradient the gradient of a line at right
angles (perpendicular) to another line

plane a flat surface, for example the side of a cuboid

plot a small piece of land for building or growing things
an

polynomial usually has three or more terms,
e.g.x?+ 5x + 2

: dy dv du
oduct rule if y = uvthen = =u—+ v—
pr uci ru i y [ dI udI C.il'

guadratic an expression such as 2% + 2x + 3,
containing a variable to the power of 2 (but no higher)

quadrilateral a shape that has four sides

; dyy dx dx
otient rule — = — _ —
quotient ru =

radians s radians = 180 degrees

rational any real number, including integers, that can
be written as a fraction, even if it produces a repeating
decimal. Many functions are irrational: most roots,
logarithms and trigonometrical functions, and the
constants wand e

rational exponent a rational power e.g. (a + b)?,
(a + 0)3, (a + b), (a + b) 7. An expression with a rational
power may not produce a rational number

real any number representing a quantity. 3, —3, V3, %

Ig3, sin3, wand e are all real. \ —3 and In (—3) are both
unreal. Mot all real numbers are rational

rebound bounce

reciprocal % is the reciprocal of %, and vice versa
reciprocal function y = %where k is a constant.
Called ‘reciprocal’ because the variable x has been

1

moved to the denominator; the reciprocal of x is =

rectangular Cartesian coordinates (x, 1)

. ALY GLOSSARY

recurrence relationship where the next term of a
sequence is derived from the preceding term(s). The
pattern repeats itself (recurs) throughout the sequence

remainder the expression left over after dividing

remainder theorem if a polynomial f(x) is divided by

{ax — b) then the remainder is f( f—;)

RHS right-hand side
rotate to turn around an axis or centre

rules of indices how to combine powers,
eg. v xxi=2x"

satisfy if a statement is true when another is true, the
first satisfies the second. The statement x = 2 satisfies
the equation (x — 1)(x —2) =0

savings account a bank account in which you keep
money that you want to save, and which pays you interest
an that money

scalar a single quantity {unlike a vector).
A vector multiplied by a scalar gives another vector:

x ~ [3x

(y] e (By)
sector a part of a circle bounded by an arc and two radii
segment part of a line between two points

sequence a set of terms in which each term is defined
by the previous one(s). A sequence may be arithmetic
(3,5,7,9, 11 ..), geometric (3, 6, 12, 24, 48 ..}, Fibonacci
(0,1,1,2,3...)and so on

series a sequence in which the terms are added
together:3 +5+7+9+ 11..

shift a change in position

Sigma notation/} notation uses the Greek ‘S’ to
indicate a Sum of elements, for example in a series

similar triangles have equal angles but not equal sides

simultaneous equations two or more equations,
including two or more variables, that must be solved
together. If the equations are linear, you will need as many
equations as variables. y =x +1and 3y = 7x — 5 are
two simultaneous equations in two variables.

sine rule -2 -9 c sinA _ sinB _ sinC

sinA _sinB _ sinC a b c

size of a vector is the vector's magnitude

skeich (noun or verb) a sketch is a drawing that explains
something without necessarily being accurate

spol to detect something that is hard to see
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straight line graph where the variables have a linear
relationship

stretch normally means ‘enfarge in length, width, height
or depth’ but in mathematics it can also mean ‘reduce in
length, width, height or depth’

substitute to replace something (e.g. a variable) with
something else (e.g. a value). Let y = x + 1. If you
substitute x = 2, youfindthaty =2 +1=3

subtend the angle subtended by an arc is the angle at
the centre of the circle formed by the two radii

tangent aline that touches a curve but does not cross it
tend to move in a particular direction

term a separate part of a mathematical expression. The
function ax? + bx + ¢ has three terms. The sequence 1,
3, 5, 7 has four terms

the binomial coefficients the numbers preceding the
variables in a binomial expansion. The expansion of

(@ + b)Y is (1)a’, 4a%h, 6a2h2, 4ab?, (1)b%. Here the binomial
coefficients are 1, 4, 6, 4, 1

the binomial theorem shows how to expand
expressions of the form (a + b)*

the generalised binomial theorem the version
(discovered by Newton) used nowadays.

to round (a number) up to increase a decimal fraction to
the nearest whole number

transformation altering a curve or shape by using
arithmetic to change its mathematical definition.
Examples are translation, rotation, reflection and
enlargement

translation (in mathematics) movement from one
position to another

triangle pattern Pascal's triangle

variable a mathematical quantity that can represent
different (varying) amounts, usually represented by a
single letter such as x

vector a quantity that has both size and direction

vertex (plural vertices) where two lines meet at an angle,
especially in a shape such as a triangle

visual realisation something, e.g. 2 mathematical
expression, represented in a form like something that can
be seen in the real world

vital very important

volume of revolution the volume of a solid formed by
rotating a curve around a line {usually an axis)

x-intercept/y-intercept where the line or curve
crosses the x-axis/y-axis



CHAPTER 1 - SURDS AND
LOGARITHMIC FUNCTIONS

STARTER ACGTIVITIES

1pkayn b

d x*? e af f 16x3y*
2pra m b 3p € 4ci 2 » ¥
d 18 e pi f 15y i e
1
3 rka i b 5 c é 17 logsx
u 1 1 1 | 1 1 1 X
1 2 3 4 5 6 7 & 9 10
_% e 1 f # _1,(‘
g & -2
=4
| EXERCISE1 ] - S———
ipa 312 h5\'"2 GEI.S ap ¥
d 8,2 e 2/33 f 5/435 HEHHEE
2> a /5 b gﬁ'?i e 3
17 2,8
g Xt ki B
2 il y
3ra 43 b 9.3 c V7 +4/43 =4
d 243 e 58,2 f 30 4 Y
g 168 h 192 4
ara2d-12/3 b54-27V29 ¢ 13+10/3 H SToloai
d -8/7T-2/2 e 13 f 26-5/42 20 10 12 14 16 18 ¥
a ——
g ~4
5 22.4%
6 F 34+9/72
V3 i d 2,3
ikra ? b T C 3
d I-E L 4\3 f 515
g % h2+.3
2prpa -2 b 7+4,3 c -5+2/8
; b
d 66 - 14 e 4+/10 f 5*’2“21 HEES
19 + /55 , 10430 - 8/10 — 15/42 + 1274 i
$ a4 118 2
i 3 j @btbia  alb+tbia SO PR
a—b ab =
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. EXERCISE 5
¢ ErmEE AT 21814 516 %
e b x=13cr14
5 c xr=4
—g] 2ra '51.9":;-;;.-; :
—l-. T T U NN EREN] I NN
E_I ERaL | Siisis ..:..5...
—1-050 05 1 15 2 25
b xr=240r25
c x=060r07
3rba x=30,y=260;x=754= 198
b

2ra [EETETE

¢ 2+ 2cosx=>5sn2x
= 2 = 5gin2x - 2cosx
Drawy =2
and intersections at = 25.1 and 74.6
or 25 and75to2sf

EXERCISE 6

s o
1> a log,64=3 b |og53(_25] 2
2 ¢ log,262144) = 6 d log,9 =
e logs1 =x f In-gzi-zx
2pa 3 b 3% 2 5%
1
d 4 [} 57 0.0
3pa?l b 3 c 4
d 1
4 e -3 f -
3 1 2
k] h -
2 5
4p»a 81 b 218 c 4
d 8 e 512
© H4 5ra i3 b 1.15 ¢ —0.602
d -0.523 e 1.74

H 510 15 20 ¥



EXERCISE 7

i+ a log,64 b log,6 ¢ logs81
d log,120 e loggl f log,45
1 "
- h 2 A
3

2PFr a dlog,x + 3log,y + log,z b log,x — 3log,y
¢ 2log,x + 2log,z d -log,x — log,y — log,z
e %Iogu;r + %Iogﬂy f 2log,x + log,y + glognz

g g-log“r + -;-Ioguy - 3log,z

1pka 321 b 1.68 c 193
d 0558 e —0.719
2ra 151 b 3.01 c 0.406 d 2.59
e 1.46 f 1 g 0.861
3Fa x=512,x=1§ b x=216,x=8
1 1 14
=l ¢= d =12
“ *=30'" " 100000 3

1ibra =179 b r=1.486 c x=191
d x=-0712 e r=145 f x=0421
g x=-1 h x=-584 i r=4199
i x=10.542

2pa x=0792 b x=1.230r-0.0733
c x=121 d x=0.161
e x = (0.387 f x=2

172

2p3/2-2

3pa 16-4/5 b 4-.5

423

5p5-,5

-
4} JA A
(0.254, 0)

Trx=0739

8 b a Proof b ngor%

W

9k xr=6or3
—gord
10 b+ y Eors
1
11 b gy = b5
4=gh
12prx=10ori21
13k =143

14 » b=[%){a— 5)

15 » ¥ = 0.89
16 ¢ [ = 0.68
17pa 4+p b 4p -1 c x=22
1B i=1
19 ¢ a i
= L1 e
5
u{'&:’?:: S ap e

b Accept 1.6-1.7 range of answers
¢ Accept 0.1-0.2 and 3.1-3.2 as a range of answers

CHAPTER 2 - THE QUADRATIC

FUNCTION

1»a 32z +3) b 2b(b + 4)
c 8migm — 3) d Gxyly + 4x)
e Bx(3 — Bx)

2ra (xr+3x+6) b (x - 3)x -4
c (x+1}x—-3) d {x + 3}x + 12)
e (x+3)x+9

ara (r+3Px-3) b (x + 5)x = 5)
¢ (3x + 4)(3x — 4) d (5x + 4)(5x — 4)

EXERCISE 1

1P a (x-3)Bx+2) b (2x + 1)x + 3)
c (2x + 1)x —4) d {5x — 1)x — 3)

e (3x - 4)2x + 3) f @x-1p
g (3x +1)Bx—-7)
2PFa 1=—20r—% b x=-d4orx=—
c r=4cr‘r1=% d.r=:nr§
e J:=—ﬁur§ f .t.'=-gor—3
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Cexercise2 [N EXERCisE4

1ba +2P-4 b (x— 87 -84 1 B a Equal roots b 2 roots
¢ 3x— 42 — 48 d[x—l)z—ﬁ c 2 roots d Mo roots
2 s 2 24 e Equal roots 1 2roots
3[-1'+§)‘E fLT"”z‘E g No roots h 2 roots
2 2 i Moroots i Equal roots
g[:+§)—1—t h{x+§)—ﬂ
4 16 \ 4 16 k Mo roots
= s 1
2lar=—§,x=g br=y3-1,-/8-1 Bl
e 1
= +.I'._..-..'1_. d = —-‘.3. +1= Ibm=_
S tTa YAt 8
e r=15.x=—% f :t:=—*|:‘12 EXERCISE 5
. b=l /129 1bar+dx-1=0
2 2 8 8 b »2»-6x+8=0
ECEF > - -0
1bax=06 b x=0x-25 b x2-34r+1=0
e x=3 -2 d p=2=+,2 3par—-r-1=0
e m=*+/3 -1 f x=-5 -2 e R B
g t=6 -1 h x=35 -7
i n=2 j x=-3x,3 EXAM PRACTICE QUESTIONS
2Fax#1+‘ﬁ,x=1_rﬁ 1bpai 322-56x+3=0
3 3 ii 9x?—90xr+194=0
3+.3 3-.3 5, V31
b = X = = —
L - ®3*73
cx:%,rzng 2052 +9x-15=0
4 g =3tV _-8- 7 o e
4 =S 4 b »*-7Tx+12=0
5 ¢ 12:2 - 25x +12=0
S =g 2= 3
- - 4 p a Proof b p>lorp<-3
g e -7 + v37 S -7 =37
(] ' 6 5 p a Proof b -8
gx=gix=g 6»a (x+36Ex+1) b (xr— 1)3x - 4)
2
e AT 7rap=-1,-2 b x=20r-5
o B EE . 8- {T08 P x=2
14 14 -3 /28
Brar=—=*— b x=3820r117 (3s.f)
| pu15+/585 15— /545 10~ 1
20 20 9praa=-258=-1 b -4
s g =T o AT
' g 4 1th=0.x=%
k x=3T7+7,x=-3T7+7 iiea g =2 e 215
4 2 8
_=15+17 __ 157
i iz 3 X g



CHAPTER 3 — INEQUALITIES O s § Aot

c r=12,x2= -1

AND IDENTITIES e x<-4x>-3 f —45xa=:5

7
g9 s
~7. = h =-Z
STARTER ACTIVITIES B ESohE EEASE
L o

2
i r=-3 '1'-'5:2 i -5=x=5
1ba (96 b (4,2 c (6, 1) d (-3,2) T 3
2 e k x=-4x=4
iy = 2x2 EXERCISE 4
=5+ 2
- 1 kx=s-4
2 py<2
e 1] ax ]
3 pPy=2,y<x
if= =2
4 rpr=-3 y=-x
7 hg;al.t—ﬁ,yﬁ—-ﬂx—ﬁ
1ra (1,2)(-2 -1 b (2,5/(1,3 & 2
c 2,10,2) d (2,5)(-2, -3)
e (2,-1) f (-3 =311
i (-7 10
g (-3.9(L -3 h @105
39 i } 21 8
[2'4.'{4' 2 ] 4'3)'E’T}
7 P 13 5y (7 1
" [G’E)‘{ 8, -4 : [4‘3)' 2’2}
m (6,3 (2,7
2pr a (0,00, (-3,3),(4,108) b (0,0 (2, 14), (-1, =4)
c (0,0),(-2,10,(1.5,3) d [n.m.r;—z.m}.[-g-.s} a
ipax<2 hx}lf% & t;_-]g,
1 st 2
dr?a e r> 2] f 1:--':13
- = -7
g x=-55 h = 5
Zbar?—#—% b xt<-5 c x> -22
e ) 3 A
d x= 5 e xaw f 2> 3
43 1
== h x<-—
g x o5 + g 10 ¢
5 1 1z0u21
3hax::-2 I::(:;v5 r.-?__xa”
d Nosoluton e x;% f —-10-—:1-::-11—3

1ibrba -3<x<2 b 3=x=4
3 8 2

—d = —= —

c —4<x > d 7 x 3
e.rf:—%nrx;—-% f %E.‘Eﬁ%
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11 » i 2 a -2x°—-2+5 b 4x?+ 8y — 32
c 6xi+3r+2 d 3x2+2r—-2
e —=32°-3x+90 f 522 +3x+5
g 2x2+x-1
3ka r+3r-1 b 2x2—-56x—-3
c x¥=3r-10 d r*-x-86
e Zxt+x—2 f r2+3x+2
EXERCISE 6
i » a PFroof b Proof
¢ Proof d Proof
12pac+i=10 & Brod
{=e
120c + 200! = 1800 W, Exaol
b 3 chickens and 7 lambs for a profit of £3600 3 ple— M2 —x— 4
13 # She can earn a maximum of 184 JOD by working 4 P (x—1)x+ 2)ix—3)
12 hours as a wedding photographer and 8 hours as
a studio photographer. 5 P (x-2)fx + 4)2x - 1)
14 b lettype Abexandtype Bbey 6 Pa=4
Maximum profit is 15x + 12‘y T pa bh=2 b (r+ 1)x — 1)(3x + 2)
Maximise P= 15x + 12y 8 b p=6aq=-13
Subiject to E=ats
£ =50 o baa=30=-1 b (x +2)x — 2)3x — 1)
p
5{1 ty=x=>y=dx EXERCISE 7
-2 =3
=gty =>y=3x 1 pa?2 b 27 c 2 d -6
Sl 2 pa -1 b 1 e 171
y=0
Representing these equations gives: 3 » -80
4 FOH=T
EECTT kv
) 5 b 16p — 176
[ 6 b b=232
= 1, 4
T W {?=§.b=§ -
8 » =2,b=4 b —
=" 27
9 Pa=5b=-8
10pp=8¢=3

Profit is maximised at the point (50, 25).

Substituting (50, 25) into = 1% + 12 gives p=1050 EXAM PRACTICE QUESTIONS

So the maximurm profit is £1050. AR e |
¥=-By=Sorx=z,y=x
1
2 F 410z -1
1razi-2c-15 b x2+5x—6 (3 )
b R d 22+ 7x + 10 3 HLS}[—%‘-%}
e y2—3x + 7 f x2—-3x+2
a 4 Fa =4 b x<-2x>86
g x4+ h 22+2-

x+5



N - L

- 7
5 rka 1{::-::2

c -1=x=<=2.8
3
6 bx-::—-av.;c}dl

7 p{4,%](—5. =
8B pa p{—SOrp}%
2 b a Proof

10 + a Proof

11 » a Proof

12 & (x + 1)(x — 4)2x - 1)
13pa p=-20

14 » a Proof

15 » p=-20

16 b a a=-20

17 a (x=1)x-1)2x+ 3

i8¢

b

b

I{CE

~Sene-2

(x + 2)(x — 4)2x — 3)

22+ 8x+2 + —2
x+5

—fr — 4){322 —x + 2)

g=-6
(x+ 32 -3+ 7

(@ — 4)x2 + 3x + 5)

3
L 1 B omm
x and x >

19 » a Hereis the summary.

Let x be the number of desk top diaries bought.
Let i be the number of pocket diaries bought.

Minimise ¢ = 6x + 3y

Subject to x
y
2x
x + y =400
b B N e

= 200
= 80
=l

CHAPTER 4 — SKETCHING
POLYNOMIALS

STARTER ACTIVITIES

1rad [ 7

— T

h-i ] [ Wk |'







c

ii Two intersections

2pra

i =27 b

210 o5

r-"&
40

ii One intersection iili xx+2) = —%
i
1
A=12)

_iu _'5 i} ‘\5 10 T
=579 1 N1.544. =1.208)

ii Two intersections i 221 - x)= ‘%

HE
{1.189, —1.682)
ii Two intersections il -2 = H_;?;
i yil
f 10 !
AN ogf
g e 0F NG g
ii One intersection iii x2=-—3%

(0, 0), (4,0



There is no intersection.

One solution . mstils




N - L

EXAM PRACTICE QUESTIONS 7 # x asymptotes are x = =3, y asymptote remains the same

(0, 5) and (—2.5, 0)

b {_1r u]l {_0'5: D}* {2: D}

[3.0] 1

.

P RN ANNE

- (3.043, —0.657)

b Two, because the curves only intersect twice.

11+ a

b There are no intersections.

CHAPTER 5 — SEQUENCES AND

SERIES

1Pk a No b Yes c Yes
d No e Yes f Yes
g No h Yes i Yes

2ra 21 b 11.5 c 105
d 10x e 22 + 10a




ANSWERS Fry .

3 » a $5800 b $(3800 + 200n)
4 a 33 b 17 c 21
d 13 e 18 fnr

1»a 60,3r+1 b 74, 3n + 14
c 26,106 — 4n d —98,22 - 6én
g —71k, k9 — 4n)

2pra 20

3r4

4ba A=42d=-15

§p 222

6 P=5252015

TPTX%,H=E

1> a 650 b 960 e 2175
d 23125 e 2(11x + 1)

B a 50 c 32
= 900

B $652000

> 20100

B 36168 euros

b 3850

> 33

b Proof

> 1800

10

a ) lr+1)
1
10

c Y a10-n
1

f 39q. gl2n - 1)
b 120 ¢ 33 d 51 e 27 f 42

b 4th term

b 20 d 321

o @ 0 v o 0 & QN

-

-
[
¥

12
b ) 8r+1
1
B
d D ar
1

12 » Proof
13 »+ a 465 b &30 c —432 d 511
14 b 49
i5 » 32
| EXERCISE4 |
1ka Yes,r=25 b Mo c Yes, r=05

d No e Yes, r=-1 f Yes, r=1

g Yas.r=1— h MNo

F=

2 p a -3051, 9153, -27 459
b 1280, 5120, 20 480

c 6, 618,54
d 375, 187¥5, 9375
e -—0.015625, 0.00390625, —0.00009765625
f 23,245
3rpas b 64

EXERCISE 5

1> a 48, 192, 3l2n1) 10, 2.5, 160

on-1

c 162, 1458, 2(-3 ! ~16, =64, (271}

b

d
2pbaa=3,r=2 b a=15r=-2
c a=-30,r=-05 d a=05r=2
b

3 rpa il 1875
4&11

4
5k —6(fromp=0)4(fromx =10)

1 a 1093 b 33.33... c 28697812
d 426.5625 e 97655 f 4092
g 544 (3s.f) h 308829

2 b 1B446744073709551615
3 B 25 vyears

4 b 10644 rupees

5 b The second option.

6 b 35 days

7k 19

BFn=6r=4

EXERCISE 7

1h'-aE

g9
¢ Doesn't exist

b Doesn't exist

1 1
d ‘I+Ey'”|m{2

6k 18m

7 b 6257cm?

8 » £4 million

9Pk r<0Obecause S <S;.a=12,r=05



EXAM PRACTICE QUESTIONS

ikra a=13 b 27 c 8425
2pa g=49 b 24.2
3 1017
4pbaa=06andd=3 b n=12
S5rad=-Tanda=312 b rn=45 c 7110
6 ra —1023
T 8184
8 » a Common ratio =1 — 2 first term is V2
bi r=1-y2=-041since|r| <1, seriesis
convergent _
B 5 =t =i =12 ey
1 Ve
9 ¢ a Proof b 200
e 333% d 895 x 10
10 » Proof
11 »+ a Proof b Proof
¢ Comman ratio =% d 64

CHAPTER 6 — THE BINOMIAL

SERIES
__EXERCISE1 |

10 a 272% + 2722y + 9212 + i°
b m*-4m*n + 6men? -4mn® + n*
¢ 1+9x+ 277+ 272°
3y oy oyt
d 1+py+— +"—+ —
Y78 "6 " 256
e 27y + 108y°r + 144yx® + 64x

2pa +43740 b +1400000
+5985 d +27405

3Pk a1+ 12x + 5422 + 10822

2 3
5 T_?_y+ 21y _353;
4 16 B4

¢ 343 — 147b + 2102 — b?
d + 4147202 + 1036802¢ + 1536022 + 1024

16x*
NPT

10 a 1+9r+ 3622 + 84472
b 1 - 15y + 90y® — 270y°
¢ 1+ 28x + 33622 + 224022

Sx 21
d 1+=+92%+
2 5 2

4kan=5 b

N - L

e 1—21x + 189x2 — 94543

4 522 _ 2023
¥ l—2%+ 3 o7
_3x 152 _52°
L Tl T T
2ka 8 b +700 c —7000
3+ a 1-8x+ 28x2 — 562°
b 0.9227
AT
4ha1+x+15xﬂ+ﬁ4x
b 1.12616
S5ka -20 b B4 c 280
_ 20 _160
6Prap==6 b 3 ¢ %

1»a 1—6.r+24.t2—80x-‘,|.t:<:%
b 1+3x+9;r?+2?r3,|r|{%
1 3_ .27, 135 2
—_———t e ELy? = g3 < =
il R
2rka -1, |xf<1
1 1 1 5
b E.Exlfii I:QT,IJ:]*:E d H.|x|'ﬁ.1

3ra1-3c+07-27T¢
1 — dx + 122% — 3623

o

4p bh==*8 =*160
5la1+2’c-~4r2+%x3

b when x = 0.004,
(1 + 62)} = 1 + 2(0.004) — 4(0.004)% + %{0.0&4}3

= 1.007936853
i L P e L
(1 +0.024)3 = V1.024 = (S 20= = 22
V3 = % x 1.007936853 = 1.259921 (7sf)
60 -8
EXAM PRACTICE QUESTIONS
Tx  21x®  35x°
i1 +1+ 4 + 16 + 54
2 Pk a 243 + 406ax + 270a%x2 + 90 23
3
b =2
T3
3 =9
2
4 p 5



1 1
5k o = " Pt — 3
T2 16" "2m6" 20487
b || <4
3, _9...27 5
Eha1+2:|: Br +1Ex

b 10.14889188, accurate to B d.p.

¢ Students should be writing something similar to
‘accuracy is over 98%".

r il
Bra 1-4x—-8:2-324

1
b [x] <<
<3

¢ = 479584 (5d.p)
_9. .27 27
arai 2.-1:+ ax2+16x‘-"
b x = 0.01,9.553358 (6 d.p.)

10 > a 5+5x+§.t2+22—5:n3

1
b e
el < 3
4 2
11 » — Zx + =32
a 4 3;1: 3.1'
131
" 150

12p a 2 - 2%+ 32° - 52°

T
E
A
=

CHAPTER 7 - VECTORS
__EXERCISE1 |

3+ 3143
4 p 256
S5kaa+hb b -¢c-b-a2a ¢ -d+a+b dd-a
Eha%a b—%a+h
1
— +_
b Ea
7 » Proof
EXERCISE 2
1> a2a+h b%{23+b} ¢ 2(-2a-b)
2prab b -b c b+a
1 3
d + DE= =
b 4a = b :I—a
3Fa Yes b No c Yes d MNo
4P&A=%.p=—4 b A=-2 u=3
Ll T P |
c A 5 1 4 d A 3 3
7 1 16
e A = f A= B
S at 3
A=—-1pu=7
5Pa1—b bb-a clh
2 5
d —%b e—a+%b
6raat+h bb-a c a+?2b
7P a 6b+2a b 6b - Ba
2 1
8rp=za+=b
P=3%"3
EXERCISE 3
1F%n+1gb
1 1
2p —a- -
Ea EI:H-::

3P0 0C=-2a+2,0D=3a+2b,0E=-2a+b




1ra E =y -X b Proof
—
GM=§{H+y}
DC =2y — %)
2 » Proof
3haxﬁ=y—x b Proof
. = —2x
D = -2y
D_'-r.‘=2:,r—23t
4 » Proof
5»raAB=b-a b ﬁf=%a+§h ¢ Proof
1 > a Gi+ 8 b 6i — 6j ¢ i+ 6j
d -23i - 12
2Fa 9+ 14j b 2/34 c i+ 8j
d /65 e —2i+ 8§
3Pra A=4i-2B=6i+4]C=-21+6j
b 2i + 6j c —6i+ 8j d 2,10
e 2,10 f 10
4»a —i+5 b 3i - 4j e 2]
5 b 5i + 6]
6i + 3 1 ~5i + 14
Eba:—_.b: GI"'a.cﬂT
Vs ﬁl d J221
TeEm=3n=1
Brp=-2,g=5
8 12
= 2 1
a[ﬂd b 17 c[D) d 12
EXAM PRACTICE QUESTIONS
1 » Proof
2 » Proof
4
ap_
3
1
a4r -1
2
5Fa 9+35 b Proof c 2,70
; 1 -1
d unit vector is ——{61 - or——I(6l — 2
e Proof f 2:1
.10 8\ ap. [B
b .
6ba Zaynab,_14)Asaad.[1ﬂ}ﬁuL[4)
b i Zaynab: 17.2km ii 29km™
i Asaad: 12.8km ii 21km™?’
i Ali: 7.2km i 1.2km™?

N - C

7T PFaa+b b Proof

B ka —da+ 4b b 4a c —2a -+ 8b d Proof

9 » Proof

-2

mh[m

11 » Proof

12p a pa b Ala + Sb) e A=l pg=1
a 3#T3

CHAPTER 8 — RECTANGULAR
CARTESIAN COORDINATES

b m=2¢=-3

cm=%.c= d m=0,c=6
e m=%.c=9
1»a 05 b 4 c —% d%
2pd=5
3pa=3
a4k ag=-4
50 a=33
6> —10.1
7ra AB=%.HC=—§,CD=%.R¢=—%

b The lines are parallel.

EXERCISE 2

1P a y=3¢ b y=24-6x cy:%;ru‘f

2p 19y -Tx-219=0

1 61
apy=—r+-
¥ 1E~r 8

3 96
ry=-=-= —
4pry ;1:+_IIr

S5r2x+5y+20=0
6 3y=20+9
7k (3,0

Bhy=—§x+?



ANSWERS f=il .

_exercises Wl CHAPTER 9 - DIFFERENTIATION

1 » a Perpendicular b Parallel c Parallel
d Perpendicular e Neither f Neither STARTER ACTIVITIES
2p5y=-x+237 1ka a® b a" e a
3pay=-2r+3 b dy=22 ¢ 4 ¢° . s ¥ s
¢ 2y=x+1 d 2y+3x+1=0 g a® h ai i ai
4p —3x+4y+25=0 i a k o | @
a? a® 122
S5kSx+4y—42=0 M b2 n 3 o dikae
8 2
6» 3xr+2y—27=0 p a-*bt q% r%
Thrd4y=23r-33 a? g’ a *h
4 ® W ¥ " 5
me x Ey . "
|_EXERCISE4 | v w T x a-2b1
ika 10 b 13 c 5
d 4.2 e 2/3 f /53 EXERCISE 1
g b/181 h ¢/10 19> a 8¢ b 322 ¢ a7
| EXERCISES | a 3 e -3z ¢ 1o
T
1»a (0,6 b (0,2) ¢ (23 d659 d %x'i R i e
_2 13
25 (-3.7) j —%x--: k 1 I ox®
3 (- -
1.9 --Lot
EXAM PRACTICE QUESTIONS iR G b 28y s R
1 > No d —8¢2 e 25¢¢ t 32
2 »6y—5:-15=0 g—§x§ h-gx;
3 ra s b8 e 20 3pa 5rt-2r b —x3+8x
4 px+2y-21=0 c%x'é—ﬁr'hax'i
5 Fr+5y—170=0
6 F3x-y—-22=0 4P a 625+2¢+2 b 3x?
o )
7 '”'[5-5) B J=0he ¢ 1822 — 10x - 623 + 6
8 M Distances between points are parallel and equal. 5 ’ 3
; S5kad+sxi b —x-i+Sxi
9 » 20 square units 9 2 2
10 » 20.79 units ¢ 8x 2—%-?'?
iipraZy=x+5 b (7,8) 6bat h% c%
e 4/5 d 30 sqguare units
7 Ao e B
12p{1.5]or{1.3.51 7ha -2 b 3xi- 14
= 2 = 2
13,_%2 c —3x d 3+ 6x
. e axt-2x+4+2 f 24r—8+ 2x-2
14 a x+2y—-5=0 b 75

15 a y=—-x+6 b 18 square units



1»a 1282+ 17 b 12{@2x — 4 e Bxl1 + 292
d —-35(1 —5xf e —-3(2+3x0% § 36xr+2

g 282x%x*+ 38 h —%l’? -2 i 1122 - 7R
j 54 = 34
2pa 12e b —10e-= e —iba—

d (2x — 3Jec*¥ g 108745y + 2)

b —dxsin(2x2 + 2)
d Bsin2rcos2r

3pra 2cosPx + 1)
¢ —Jcosfxysing

ar -2

256
S5k a y=128x - 240

b y=2x+6

1> a 3cosx b sinx
¢ —Bcos2x d 2e2
e 3cosx + Bsindx f de® + 4
|
2p b Z2sin—
a BcosBx 25m2x
¢ 4cos8Br — 24sin8x
d 12e4
e -~Sew + 1505 - 48
3apr -3
3
4 5
5r -10

10 a 16x(1 + 420 + (1 + 42)8
b 24x%1 + 329 + 201 + 322

c %xe(x —2)7: + (x — 2):
d 6245 + x)2 + B23(5 + x?
e —20x%(5x — 2) 2 + Bx(bx — 2)!

f gxﬂ[a:.: + 1) + 822(3x + 1)}

20k a [3x + Tadr b —2x? -y — dlg-2r
¢ 2e ™1 — 3x) d 4e(32 + 1)
e 2Bx? + 2 + e~ f —{10a% + 4x — S~

3 » a cosx— xsin cosdx — sin2xsinx
¢ 4isinBx + BrcosBx

e e'fcosx + sinx)

effcosxy — sinx)

N - L

4k a 1700 b 14 c 224

ﬁhﬂﬁgl‘_i
/3 V3

L

EXERCISE 5

6 1 Gxlr + 3
1ba - b — —_—
x— 12 2x + 12 Px — 3¢
4 _24x E'_13{.!:-?4} 2xr—9
e + 2P Bx¥x +3 {4x + 3);
1 — 3x e (2x® + 2x — 1)
2pa —= b i M
ek fx + 1P
. | 2gir
c 2o - =— d ==
i (1 — e
3 p g 480X+ cosy b e’sin.r_— e cosx
x? sin?x
- 3x®sinx + sinx + Brcosx d -2 _ 2z — 1lcosx
Cos®x sinx sin®x
.. .
4ha.!—1x-|~1 b y==2-+1

EXERCISE 6

1pa Tangent: y = —2x + 2

Normal: iy = %:r = —1—21—

b Tangent: y = Bx —g

1 45

Normal: iy = ——x + —

¥R g

=13 _ 17

c Tangent: y ol
gy =2y 24
Mormal: i T

d Tangent: y = 2ex — e?

1 28t +1
—H 2 e’ + Lol P i L
262" Z2e?

e Tangent: y = —%{x o é
1

Normal: iy = -

Nonﬂal:y=f5£x -1+ =

&
EXERCISE 7
1par=-6 h,ft.‘:---;‘%
c x=% d -2or3

2pa xr= ﬂ-é,rninlmum

b xr= % maximum

c r= l minimum

d x =1, minimum and r = —= , maximum

X
3
e =1 minimum and x = =1 maximum

f x =3, minimum



ANSWERS f=k] .

1 20m ¥ 40m = 800m?

2 » 20007 cm?

Sh_aﬂcmz
4+ 7
4Pay=1—§—%x b Proof

5 p 27 216 mm?

EXAM PRACTICE QUESTIONS

1ra fly=322+3 b 2
d 2T+ 3 T =3
2Fa{5x—?+ - }— i +5
3raP=16Q0=-24 b=8-9 .23
2x: 2
4pra Ba?+2kx hk:fg— c P=05
5ra7 b oy=3t+1 c%{ahﬁ}
24
6ha =1+ b y=7x-29
12 Y
7 » 15c0s85x — 12sindx
P |
8» 2sm{2}
9 » 202 4 Bx + 16cosdx
10+ -4
11 » -8
-3k
12 ¢ —_—
? - 2kp "
b Decreasing as il negative

positive
13 p y =22 + 10

14 » 36ads' g2

15 » 12sin2xcos2x

efler + 2)
16 b a e~ 2
b —34.6(3sf)

17 P 4xcosdx — 3sindx

18 b 2xcos3x — 3x?sin 3x

19 b+ 1243 + 45x2 + 10x — 5
20pF y=—x

21 > a (4,6)
b Maximum

22 » a Proof
23 » a Proof

b k=32
b 40cm

CHAPTER 10 — INTEGRATION

STARTER ACTIVITIES
1rpai2x-3 ii 1
b i2c+1 i 5

e i6x5—14x i 164

d 1 423 i 32
e i 21i i %

¥ =252 ii -6

iii -5 iv -3
i —1 v 1
iii 8 iv 0
W -4 iv 0
i % v ;14-
iii 0 iv 2

e 10.1:31-%3: T+

g %I"‘+.r3+m:+f

3+ 6ri+9r+c

4
3
] 1

T E

3k a 2siner+c

c def+ ¢

e ==-3e "+ ¢
1

g —Ecm§x+r

4.
i —=sin3x +
35N c

4P a 2(sinx +cosx)+ 32+

2

b —3DDS:I'+79"+E+-:'

¢ 2sinx —cosx+e 4+

3er

d —0052.1:+T+::3+L'

. i
e 4smx+er+§}+r:

b x*—x?+c¢

3
d —-x*+ —1{]31? +e

f x3 _ 2xi

3 5 +4x+2x +¢

h g,t5+2!x -3t 1 +c

b 2x—%+c

d gx§+ﬁx§+c

3t 4

8 3x:!+1‘.',‘

b _2(::353;1: $ip
39441 T
_Be ¥

+C
3 C

h %sin&t + ¢



N - L

1=
2krv=

20¢
48 — 321

3pra 30-10¢
4brkaa=-32ms?

S5kaa=6-2

1ka

c

a
c

a

=]
Yy ¥ ¥ ¥

0 o~

- %9 square units

10+ a

% square units
20% square units

33 square units

% square units

8% square units

4 square units
3

% square units
9 .
> square units

7
2

20§ square units

]

3 sguare units

(3,939
0, 1) 3. 4

(2,12)

11 » Proof

32

1» gnnubed units

128

2 » — rcubed units

T
198

3» Tﬂ-cl.n:uaw:i units

arali
bi

ci

o

2In2
2in2 -1
8

50 Tcubed units

b
b

b 2ms2

b 20 square units

d

b
d

Omg?

is=2384 + 1601 — 1612

iit=12

¢ 57.3m

5

2111—2 square units

1.5 square units

6 square units

‘rlZIE square units

3
5% square units

0.5
32

36 square units

g- square units

Proof

il 27

i [20n27 — 41n2 + 2mr

64
15"

1

a W N
¥y ¥ ¥ v

14}
v

10 ¢

i

2p

10 ¢

i1 b

12

13 p

14 ¢

15 »

EXERCISE 5
8

9
G
15e2

ra o

Proof
dh _ 18

d ahe

EXAM PRACTICE QUESTIONS

y=1u+20 40, - 208

y= —%.1:"—2: 1+%x'2+8

Sxt 5. -
T -+ T +
2\5."{1‘3-4- 27 o

xd

—4sin.-r+59'+?+c

12 % square units

a (2,8 and (9, 1) b E?Jﬁn square units

axr=-landx=4 b %squaraunim
37.7 (3sf)

% square units

% square units

22—3 square units

% wcubed units

23 w cubed units

14

% = cubed units



ANSWERS =i .

Atx=28

dx _ 0.048 _ i
A% —GIIBEJ 0.00025 cms

17 b Forasphere: V = %w! - % g
ar = 0.02¢cm
&u = 4aribr
User=1=
dp = 47 x 0.02
= 0.25¢cm?

CHAPTER 11 - TRIGONOMETRY

STARTER AGTIVITIES

1 » Sin
Opposite
Hypotenuse
Cosine
Adjacent
Hypotenuse
Tan
Opposite
Adjacent
2 » 1500m
3k 41.2m
1ip»a 18° b 9° ¢ 75°
d 90° e 180° f 540°
g 900° h 140° 226°
i 270°
2pa 327 b 573 c 114.6°
d 78.5° e 81.0° f 179.9°
g 257.3°
3pra 0247 b 6334 c 0.847
d —-0.298 -0.058 f 0.0585
2w w i
N b 18 *n
T S 2
d 'é' e Mﬂ—" f "é"-
37 A5 37
o we v
i Lk x U7
4 5]
5pra 0873 b 1.31 c 1.75
d 2.09 e 410 f 567

EXERCISE 2

1Pk a idbem ii 25.92cm il 15.4cm
b i20cm ii 3.34cm iii 6Gom
c i1.19rad ii 0.978rad  iii 2.45rad
d i13.8cm? ii 28.9cm? iii 169cm?

2 b a Area = 24.3cm? and arc length = 5.4cm
b Area = 6.73cm? and arc length = 2.01cm
¢ Area = 88.1cm?® and arc length = 26.3cm

3pFa 56cm? b 4.87cm?
4p %wcmz
5 p» a 4.13 radians b 455¢cm
6 # Area = 39.6cm?® and perimeter = 25.2cm
7 # a Perimeter = 10cm b Area = 6cm?
8 b a Perimeter = 20.4cm b Area = 23.7cm?
9pFar=20cm b Proof c 0.519cm?
10 » 42.3cm?
11+ a (R-ricm b Proof ¢ 5.68
12 » a Proof b 34.1m?
13 ¢+ a Proof
b i809m il 26.7m iii 847 m2
EXERCISE 3
V2 A 3
1ibra > b 5 c >
1 V3
d — b4 f -
2 ® 3 1
V2 va va
Ve R 4 b
"5 2 2
3 3
-3 2= | 2=
g 2 2
m .3 n —% o —v3

EXERCISE 4

1P a r=377,y=863 z=0686
x=48,y=1952= 146
r=30,y=115z=115
r=210,y=29.0,z=8.09
xr=938,y="563z=209
r=972. y=414,z=414
r=453,y=94.7 z=14.7
orx=1347, y=527,z=136

a = 9 a0 T



h x=707,4=737,2z=612
orx=7.07, =106,z =287
i x=498y=038z=370

2pa 23.7cm? b 431cm? ¢ 20.2cm?
3k 424cm?

4 b Proof

5 b 29.8cm

& P Procf

7 » Proof

Bhrarxr=4 b 6.50cm?

1ka 11.3cm b 288.7m & 31" d 32.2cm
2pF a 104cm b 35.2°

3 pa 134cm b 17.3°

4 p 222

5k a 75cm b 143°

6P a 1958m b 325m

2 ioaf B

1+ a cos?d hsnn(z] c 6
d —sinfA e cosde f tan#
g tandd h 4 i sinfx
i1

2+ a Proof b Proof ¢ Proof
d Proof e Proof f Proof
g Proof h Proof

3k a sin3ds® b cos210° ¢ tan3i®
d cosdx e cos’7¢d f tan5x
g sind h cos3x

4ra 1 b O c %
d 3 e % f 1

5 b a Proof b Proof ¢ Proof

1Bk a 210° 330° b 60°, 240°
¢ 180° d 15° 165°
e 1407, 220° f 453° 225°
g 80° 270° h 230° 310°

i 45.6° 134.4° j 1357, 225°

N - L

2p»a -120° —-60° b -171.37°, —8.63°
c —144% 144° d —-327.1° -32.9°
e 30° 210°, 380", 570° f 251° 431"
_ - _Tm _Su m 3w
g —m0 mew 27 h T A% 3

j =37 27 2w

Bt

—-6.34°,173.7°, 353.7°

3" 3'3
3+ a 0° 45° 90° 135°, 180°, 225°, 270°, 315°, 360°
1 1 1 1
h o (=] o _Cl 1 _Q _D _D
60°, 180°, 300 c 222 1 22,2'022,2922
d 300° e 225° 315°
f 50° 170° g 165° 345°
4apra -2 -0 2% b 0,27

Spr

x = —40°, 0, 80°
b 4.78° 6.22¢
e 113°, 158°, 203°, 248°
s |
127 12T
. 29 13_19_ 35

ﬁ T e T =T

48 ' 48 48

EXERCISE 8

1»a 30° 210° b 135°, 315°
2p 058373

3 ¢ a 60° 120° 240°, 300°
b &0° 300°
c 270°
d 194° 270°, 346°

4»a 57 117 177 2Ba

12" 12" 12" 12
c 4.01, 541

EXAM PRACTICE QUESTIONS

2w 4w
b 0.841,5=, — 544
3 3

1k a 17.1cm? b 57cm
¢ 11.7cm d 4.5cm?
2 » a Proof b 2.04 rad ¢ Bicm?
3k a 94 b 27.9cm?
4 » Proof
S5kra tanti=5 b 78.7° 258.7°
S5
6p 27
6 B
7P a sin*3e b 1
4 + tanx
B b = 27 ANt
a8prali tany TP



T -

_287 11z
gprax= 12.1‘ 1
2r 5% M= S
b x=5% =27 - =27
S gE gt g g
10 + 23.8°, 203.8°
11 » Proof

Izh § nE T

13 » 40.9°, 139.1°, 220.9° 319.1°

14 » Proof
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area
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sectors 187-90
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767
arithmetic series
nth term 78-7
sum to n terms 80-3
asymptotes 7

bearings 107

binomial expansion
coefficients 98-101
Pascal’s triangle 97-8
true and valid range 101-3

binomial series 97-8

binomial theorem 98-9

G
chain rule 143-5, 175
circles
arc length and area 185-90
area of sectors 187-90
coefficients, binomial expansion
98101
column matrix 117
commaon difference 786, 78-80
common ratio 84, 85-7
completing the square 27-8
compound interest 10
constant of integration 162

convergent geometric series 90-2

coordinate geometry

distance between two points 131
equation of a straight line 127-8

gradient of straight line 126-8

perpendicular lines 128-30

point that divides line in a given
ratio 132

cosx
differentiation 141-3
graph 190-3
identities 199-202
integration 162
cosine rule 193-6
3D problems 197-9
cubic functions, sketching 62-8
curves
area under 166-71
gradient 138-41
stationary points 151-5
tangent and normal 149-50
volume of revolution 171-3

D

definite integral 166
derived functions 138
difference of two squares 25
differential equations 174-7
differentiation
chain rule 143-6, 175
differential equations 174-7
exponential function 141-3
gradient function 138-41
kinematic problems 164-5
maximum and minimum points
151-5
multiple powers 138-41
problem solving 151-5
product rule 145-7
quotient rule 147-8
rates of change 174-7
second derivative 164
sinax and cosax 141-3
stationary points 151-5
tangent and normal 149-50
discriminant 29-31
displacement 164-5
distance between two points 131
division of polynomials 50-2

E
e (base of natural logarithms) 10
exponential functions
differentiation 141-3
graphs of 9-11
integration 162

- L ——

F

factor theorem for polynomials 52-4
Fibonacci sequence 75
fractions, rationalise the
denominator 5
functions
modulus 101
periodic 191
reciprocal 65-6
solving equations by graphs
12-14

G
Gauss, Carl Friedrich 80
geometric sequences
common ratio B4, 85-7
identifying 84
nth term 85-7
geometric series
sum to infinity 90-2
sum to n terms 87-90
gradient
curves 138-41,151-5
perpendicular lines 128-30
straight line 125-8
tangents to a curve 149-50
graphs
basic principles 61
cubic functions 62-8
exponential functions 9-11
of functions to solve equations
12-14
linear inequalities 44-9
logarithmic functions 7-9
guadratic inequalities 41-3
reciprocal functions 65-6
sinx, cosx, tanx 190-3

H

hemispheres, volume of 175

indices, laws of 15
inequalities
linear 39-41
modulus function 101
quadratic 41-3
infinite series 90-2
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integration
area under a curve 166-71
constant of integration 162
exponential function 162
kinematic problems 164-5
kinematics 164-5
as reverse of differentiation 162-4
rules of 162
sinx, cosx 162
volume of revolution 171-3
irrational numbers 4

K

Khayyam, Omar 97

L

linear inequalities 39-41

graphs 44-9
Linear Programming 47-8
logarithmic functions 7-9
logarithms

change the base 17-18

laws of 15-17

natural logarithm 10

solving equations 18-20

writing expressions as 14-15

M

mathematical modelling 37

maximum and minimum points
151-5

modulus function 101

natural logarithm 10

Mewton, Sir lsaac 97, 137
Newton's Law of Cooling 174
normal to a curve 149-50

P
Pascal's triangle 97-8
periodic functions 191
perpendicular lines 128-30
point of inflexion 64
polynomials
division 50-2
factorising 52-4
remainder theorem 53-5
polynomials, sketching 61-6
cubic functions 62-6

different functions, solving
equations 67-8
reciprocal functions 65-6
transformations 68-9
position vectors 113-14
product rule 145-7
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quadratic equations
a and Broots 31-3
basic principles 25
completing the square 27-8
diseriminant 29-31
factorising 26
one linear one quadratic 38-9
quadratic formula 28-31
real and unreal roots 29-31
quadratic inequalities 41-3
quotient rule 147-8
qguotients 50

R

radians 141, 185-5

rates of change 174-7
rationalise the denominator 5
reciprocal functions, graphs 65-6
remainder thecrem 53-5
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second derivative 164
sectors, area of 185-90
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arithmetic 75-83
definition 75
geometric 84, 85-7
series
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nth term 78-80
sum 87-90
sum to infinity 90-2
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basic principles 37
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sine rule 193-6
3D problems 197-9
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graph 190-3
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sound 183
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coordinates of a point that divides

line in a given ratio 132

distance between two points 131
eqguation 125, 127-8
gradient 125-6
perpendicular lines 128-30

surds 1-6
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tanx
graph 190-3
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tangent, to a curve 149-50
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trigonometry
basic principles 183
cosine rule 193-9
formulae to solve equations
206-7
identities 199-202
radians 141, 184-5
sine rule 193-9
sinx, cosx, tanx graphs 190-3
solve trigonometric equations
202-5
turning points 151-5
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vectors
addition and subtraction 110-13
basic principles 107
Cartesian components 117-19
modulus 109
notation and diagrams 108-10
position of a point 113~14
position vectors 113-14
properties of geometrical figures

114-17

unit vector 110-13

velocity 164-5

volume
hemispheres 175
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