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Series introduction

Cambridge International AS & A Level Mathematics can be a life-changing course. On the one hand, it is a
facilitating subject; there are many university courses that either require an A Level or equivalent qualification in
mathematics or prefer applicants who have it. On the other hand, it will help you to learn to think more precisely
and logically, while also encouraging creativity. Doing mathematics can be like doing art: just as an artist needs to
master her tools (use of the paintbrush, for example) and understand theoretical ideas (perspective, colour wheels
and so on), so does a mathematician (using tools such as algebra and calculus, which you will learn about in this
course). But this is only the technical side: the joy in art comes through creativity, when the artist uses her tools

to express ideas in novel ways. Mathematics is very similar: the tools are needed, but the deep joy in the subject
comes through solving problems.

You might wonder what a mathematical ‘problem’ is. This is a very good question, and many people have offered
different answers. You might like to write down your own thoughts on this question, and reflect on how they
change as you progress through this course. One possible idea is that a mathematical problem is a mathematical
question that you do not immediatelty know how to answer. (If you do know how to answer it immediately, then
we might call it an ‘exercise’ instead.) Such a problem will take time to answer: you may have to try different
approaches, using different tools or ideas, on your own or with others, until you finally discover a way into it. This
may take minutes, hours, days or weeks to achieve, and your sense of achievement may well grow with the effort it
has taken.

I[n addition to the mathematical tools that you will learn in this course, the problem-solving skills that you

will develop will also help you throughout life, whatever you end up doing. It is very common to be faced with
problems, be 1t in science, engineering, mathematics, accountancy, law or beyond, and having the confidence to
systematically work your way through them will be very useful.

This series of Cambridge International AS & A Level Mathematics coursebooks, written for the Cambridge
Assessment International Education syllabus for examination from 2020, will support you both to learn the
mathematics required for these examinations and to develop your mathematical problem-solving skills. The new
examinations may well include more unfamiliar questions than in the past, and having these skills will allow you
to approach such questions with curiosity and confidence.

In addition to problem solving, there are two other key concepts that Cambridge Assessment International
Education have introduced in this syllabus: namely communication and mathematical modelling. These appear
in various forms throughout the coursebooks.

Communication in speech, writing and drawing lies at the heart of what it is to be human, and this is no less

true in mathematics. While there 1s a temptation to think of mathematics as only existing in a dry, written form
in textbooks, nothing could be further from the truth: mathematical communication comes in many forms, and
discussing mathematical ideas with colleagues is a major part of every mathematician’s working life. As you study
this course, you will work on many problems. Exploring them or struggling with them together with a classmate
will help you both to develop your understanding and thinking, as well as improving your {mathematical)
communication skills. And being able to convince someone that your reasoning is correct, initially verbally and
then in writing, forms the heart of the mathematical skill of ‘proof™.



Series introduction

Mathematical modelling is where mathematics meets the ‘real world’, There are many situations where people need
to make predictions or to understand what is happening in the world, and mathematics frequently provides tools
to assist with this. Mathematicians will look at the real world situation and attempt to capture the key aspects

of it in the form of equations, thercby building a model of reality. They will use this model to make predictions,
and where possible test these against reality. If necessary, they will then attempt to improve the model in order

to make better predictions. Examples include weather prediction and climate change modelling, forensic science
(to understand what happened at an accident or crime scene), modelling population change in the human, animal
and plant kingdoms, modelling aircraft and ship behaviour, modelling financial markets and many others. In this
course, we will be developing tools which are vital for modelling many of these situations.

To support you in your learning, these coursebooks have a variety of new features, for example:

W Explore activities: These activities are designed to offer problems for classroom use. They require thought and
deliberation: some introduce a new idea, others will extend your thinking, while others can support consolidation.
The activities are often best approached by working in small groups and then sharing your ideas with cach other
and the class, as they are not generally routine in nature. This is one of the ways in which you can develop problem-
solving skills and confidence in handling unfamiliar questions.

M Questions labelled as 0 @ or @: These are questions with a particular emphasis on ‘Proof”, ‘Modelling” or
‘Problem solving'. They are designed to support you in preparing for the new style of examination. They may or
may not be harder than other questions in the exercise.

B The language of the explanatory sections makes much more use of the words ‘we’, ‘us’ and ‘our’ than in previous
coursebooks. This language invites and encourages you to be an aclive participant rather than an observer, simply
following instructions (‘you do this, then you do that’). It is also the way that professional mathematicians usually
write about mathematics. The new examinations may well present you with unfamiliar questions, and if you are vii
used to being active in your mathematics, you will stand a better chance of being able to successfully handle such
challenges.

At various points in the books, there are also web links to relevant Underground Mathematics resources,

which can be found on the frce undergroundmathematics.org website. Underground Mathematics has the aim

of producing engaging, rich materials for all students of Cambridge International AS & A Level Mathematics
and similar qualifications. These high-quality resources have the potential to simultaneously develop your
mathematical thinking skills and your fluency in techniques. so we do encourage you to make good use of them.

We wish you every success as you embark on this course.

Julian Gilbey
London, 2018

Past exam paper questions throughout are reproduced by permission of Cambridge Assessment Interndtional Education.
Cambridge Assessment International Education bears no responsibility for the example answers to questions taken from its
past question papers which are contained in this publication.

The questions, example answers, marks awarded andior comments that appear in this book were written by the author(s). In
examination, the way marks would be awarded 1o answers like these may be different.



How to use this book

Throughout this book you will notice particular features that are designed to help your learning.
This section provides a brief overview of these features.

This book covers both Pure Mathematics 2 and Pure Mathematics 3. One topic {5.5 The trapezium rule} is
only covered in Pure Mathematics 2 and Lhis section is marked with the icon . Chapters 7-11 are only
covered in Pure Mathematics 3 and these are marxed with theicon «, Theicons appear in the Contents
list and in the relevant sections of the book.
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Learning objectives indicate the important ‘ ' x

concepts within each chapter and help you to
navigate through the coursebook.

Prerequisite knowledge exercises identify prior learning

that you need to have covered before starting the chapter.
‘ : Try the questions to identify any areas that you need to

1 e formuta 10 inlegsation by parss | o R . ) 3

i review before continuing with the chapter.
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Key point boxes contain a

summary of the most important D e sl v es] b ]
methods, facts and formulae. $ Answer ;
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Key terms are importantterms in the topic that you 'g

are learning. They are highlighted in orange bold. The

glossary contains clear definitions of these key terms. Worked examples provide step-by-step approaches o

answering questions. The left side shows a fully worked

solut@rj, while the r|ght side con.‘rams acommentary
bl .. e e ———— A ———— A . Cxplammg each StED in (he Workmg.

Anil is trying 1o find the roots of flx) = {l.m.\'] = 0 between 0 and 2r radinny,
He states:

f(3.1). 0 und 1132). 0 Thereis nochange of sign so there is na root of {lan =0
betueen 3.1 and 3.2, {

Mika states:
3 =|tan xj and it meets the xeaxis where ¥ = #t radians so Anil has made a
calculation error.

L Discuss Anil and Mika's statements.
. . - . : questions.
Explore boxes contain enrichment activities for extension L e \
work. These activities promote group-work and peer
to-peer discussion, and are intended to deepen your Tip boxes contain helpful
understanding of a concept. (Answers to the Explore guidance about calculating

questions are provided in the Teacher’s Resource.) or checking your answers.



M) FAST FORWARD

You might need to look
back at Chapter 3

attempting questions 13 and 14,

You need to have studied the skills in Chapter § before

How to use this book

belore attempting

question 11.

Rewind and Fast forward boxes direct vou to related
learning. Rewind boxes refer to earlier learning, in case
you need to revise a topic. Fast forward boxes refer to
topics that you will cover at a later stage, in case you
vrould like to extend your study.

4, ) oio vou xnow?

P

The refutionship betveen the Fibonacei numbers and the golden ratio
produces the golden spiral

This car be seen i many natural Laatings, one of which i 1he spirafling
pattern of the yotals in 3 rose Hower.

Troem a tight centre, petals Bow outrard in 2 spiral, growing wider and
larger s the; do so. Nature has made 1he best use of an incredible
structuire, This perfect arcingement of petalsis wh; the i, compact
rose bud g0 +3 into such a beautiful flaw +r

k]

Did you know? boxes contain interesting facts showing
how Mathematics relates to the wider world.

Integration loimulze

o Joraaea

- [id =mwfufes

L R Jrantoears <L s enn
) “

Y

At the end of each chapter there is a Checklist of
learning and understanding. The checklist contains a
summary of the concepts that were covered in the chapter.
You can use this to quickly check that vou have covered
the main topics.

Extension material
goes bevond

the syllabus. It is
highlighted by a red
line to the left of
the text.

Web link boxes contain
links to useful resources
ontheinternet.

Try the Equation or identity?( 11) resource on the

Underground Mathematics website

END-QF CHAPTER REVIEW SXERCISE

Throughout each chapter there are multiple exercises
containing practice questions. The questions are coded:

@ These questions focus on problem-solving.
e These questions focus on proofs,

LW

These questions focus on modelling,

You should not use a calculator for these questions.

These questions are taken from past
examination papers.

The End-of-chapter review contains exam-style questions
covering all topics in the chapter. You can use this to check
your understanding of the topics you have covered. The
number of marks gives an indication of how long vou should
be spending on the question. You should spend more time
on questions with higher mark allocations; questions vsith
only one or two marks should not need vou to spend time
doing cominlicated calculations or writing long explanations.
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Cross-topic review exercises appear after
several chapters, and cover topics from across
the preceding chapters.
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Algebra

in this chapter you will learn how to:

m understand the meaning of [ X ’ sketch the graph of v lux: + bl and use relations such as
|a| =|b]| < o = b? and [x~a|<he a-b<x<a+b inthe course of soly Ing equations
and inequakhties
divide a polynommal, of degree not exceeding 4, by a linear or quadratic polynomial, and identify
the quotient and remainder (which may be Ze1o)
use the factor theorem and the remainder theorem.
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PREREQUISITE KNOWLEDGE

Where it comes from What you should be able to do - Check your skills

1 IGCSE®/ O Level Mathematics | Perform long division on numbers | 1 Using long division, calculate:
and find the remainder where a 4998 - 14

necessary. b 10287227

c 4283+32

line graphs. 2 Sketch the graph of y = 2x 5.

IGCSE / O Level Mathematics | Sketch straight-

Why do we need to study algebra?

A —b+ b’ — dac
You have previously learnt the general formula, x = »?-—_—\—[[3———551-(—

2a
equations. Versions of this formula were known and used by the Babylonians nearly

, for solving quadratic

4000 years ago. i
@) wes LINK

It took until the 16th century for mathematicians to discover formulae for solving cubic
equations, ax® + bx? + cx +d =0, and quartic equations, ax* + bxi+ext+dx+e=0.
(These formulac are very complicated and there is insufficient space to include them here
but you might wish to research them on the internet.)

Explore the Polynomials
and rational functions
station on the
Underground
Mathematicians then spent many years trying to discover a general formula for Mathematics website.
solving quintic equations, ax® + by + ex? + dx? + ex+ [ = 0. Eventually, in 1824,
mathematician managed to prove that no general formula for this exists.

In this chapter you will develop skills tor factorising and solving cubic and quartic
equations. These types of equations have various applications in the real world. For
example, cubic equations are used in tl‘nerlnody}lalnics and fluid mechanics to model the
pressure/volume/temperature behaviour of gases and fluids.

You will also learn about a new type of function, called the modulus function.

1.1 The modulus function

The modulus of a number is the magnitude of the number without a sign attached.
The modulus of 3 is written | 3|
|3] =3 and [-3| =3.

1t is important to note that the modulus of any number (positive or negative) is always a
positive number.

The modulus of a number is also called the absolute value.

The modulus of x, written as | X | is defined as:

0 xif x=0
Ixl=1_cif x<0



Chapter 1: Algebra

oot i

You are given these cight statements:
1 [a + b] :|al +lh,

2 [al«hl :ta[——‘bl

3 [ab] =]a]x]5]

4 J'%l‘:.]a}-:|h|,ifb¢()

5 |(,]3=;13

6 |a|" = a”, where nis a positive integer
7 Ja+bl<la]+]h]

8 [a=h=fa=c|+[c-b]

You must decide whether a statement is

L Always true ) i Sometimes true ! ( Never true )

» If you think that « statement is cither always true or never true, you must give a clear explanation to justify

your answer.
A

+ Ifyou think that a statement is sometimes true you must give an example of when it is true and an example

of when it is not true.

The statement ’\i =k, where & = 0. means that x = &k or x = —k.
This property is used to solve equations that involve modulus functions.
If you are solving equations of the form [u.x + h[ =k, you can solve the equations using

ax+b=4k and ax+b=-k

If you are solving harder equations of the form ]a,\f + b] =¢x +d. you can solve the
cquations using

ax+bh=cx+d and ax+bh=—(cx+d)

When solving these more complicated equations you must always check that your answers ¢
satisfy the original cquation. M) FAST FORWARD

You will see why it is
neeessary to check your
answers when you learn
how to sketch graphs
of modulus functions
in Section [.2.
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'WORKED EXAMPLE 1.1

Solve:

a |2x-1]=3 b |x-4|=2x+1

Answer
a ja-1]=3
2v—1=3 or 2v-l=-3
2y =4 AN
v 2 X ]

CHECK: [2x 21 =3/ and 2x (- D=1} =3V

The solution is: v =1 or v =2
b |v-d]=2vrl
V-4 =204 oy v d s =2 D)
X o= =D Iow 3

CHECK |5 -4] = 2% ¢-5) ¢ bx and [1-4] = 2nletY

The sclutton sy = 1

EXPLORE 1.2

T Tei 2 : 2 2
Using |a|” = a® youcan write a? b as |al” - |6
Using the difference of two squares you can now write:

a? 07 = (|a|=|p])(Ja] +]0])

Using the previous statement, explain how these three important results can be obtained:
(The symbol ¢ means ‘is cquivalent to’)
. lu| :|h| & al = b

. la\>|bl o > b

. lal<|bl ot <bifb#0.

Worked example 1.2 shows you how to solve cquations of the form Ic.,\‘ + d| = va + /\

£) KEYPOINT 1.1

To solve equations of the form IH + d1 = | ex + fl we can use the rule:

‘al:!bl = a? = b




Solve the equation ,3 ¥+ 4, = ,x + 5 ]

Answer
Method 1

[Tved]l o]y s

2y =1 or dy = -9
o 9

N
CHECK: R 4; =1

2 i
H 4 k4

1 N]
Solution is: x = or X o= -

Method 2
[3x+ 4] =[x+ 5]

(3v+ 497 = (v + 5)?

O3 4 2dx + 16 = 7+ 100+ 25

dvtd = xS or Sy d e oy S

'\

Use ]a[ =,bl @ at=p2

RENEIP TN P SO T Factorise.

(2x = 1)idx =9y =10

I

A} 3 01 LY o “i‘
- . e e

Solve fx + 3] +|x +5! =10.
Answer
f\’ -+ 3‘ | sl 10 Subtract [ X + 5, from both sides.

[vrd] =10 l 5] Split the equation into two parts,

A3 10y e s] - ()

Using cquation (13
Taxalvesf=0

'i.\w ,I =7 oy

YHS=T X or v A (7 )
=2 o 0=~12

AN

Split this equation into two parts.

0=~12 15 false.

~ 1: Algebra




» + 50 =0 413 Split this equation 1nto two parts,
bSe= v i l3or x+Se (vt 13 .

0=28 or 2y=-18 0 =8 1s false.

v = -9
-5,
-2
b |t-2x|=35 ¢ 9:3;:5':4

PR . ‘;3_?_5‘,'=z £ |7 =3
2 Solve

. 7x+l:5 }»{:——,l-—l c ‘2_x’+2:5

v -2 X+5 x-3

d |3x-5=x+1 e x+|x+4]=8 fo8-|l-2x|=x
3 Solbve.

a |2x+1]=]x] b |3~ 2x]=|3x] ¢ |2x-5|=]1-4]

d |3x+5]=|1+2x] e |x-5|=2|x+1] f 3|2,\‘—1\:I‘%A~3l
4 Solve.

a |x*-2|=7 b |5-x*=3-x ¢ [xP+2x]=x+2

d |x?-3]=2x+1 e |2x?-Sx[=4-x f|a2-Tx+6]=6-x
5 Solve the simultaneous equations.

a x+2y=38 b 3x+y=0

].\'+2\+y=() y=l2x2-—5|

6 Solve the equation 5‘,\: - 1‘2 + 9\x- lt -2=0.

7 a Solve the equation x* —5|x|+6=0.
b Use graphing software (o draw the graph of y = X2 - 5‘,\‘| +6.
¢ Name the equation of the line of symmetry of the curve.

8 Solve the equation | 2x + 1] +]2x — =3

@ 9 Solve the equation | 3x — 2y — 11|+ 231 Z8x+5y =0.
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1.2 Graphs of y =|f(x)| where f(x) is linear A

Consider drawing the graph of y = J\] =

First draw the line p = x.

Q.
Y

Then reflect, in the v-axis, the part of the line that is below the x-axis.

%.\'—1

“

Sketch the graph of y =

. showing the points where the graph meets the axes.

in an alternative form.

1

Use your graph to express [ x -1

Answer

. . !
Firstsketeh the graplioft v = — v~ |,

. - ] . \ ],,’l_\- 1;
The line has gradient = and a y-intercept of -1, ' 2
L
You then reflect in the w-axis the part of the line that is below the v-axis. }

] |
e i R .
I'he graph shows that i Xl can be written as:

——,
)
.
o
.. “ o
‘\
y
5
2
‘\
[ ]
oY

In Worked example 1.1, we found that there were two roots, x = —1 and x = 2, to the YA F =2 ]
equation ‘2.\‘ -1 =3 Ty
These can also be found graphically by finding the x-coordinates of the points of -3
intersection of the graphs of j = | 2x 1| and y = 3 as shown.

2 1ol 1 2 3

-1

Also in Worked example 1.1, we tound that there was only one root, YA i
x =1, to the equation l\ - 4' =2x+ 1. 61 P
This root can be found graphically by finding the x-coordinates of \5 = - )
the points of intersection of the graphs of p = f X - 4] and 4

y =2x+1 as shown.

=Y

10 v 2 3 4 s 6 7 g

O
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Eip

1 Sketch the graphs of each of the following functions showing the coordinates of the points where the graph
meets the axes. Express each function in an alternative form.
a y=|x+2| b y=|3-x] c y=15—-

| it

X

138

2 a Complete the table of values for y =|x—3]+2.

o T 1l 273147 s | s
5 3 -

b Draw the graph of y =|x—3|+2 for 0<x<6.

¢ Describe the transformation that maps the graph of y = | x| onto the graph of y = [ X 3] + 2.

3 Describe fully the transformation (or combination of transformations) that maps the graph of y = | ,\'l onto
each of these functions.
a y=|x+1‘+2 b yrlx—-SI-»2 c _V=2—|,x\
dy=|2x|-3 e y=1-|x+2| f y=5-2|x]

4 Sketch the graphs of each of the functions in question 3. For each graph, state the coordinates of the vertex.

5 f(x) —15 le +3 for 2=<x=8
Find the range of function f.
ﬂ 6 a Sketchthegraphof y=2 \ X - 2| 41 for =2 < x < 6, showing the coordinates of the vertex and the
y-intercept.
b On the same diagram, sketch the graph of y = x +2.

¢ Use your graph to solve the equation 2lx - 2{ +1=x+2.

7 a Sketch the graphof y = } X - 2[ for —3 < x < 6, showing the coordinates of the vertex and the y-intercept.
b On the same diagram, sketch the graph of y = | 1- 2xl.

¢ Use your graph to solve the equation | x ~ 2| =|1-2x].

8 a Sketch the graphof y =|x+1|+|x-1]

b Use your graph to solve the cquation | x + 1 +]x - I} =4

1.3 Solving modulus inequalities
Two useful properties that can be used when solving modulus inequalities are:
lul <phbe-b<sa<sbh and Ia‘;-b e a<—b ot azb

The following examples illustrate the different methods that can be used when solving
modulus inequalities.
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' WORKED EXAMPLE 1.5

Solve l2_r -5 <3

Answer

Method I: Using algebra

[2x-5]3
303y A3
Pl 2x 2N
T

Method 2: Using a graph

The graphs of v ]’ v - 5! and 1= 3 ntersect at

-3 i 2d
-5y if

Syif

{ BAY
[2v—5]= |
'[ EN v 2!

At A, the line y = ~(2x -

—A{2x =5)=13

2x 45 =13
2n = 2
xo= )

At Botheline v = 2v - 5 intersects the line p o= 3
2y =523
2v =R
X

To solve the tnequahity [2x - 3] 23 vou must find where the sraph of the function v = 2y
b araf R

ol - 3

Henee, 1< x 74,

5) inlersects the line v =

the points A and 8.

3. 1

xY

g

w4

31 is below the graph

Solve the inequality |2x - 1| =|3 - x|

Answer

Method 1: Using algebra

S

8]

Use|a| =|b| @ a? = b2,

Factorise.




Critical values are -2 and .
3

4
Hence, v == =2 0r X" .
2

Method 2: Using a graph

The graphs of » =]2x — 1] and
the points A and B.

{ Oy -1 e i
lj'\ 51 - 11 ]
[ LA D] e 3
, . fy-3 (1IN
[3-xl=lv=3=1 gy
[SARRL D I | IRV
Al A, the lime ¥
Py -l ox -3
xo= -2

3
10 N :;

[0 solve thie ineguaiity [3\ - l] )
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s (2 = 1) ntersects the lne o=

oov) you must find where

the graph of the function v = |f'2.v :

e

|3 \E intersect at

{x -~ 3).

li is above the graph

of y ~l3 - \‘,

Hence, v o7 =2 00X 77 o
Al

(3%
W
FN
(¥
(=
~
o
=4

1of

The graphsof y = ‘x - ll and y =2 | X - 4] are shown on the grid.
4].

'-lix—

Write down the solution to the inequality lx - 1] >
2 a On the same axes, sketch the graphsof y = ‘2_\' - 1] and y=4 ~-|x - 1‘.

b Solve the inequality |2x—1]>4-|x~ 1.
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3 Solve. (You may use cither an algebraic method or a graphical method.)

a |2x+if= b J2-x|<4 ¢ |3x-2|=7
4 Solve. (You may use either an algebraic method or a graphical method.)
a |2x-5|sy-2 b [3+x|>4-2x ¢ |x-7-2v=4
5 Solve. (You may use either an algebraic method or a graphical method.)
a |x+4]|<|2x| b IZ.\'~5|>[3~.\‘] ¢ |3.\‘«2!S|]—3x'
d [x—1|>2]|x-4] e 3]3-x|={2v-1] f [3x-5]<2|2-x|
6 Solve ’2x+ ll +[2\‘— l! > 5.
1.4 Division of polynomials
A polynomial is an expression of the form
ay X" + a,,_,_{x”‘"‘ Fa, X" apx? + mx' + ay
where:
® xisavariable
® 1 is a non-negative integer
® the coefficients «,, a,.y. @,_3, ..., ay, ay, gy arc constants
® q,is called the leading cocflicient and a, = 0
® q,is called the constant term.
The highest power of x in the polynomial is called the degree of the polynomial.

For example, 5x* — 6x2 + 2x — 6 is a polynomial of degree 3.
p poiy g

In this section you will learn how to use long division to divide a polynomial by another
polynomial. Alternative methods are possible, this is shown in Worked example 1.10.

) DID YOU KNOW?

Polynomial functions can be used to predict the mass of an animal
from its length.

Divide x* + 232 ~11x+6 by x-2.

Answer
Step 1:
Divide the first term of the polynomial by x:
v | X3 - x= a2
IR 1 v Multiply (x — 2) by x%: x3(x = 2) = ¢? = 242,
4y - iy

Subtract: (x* + 2x?) — (x* - 2x7) = 442,

Bring down the ~11x from the next column.
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Step 2: Ropeat the process

R 2‘"“* N Divide 4x? by x: 4x% = x = 4x.
/ v =2yt 1 Multiply (x — 2) by 4x: 4x(x —2) = 4x® - 8x.
4t iy Subtract: (4x2 = 11x) - (4x? — 8x) = =3x.
i\:.. “f\ \(' Bring down the 6 from the next column.
Y 40

Step 3: Repeat the process

oxTd dx 3

2)\‘ P 2nt o v 6

3 T
NoomEAT
PRERNNET Divide -3x by x: -3x = x = -3,
4vt - By Maultiply (x — 2) by =3: =3(x —2) = -3x +6.
AR Subtract: (=3x + 6) — (-3x +6) = 0.

Henee, (x4 Iyt e vk 6) s {2y PRI SO

Each part in the calculation in Worked example 1.7 has a special name:
(P +2xr-lx+6)+(x—-2)= (x2+4x-3)
1 t T
dividend divisor guatient

There was no remuinder in this calculation so we say that x — 2 isafuctorof x* +2x2 -11x+6.

WORKED EXAMPLE 1.8

Find the remainder when 2x* — x + 52 is divided by x + 3.

Answer
There is no 4> term in 23y - v+ 37 sowe write it as 2y Oy - B2
Step i:

AT (1 : T Divide the first term of the polynomial by x: 2x3 = x = 2x2.
J Muitiply (x + 3) by 2x%: 2x?(x +3) = 2x* + 6x2.

2
2000

61 - X Subtract: (2x3 +0x?) — (2x? + 6x%) = ~6x7.

Bring down the —x from the next column,
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Step 2: Repent the priocess

a0 6y
RIS v ’ Divide ~6x” by x: ~6x% = x = --6x.
20 Multiply (x + 3) by =61 ~6x(x + 3) = ~6x2 — 18x.
“ :i ~~ 1,‘1,: Subtract: (~6x% — x)~ (-6x> = 18x) = 17x.
I / v j« Bring down the 52 from the next column.

Step 3: Repeat the provess

A R o 7
X+ 3}2\'* + O v 52
It £
(3,'»‘ - v
C Gyt - 1%y Divide 17x by x: 17x +x = 17.
17y 4 52 Multiply (x +3) by | 7: 17(x +3) = 17x + 51.
P
R Subtract: (17x + 52) = (17x +51) = 1.
]
The remainder is 1.
The calculation in Worked example 1.8 can be written as:

Qx = x+5) = (x+3)x(2x* —6x +17)+ 1
4+ + +

dividend divisor  quotient remainder

The division algorithin for polynomials is:

dividend = divisor ¥ quotient + remainder

1 Simplify each of the following.

a (P +5x245x-2)+ (x+2) b (x? —8x%+22x ~21)+ (x-3)
¢ B3T3 +6x-2)+(x-1) d (2x* -3x2 +8x+5)+ (2x+1)
e (5x*-13x% +10x - 8) + (2 - x) fo(6x*+13x-19)+(1~x)

2 Find the quotient and remainder for each of the following.
a (42024 5x -4+ (x+1) b (6x* +7x? - 6)+ (x-2)
c (8x3+x2—2x+l)—f(2x—l) d (2x3—9x2—9)—3- 3-x)

[
1) pip vou know?

The number 1729 is the
smallest number that

e (x3+5x2—3x~1)+(x2 +2x+1) f (Sx4~2x2-—l3x+8)+(x2+]) can be expressed as the
sum of two cubes in

3 Use algebraic division to show these two important factorisations. two different ways.

a X' =)= (= )P ) b xt+ y = () = x4 P
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4 a Usealgebraic division to show that x — 2 isa factor of 24% 4 a0 - 43x + 42,
b Flence, factorise 2x' 4+ 7x% - 43x + 42 completely.

5 a Usealgebraic division to show that 2x+1 1sa factor of 12x% +16x% - 3x - 4.
b Hence, solve the equation 12x% + 1637 =3x -4 =0.

6 a Usealgebraic division to show that x + 1 isa factor of o2+ 2x+ 4,

b Hence, show that there is only one real root for the eguation N et 2x+4 =0

7 The general formula for solving the quadratic equation axi+hx+ce=018 x = ——F0— -

There is a general formula for solving a cubic equation. Find out more about this formula and use it to solve
2x - 37 - 28x + 15 = 0.

1.5 The factor theorem

In Worked example 1.7 you found that ¥ 2x7 — 11y + 6 is exactly divisible by x 2.
(P axto v+ 6) = (x-2) = xF +4x -3
This can also be written as:
M2~ v+ 6= (x =27 +4x = 3)
l If a polynomial P(x) divides exactly by a finear factor x — ¢ 1o give the polynomial Q(x), then
- P(x) = (x — ) Q(x)

Substituting x = ¢ into this formula gives P(c) = 0. This is known as the factor theorem.

L) KEVPOINT 1.3

If for a polynomial P(v). P(¢) =0 then x~-¢ is a factor of P(v).

For example, when x = 2,
o+ 6=(2P +2(2) -11(2)+6=8+8-22+6=0
Therefore (x —2) is a factor of A r2xt—Ilx+6.

The factor theorem can be extended to:

£ KEYPOINT 1.4

If for a polynomial P(x), P(

QJ =0 then ax — b isa factor of P(x).
[’

For example, when x =

4 \3 2 ) q
3.\’3—2.\‘2—3x+2=3(€;) -2(%) -3(§)+2=%~§—2+2=0

[FSE R

Hence 3x — 2 is a factor of 3x% - 2x% - 3x + 2.
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WORKED EXAMBLE

Use the factor theorem to show that x — 3 isa factor of x* + 2x% — 16x + 3.

Answer

Lot flx) = a7 + 227 - 16 43 If f(3) = 0, then (x - 3) is a factor.
f(3) =13 4 23y - 16(3)+ 3
=27+ 18- 48+ 3
= 0

Hence x — 3 isd factorof X7+ 2 3

27 - L6y 4+ 3

EXPLORE 1.3

(A X+ x? -3+ ) (B 203+ 7xt+ x -~ 10 ) Cc 3P4 a2 -4 )

(D 6.x~‘+.‘<2—17.\*+1()) kE 6.v"'+.\'3—-8x2-—.\"+2) LOF 34+ x2-10x-8 p

Discuss with your classmates which of the expressions have:

1 x -1 asa factor
2 x+2 asafactor

3 2x -1 asafactor.

WORKED EXAMPLE 1.10

a Given that 3x? + Sx -2 isafactor of 3x¥ + 17x2 + ax + b, find the value of @ and the value of 5.

b Hence, factorise the polynomial completely.

Answer
a Let [y = 3 4 1737 b uv b
Factorising 3x7 + 5v -2 gives {3y « |)(x 4+ 2)

Hence, 3x -1 and v+ 2 arcalso factors of ),

. , A s
Using the factor theorem, IL =0 and 102y = 0
b
. -

S ‘ AR ey h
M5 =0 gives 3 |+ 17 } bal vk =0
L3 ‘ R V3 V3

l i 17 9 b )

9 9 3
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f(-2) = 0 gives 30 2) + 17(-2)7 +a(=2) 1+ h = 0

Ay GRS b = 0

Subsiituting m (2 gives /1= &

Hence o = 18 and b = =8,

b Method 1: Using long division

Hence, Sad e 1747 48y 8 = (3 50 = 2y + 4
=3 =Dl T 4
Method 2: Equating coefficients

13T £ 5% -2 dsafacton 34+ 1707 w180 - 8 can be written as

Ay #1747 4 18y - 8

= (3aT 5.)‘(:\' +d)
— \\\

.,

coclficient of x?is 3,50 ¢ = 1 stee 3x b= 3 J l constant term s =8, 50 o = 4 sinee -2 4

8§

Hence, 3x #1707 + 18y~ 8 = (3v - Div+ 2)(v 1 4)

WORKED EXAMPLE 1.11

Solve x3 + 4x2 —19x +14 = 0.

Answer

Fet f{x) =170+ A4x® = 19y + 14

The positive and negative factors of 14 are 2], £2.47 and o4,
(1) = (1) + 4017 = 19(1) + 14 = 0,50 v~ 1 isafactor of fx),

The other factors of f(x) can be found by any of the tellowing methods.
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Method 1: Trial and error

v 14

et ayT oy 114

\i‘ . .:\k?
Sv? 10y
Sa S
tdy + 14
Py + 14

Method 3: Equating coefficients

Since x| isa factor. v 4+ 4x7 19y + 14 cun be written as:
_ : 17
XAy L 1On E e (xS hy s )
X r.
-
/ﬁ/’ \\\
o~
‘ \\\ —
coelficient of v is Lso @ = 1 since 1] = 1 constant term s 1. so ¢ = - 14 sinee ) x 14 = {4

Vi daT = 10y 4 e s (- DY s By - 1

Equating the coelficients of 17 gives 4 = 14 b so h = 5,
Hence, f(x) = (v~ 1a7 45y~ 14)

Sy Py =20+ T .
The solutions of the equation v¥ - dy? w10y 414 =0 are v=1 v=2 and v = 7

1 Use the factor theorem to show that x +1 is a factor of x* - 3x3 —4x2 4 5x + 5.
2 Use the factor thcorem to show that 2x -5 is a factor of 2.3 - 7x2 + 9x — 10,
@ 3 Giventhat x +4 isafactor of x* +ax? — 29x + 12, find the value of «.
@ 4 Giventhat x -3 isa factor of x* + ax® + bx — 30, express a in terms of 4.
@

5 Giventhat 2x? + x -1 is a factor of 2x3 — x? # ax + b, find the value of @ and the value of b.
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@ 6 Giventhat x -3 and 2x +1 are factors of 23+ pxl Qg - Dx+ g

a Find the value of p and the value of g.

b Explain why x+2 isalso a factor of the expression.
@ 7 Itis given that x + a is a factor of X3 4 4x% + Tax + 4a. Find the possible values of a.
@ 8 a ltisgiventhat x+1 isacommon factor of X34 px+qg and ¥+ (1= p)x® +19x - 2¢.

Find the value of p and the value of ¢.

b When p and ¢ have these values, factorise ¥+ px+qg and ¥+ (1- p)x? +19x ~ 2g completely.

@ 9 Given that x - 1 and x +2 arefactors of x* - x>+ pa? = 1lx + ¢:

a Find the value of p and the value of ¢.

b When p and ¢ have these values, factorise x* — x* + px? = 11x + ¢ completely.

10 Solve.
a xXP-5x7—dx+20=0 b A4Sy -1/x~21=
¢ 2P -5 13 +30=0 ' d 304177 +18x—8 =0
e 27Xt -8x+12=0 £t Il 123 x4 =0

o 11 You are given that the equation v} 4+ ax? + by + ¢ = 0 has three real roots and that these roots are
consccutive terms in an arithmetic progression. Show that 2 + 27¢ = Yub.

@ 12 Find the set of values for k for which the equation 3xt + 4x} — 1247 + & = 0 has four real roots.

1.6 The remainder theorem

Consider f(x) = 2x% ~5x7 - 2x +12.
Substituting x = 2 in the polynonual gives f(2) = 2027 - 52y - 2(2)+ 12 = 4.

When 2x3 —5x2 - 2x + 12 is divided by x -2, thereisa remainder:

2x> - x-— 4
x=2)2x7 = 5x - 2x + 12
243 —4x?
- Xt -2x
- x*+2x
“ —4x +12
—-4x+ 8
4

The remainder is 4. This is the same value as f(2).
f(x) = 2x3 = Sx? = 2x + 12 can be written as:
f(x) = (x-2)2x* —x—4)+4

In general:

If a polynomial P(x) isdivided by x —¢ to give the polynomial Q(x) anda remainder R, then:
P(x) = (x = )Q(x}+ R
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Substituting x = ¢ into this formula gives P(¢) = R.

This leads to the remainder theorem.

)} KEV POINT 1.5

The remainder thcorem:

If a polynomial P(x)}1s divided by v — ¢, the iemainder is P(¢:).

The remainder theorem can be extended to:

D) KEY POINT 1.6

Q>

If a polynomial P(1) 1s divided by av - b, the remainder is P ( . ]

Answer
Lot fiay = dat 2y 25y - §

Remainder = f{-1)

Use the factor theorem to find the remainder when 4x* — 232 + 5x - 8 is divided by x+1, -

flx)=6x" +ax* +bx -4

When {(x) is divided by x — 1, the remainder is 3.
When f(x) is divided by 3x + 2. the remainder is -2,

Find the value of « and the valuc of b.

Answer
flnv) = 6x" 4+ ax’ + by - 4

When flx) is divided by 1 — 1 the remainder is 3, hence = 3.

£
. - . . - . . J -~ P
When f{v)is divided by 3x + 2 the remuainder is -2, hence fi— 5 J -2
3
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(/ 2 ‘\‘ 2 T ; 21
(2 a2 en[ 2] ae2
v NI L3 ’!
20 -3 =17 -- (2)

2% (1)~ (2) gives 30 = =15

;’) s «%
Substituting » = -3 incquation (1) gives a = 4.
=4 and b= -3,

1 Find the remainder when:
a 6x3+3x?—5x+2 isdivided by x ~1
b x3+x¥—1lx+12 isdivided by x+4
¢ x* 4 2x3—5x% —2x +8 isdivided by x +1

d 4x3 - x? —18x +1 isdivided by 2x 1

2 a When x*-3x2 +av—7 isdivided by x + 2, the remainder is —37. Find the value of ¢.

. b When 9x®+ hx - 5 is divided by 3x + 2, the remainder is ~13. Find the value of b.
20

3 f(a) = M rax?+bx -5
f(x) has a factor of x -1 and lcavesa remainder of -6 when divided by x -+ L
Find the value of ¢ and the value of b.
4 The polynomial 3x3 + ax? + bx + 8, where a and b arc constants, is denoted by f(x). Tis given that x +2 is

a factor of {{.x), and that when [{x) is divided by x -1 the remainder is 15. Find the value of @ and the
value of b.

5 The function f(x) = ax® + 7x2 + bx — 8, where a and b arc constants, is such that 2x + 1 is a factor. The
remainder when f(x) is divided by X+ lis7.
a Find the value of ¢ and the value of b.
b Factorise f(x) completely.

6 The polynomial %3+ 6x2 + px - 3 leaves a remainder of R when divided by x +1 and a remainder of ~10R
when divided by x - 3.
a Find the value of p.
b Hence find the remainder when the expression is divided by x —2.

7 The polynomial 3+ ax? + bx + 2, where ¢ and b are constants, is denoted by f(x). Itis given that x -2 isa
factor of {x), and that when f(x) is divided by x +1 the remainder is 21.
a Find the value of @ and the value of .

b Solve the equation f{x) = 0, giving the roots in exact form.



Chapter 1: Algebra

8 The polynomial 2x* + ax® + bx + ¢ is denoted by fx). The roots of f(x) = 0 are—1, 2 and k.
When f(.x)is divided by x - I, the remainder is 6.

a Find the value of k.

b Find the remainder when f(x) is divided by x + 2.

@D 9 Pl =2v+ax2 4657 4. 4 10055

Find the remainder when P(x) is divided by (x - 1).

@ 10 P(x) = 3x + D(x+2)x + 3) + a(x + IXx+2D)+b(x+D)+¢

It is given that when P(x) is divided by each of x+1, x +2 and x + 3 the remainders are -2,2 and
10, respectively. Find the value of 4, the value of b and the value of c.

‘Checklist of learning and understanding
The modulus function
¢ The modulus function l X l 1s detined by:
J vif x =0
]—r if x <0
The division algorithm for polynomials

IE

® P(x) = D(v) x Qx) + R(x)
+ 1 + +

dividend = divisor « quotient + remainder
The factor theorem

® If for a polynomral P(x). Plc) = 0 then x — ¢ is a factor of P(x).

. )
@ If for a polynomial P(x). P ( i) = 0 then ax — b is a factor of P(x).

a ;
The remainder theorem

® If a polynomial P(x) is divided by x - ¢, the remainder is P(c)

@ If a polynomial P{x) is divided by ax ~ &, the remainder is P ( b )
L@
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END-OF-CHAPTER REVIEW EXERCISE 1

1
2
3
4
5

10

11

12
13

14

Solve the equation l?..x - 3\ = ] S5x + ll.

Solve the incquality l5x - 3i =17.

Solve the inequality l?_.\' - 3| <|2 - x|

Solve the equation ]xz - 14! =11

The polynomial axd — 13x2 — 41x — 2a, where a is a constant, is denoted by p(x).
a Given that (x — 4) isa factor of p(x), find the value of «.

b When « has this value, factorise p(x) completely.

The polynomial 6x3 —23x% — 38x + 15 is denoted by f{x).

a Show that (x —5) isa factor of f(x) and hence factorise f(x) completely.

b Write down the roots of f(‘,\l) = 0.

The polynomial ¥} —5x2 +ax + b is denoted by f(x). It is given that (x + 2) is a factor of f{x)and that
when f(x) is divided by {x —1) the remainder is —6. Find the value of « and the value of b.

The polynomial ¥} —5x% + 7x =3 is denoted by p(x).

a Find the quotient and remainder when p(x) is divided by (¥ =2x-1).
b Use the factor theorem to show that (x - 3) isa factor of p(x).

The polynomial 4x* + 4x% — 7x? -~ 4x + 8 1s denoted by p(x).

a Find the quotient and remainder when p(x) is divided by (¥ —1).

b Hence solve the equation 4x* +4x3 - 7x% ~4x +3 = 0.

The polynomial x* —48x7 - 21x - 2 is denoted by {(x).

a Find the value of the constant & for which f(x) = (¥ + kx +2) (3% = kx = 1)
b Hence solve the equation f(x) = 0. Give your answers in exact form.
The polynomial 2x* +3x* - 125 = 7x + ¢ is denoted by p(x).

a Given that (2x — 1) is a factor of p(x), find the value of a.

b When a has this value, verify that (x+3) isalsoa factor of p(x) and hence factorise p(x)
completely.

The polynomial 33 + ax? = 36x + 20 is denoted by p(x).

a Giventhat (x —2) isa factor of p(x), find the value of a.

b  When « has this value, solve the equation p(x) = 0.

The polynomial 2x* + 5x? = 7x + 11 is denoted by f(x).

a Find the remainder when f{x) is divided by (x - 2).

b Find the quotient and rcmainder when fix)is di\'ide(i by (x% —4x+2).

The polynomial ax? + bx? — x + 12 is denoted by p(x).

a  Giventhat (x —3) and (x+1) are factors of p(x), find the value of ¢ and the value of b.

b  When g and b take these values, find the other linear factor of p(x).

(2]
131

[41
11

151

141
12}

131
131

14

(21
14

121
141

14
12
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Chapter 1: Algebra

The polynomial 6x3 + x? + ax — 10, where a is a constant, is denoted by P(x). It is given that when
P(x) is divided by (x -+ 2) the remainder is 2.

a Tind the value of @ and hence verily that (2x + 1) 1s a factor of P(x).

b When « has this value, solve the equation P(x) = 0.

The polyriomial 2x* + ax? + hx + 6 is denoted by p(x).
a Giventhat (x+2) and (x—3) arc factors of p(x), find the value of ¢ and the value of b.

b When « and b take these values, factorise p(x) completely.

The polynomials P(x) and Q(x) are delined as:

P(x) = 2% +ax? +b and Q(x) ="+ bx? +a.
It is given that (x —2) is a factor of P(x) and that when Q(x) is divided by (x + 1) the remainder is ~15.
a  Find the value of @ and the value of b.

b When ¢ and b take these values, find the least possible value of P(x) — Q(x) as x varies.

The polynomial 5x* ~ 13x% + 17x - 7 is denoted by p(x).
a Find the quotient when p(x) is divided by (x - 1), and show that the remainder is 2.

b Hence show that the polynomial 5x* —13x? + 17x -9 has exactly onc real root.

The polynomial 4x* + kx? - 65x + 18 is denoted by f(x).

a Given that (v +2) is a factor of f(x), find the value of k.

b Wheun & has this value, solve the equation f{x) = 0.

¢ Write down the roots of f{x?) = 0.

The polynomial 2x* - 5x? + ax + b, where a and b are constants, is denoted by (). It is given that when
f(x) is divided by (x +2) the remainder is 8 and that when f(x) is divided by (x — 1) the remainder is 50.

a Find the value of ¢ and the value of 6.

b When o and b have these values, find the quotient and remainder when f(x) is divided by x? - x + 2.

131
4l

14t
131

14
131

121
4
1

(51
3]

The polynomial 2x* - 9x? + ax + b, where ¢ and b are constants, is denoted by flx). It is given that (x +2)isa

factor of f{(.v), and that when f(x) is divided by (x +1) the remainder is 30.
a Find the value of ¢ and the value of 5.

b When a and b have these values, solve the equation f{x) = 0.

The polyromial x* +3x? + 4x + 2 s denoted by f{x).
i Find the quotient and remainder when f(x) is divided by x? + x ~ 1.

i Use the factor theorem to show that {x +1) is a factor of f(x).

51
14]

14
12}
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23 The polynomial 4x% + ax® +9x + 9, where a 1s a constant. is denoted by p(x). It is given that when p(x) is
divided by (2x —1) the remainder is 10,

i Find the value of g and hence verify that (x —3) is a factor of p(x}. 13]

ii  When « has this value, solve the equation p(x) = 0. {4]

Cambridge International AS & A Level Mathematics 9709 Paper 21 Q5 November 2011

@ 24 The polynomial ax® —35x? + bx + 9, where a and b are constants, is denoted by p(x). Tt is given that (2x + 3)
is a factor of p(x), and that when p(x) is divided by (x+1) the remainder is 8.

i Find the values of ¢ and b. 151
ii  When ¢ and b have these values, factorise p(.x) completely. 131

Cambridge International AS & A Level Mathematics 9709 Paper 21 Q4 June 2013






Logarithmic and exponential functions

In this chapter you will tearn how to:

® understand the relationship between logarithms and mdices. and use the laws of logarith
(excluding change of base)
understand the definition and properties of ¢* and In x, including their relationship as inverse
functions and their graphs
use logarithms to solve equations and inequalities in which the unknown appears in indices
use logarithms to transform a given relationship to linear form, and hence determine unknown
constants by considering the gradient and/or intercept.
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PREREQUISITE KNOWLEDGE

= i

Where it comes from What you should be able to do

IGCSE / O Level Mathematics Use and interpret positive, ! 1 Evaluate,

negative, fractional and zero | a 52
indices. R
b 83

c 7

IGCSE / O Level Mathematics Use the rules of indices.

i ‘2 Solve 3

'3 Simplify.

2% =2,

What is a logarithm?

At IGCSE / O Level we learnt how to solve some simple exponential equations. For
example, 32%. = 2 can be solved by first writing 32 as a power of 2. In this chapter we will
learn how to solve more difficult exponential equations such as @* = b wherc there is no
obvious way of writing the numbers 4 and b in index form with the same base number.
In order to be able to do this we will first learn about a new ly'pe of function cailed the
logarithmic function. A fogarithmic function is the inverse of an exponential function.

At IGCSE / O Level we learnt about exponential growth and decay and its applications

to numerous real-life problems such as investments and population sizes. Logarithmic
functions also have real-life applications such as the amount of energy released during an
earthquake (the Richter scale). One of the most fascinating occurrences of logarithms in
nature is that of the logarithmic spiral that can be observed in a nautitus shell. We also see
logarithmic spiral shapes in spiral galaxies, and in plants such as sunflowers.

2.1 Logarithms to base 10
Consider the exponential function {(x) = 10*.

To solve the equation 10° = 6, we could make an estimate by noting that 109 = 1 and
10! = 10, hence 0 < x < 1. We could then try values of x between 0 and 1to find a more
accurate value for x.

»l) FAST FORWARD

You will encounter
logarithmic functions
again when studying
calculus in Chapters 4,
Sand 8.

Explore the Exponentials
and logarithins station

on the Underground
Mathematics website.

The graph of y = 10% could also be used to give a more accurate value for x when 10% = 6.
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From the graph, x = 0.78.
There is, however, a function that gives the value of x directly:

If 10¥ = 6 then x = log,, 6.

logyo 6 is read as ‘log 6 to base 10”.

; log,y 6 can also be
log is short for logarithm, i written as log 6 or 1g6.

On a calculator, for logs to the basc 10, we use thef\l'__(@ or llg) key.
Soif 10" =6
then x =log6

x = 0.778 to 3significant figures.

£) Kev POINT 2.1

The rule for base 10 is:

If y=10" then x =logyy »

¥ 10Y
This rule can be described in words as: e
logq » is the power that 10 must be raised to in order to obtain y yEx
For example, logy, 100 = 2 since 100 = 107, ¥ logyex

y = 10" and "» = loge x are inverse functions.

x
27

Wesay that v = 10" < v = logy ).

This is read as: 3 = 10° 15 equivalent to saving that v = log, ».

EXPLORE 2.1

1 Discuss with your classmates why each of these two statements is true.

( logipt0" =xforxe R ) ( 10%80 ¥ = x for x > 0)

2 a Discuss with your classmates why each of these two statements is true.

( logo 10 :D logjpl = 0)

b Discuss what the missing numbers should be in this table of values, giving
reasons for your answers.
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WORKED EXAMPLE 2.1

a Convert 10¥ = 58 to logarithmic form.

b Solve 10¥ = 58 giving your answer correct to 3 significant figures.
Answer

a DMethod 1

10" = 38

Step 1: ldentify the base and mdex s basc = [0 index = v
Step 2: Start to write in log form » x=logy ?
Step 3: Complete the log form ey o= Ogy B4

L0V = 88 ¢ v = logy 58

Method 2
logy 10 = log38 Take logs to base 10 of both sides.
X = log S8 Use logyy 10" = x.
b 1Y« S8
X o= log 58
v 170

WORKED EXAMPLE 2.2

a Convert logyx = 3.5 toexponential form.

b Solve log;y » = 3.5 giving your answer correct to 3 signilicant figures.

Answer
a Method 1

logyy = 3.5

Step 11 Identity the base and index e base = 10, indox = 3.5

Step 2: Start to write in exponential form -

Cambridge International AS & A Level Mathematics: Pure Mathematics‘i &3 *"“i R

© In log form the index is |
i always on its own and
the base goes at the

. base of the logarithm.

' Inlog form the index is !
always on its own.
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Step 3: Complete the exponential form o, v = 108
logip v L5 e v o= 107
Method 2

g x = 1.5 Write each side as an exponent

) . of 10.
IO RKERN VIR

A (A Use 101985 ¥ = 5

b logpn v o= 35
SRl
Vo 3160

Find the value of:
a log, 10000 b log, 0.0001 ¢ logyy 1000/T0.

Answer

a  logp 10000 = joga LOF

b log, 0.0001 = Tog,, 10~

¢ o, 10000 = Jog,, 10

Write 10000 as a power of 10, 10000 = 10, .
29

Write 0.0001 as a power of 10, 0.0001 = 10~ .

Write 100010 as a power of 10.

100010 = 107 x 1093 = 1035,

1 Convert from exponential form to logarithmic form.

a 10° =100 b 10¥ =200 ¢ 10 =005

2 Solve each of these equations, giving your answers correct to 3 significant figures.
a 108 =352 b 10% = 250 ¢ 10" =048
3 Convert {rom logarithmic form to exponential form.

a logg 10000 = 4 b logpex=12 ¢ logyy=-06

4 Solve each of these equations, giving your answers correct to 3 significant figures.

a IOgm x =1.88 b logm x =276 C l()gm x=-14
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@ 5 Without using a calculator, find the value of:

a Iogl() 100 b lOgN) 0.0001 C logm( 10410 )
Y Ty 100

d logl 310 o VGY f logl —=
0&0(«/ ) e 103,(,(10(«/10) f logm( 1500

6 Given that the function T is defined as f: x +» 10¥ -3 for x e R, find an
expression for f71(x).

@ 7 Given that p and g are positive and that 4(logye p)* + 2(logio g)? =9, find the
greatest possible value ofp.

2.2 Logarithms to base a

In the last section you learnt about logarithms to the base of 10.

The same principles can be applied to define logarithms in other bases.

£) KEY POINT 2.2

If y=a" then x = log,y
log,a =1 log,1=0

log,a* =X g8 = x

The conditions for log, x to be defined are:

e a>0and a=#1
e x>0

We say that y = a* & x = log, ».

WORKED EXAMPLE 2.4

Convert 5 =125 to logarithmic form.

Answer

Method 1

§P =125

Step 1: Identity the base and index e base = 3, mndex = 3
Step 2: Start to write in log (orim S 3= logy

Step 3: Compilete the fog form e 3= logs 125

5% . 125 & 3 = logs 125

Method 2
§4 =125
logs §° = logs 125 Take logs to base 5 of both sides.

3 dogs 125 Use logs 5* = x.

@) wes LINK

Try the See the
power resource on
the Underground
Mathematics website.

* In log form the index is

. always on its own and

. the base goes at the
base of the logarithm.
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WORKED EXAMPLE 2.5

Convert logy x = 2.5 to exponential form.

Answer

Method 1
logyx = 2.5
Step I: Identify the base and index — base = 3. index = 2.5

Step 2: Start to write in exponential form R 3 =7

Step 3 Complete the exponential form R ey ; :
! In log form the index is i

logyx = 2.8 e 3% = i ) : :
- ‘ - always on its own. !
Method 2 " '

I
L

fogav = Write each side as an exponent of 3.

3‘03;, Vo }f‘,\ Use 310g, X =y

X o= 3

Find the value of:
1

a IOgQ 16 b 10g3 §
Answer

a log, 16 = Write 16 as a power of 2, 16 = 24,

LT ol | )
b log, 5 logy 3 Write g #sa power of 3, 3= 3™
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WORKED EXAMPLE 2.7

Jp
Simplify logx( £ ) .

. x
Answer

3

Y

Write —— as a power of x.
x

1 Converl from exponential form to logarithmic form.

1 1
5t = b 2'= 35— d 27V =
2 = 16 ¢ 203 1024
e 8 =15 f =6 g a"=c h x¥* =7
2 Couvert from logarithmic form to exponential form.
a log8=3 b log81 =4 ¢ loggl=0 d logd=1
e logg2= 1 f logay=4 g log,1=0 h log,5=vy
32 3
3 Solve.
a logyx=13 b logix=2 c logyx=0 d log,49=2
4 Solve.
a logs(x+5)=2 b log,(3x-1)=35 c log,(7-2x)=0
5 Find the value of:
a logy27 b loge36 c logs2 d log, 0.125
\2
3 3
e ]og4(11—6) f logs(5V3) g log{{'—j h Iog7[—\/7—zj
6 Simplify.
a log,~? b log, ¥x ¢ log,(x*/x) d log, ——1—4-
X

o

2 "y 2y
e log_x(%—f) f log,‘(\/.—v?) Iogv‘(?/%) h log‘\,("}?)

7 Given that the function f is defined as f: x > 1+ loga(x — 3) forxe R, x>3
find an expression for f7H(x).

@ 8 Solve.

a log(logyx) = -1

b Jogg 235 = x7
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DD o (log:8)  (logy20)  (logsd) (o)  (logd  (logd @) weB LINK

Without using a calculator, arrange these logarithms in ascending order.

Try the Logarithm
lattice resource on
the Underground

Mathematics website.

Add some more logarithms of your own in the correct position in your ordered list.

1 Prya and Hamish are asked what they think log;q12 + logq 4 simplifics to.
Prya says that: Che V2wlog s el 010 E D st T
Hamish says that: v, "2 b=l o120 i="0 00
Use a calculator to see who is correct and check that their rule works for other
pairs of numbers.

2 Can you predict what log)y 12 ~ logy 4 simplifies to?

Use a calculator to check that you have predicted correctly and check for other
pairs of numbers.

2.3 The laws of logarithms

If x and y are both positive and ¢ >0 and « # |, then the following laws of logarithms can

be used. .
33

KEYPOINT2.3 .

Multiplication law Division law Power law
log,(x1) = log, v +log, v log,,{ % ) = log, x —log, v log, (x)" = log, x
! :
Proofs:
Multiplication law Division law Power law
IOg“ (’”) X ]()ga().')m
1 . | . 1Oguk -
= log, (a8 ¥ x g'ot. 1) ¥ - ]Og“((alog‘, X ym )
- log » + log, » log, ¥ ‘
= log, (% * T ) = Iogu( . ) = log, (a8 ")
= IOgu X+ lOgu Y @kt

= mlog, x
- log”(alog, x ~ log, » )

= lOgu X - IOgn ¥

Using the power law, log,,( i) = log, x7!
X

= - log, x

&
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Another useful rule to remember:

£) KEY POINT 2.4

R
log,,( < ) =-log, x

WORKED EXAMPLE 2.8

Use the laws of logarithms to simplify these expressions.

a logy3+logys b log;8-log;4 ¢ 2logs2 +logs3
Answer

a log>3+logy s b log 8~ log,4 C
T N B Qo .
= 03X 5) . }Ug,;( ?; \] =
= loga 1) VA

= log; 2
WORKED EXAMPLE 2.9
Given that log, p = x and logs g = y, express in terms of x and/or y
5 2 3 64
a logs p° ~logyq” b logy/p +5loga¥gq c logy > )
Answer
? o . - [ (4 \‘

a log, p” -~ logyq- b log, Jp + Stogy Jy c logy P i

= Sogg p-2log.y 1 o 3, l\ "
- 3 3ok = QR i 1 Ve lGog
=Sy -2y 5 Ogy ] 3 Vg Y Ofy foga p
. l < - } -\
Pt } v
1 Write as a single logarithm.
a log:7+logy1l b logs20 - logs4 ¢ 3logs2 —logs4
d 2log38—5log;2 e 1+2log,3 f 2-logy2
2  Write as a single logarithm, then simplify your answer.
¢ log, 60 ~logy 5

a log,40 ~logy s b loge 20 + loge 5
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3 Simplify.

a 3log52+%~log536—10g512 b %log38+-;—log318al
4 Express 8 and 0.25 as powers of 2 and hence simplify - logs §_
Xpress 8 ¢ 25asp 22 simplify logs 025
5 Simplify.
log, 27 b log; 128 logy 25 logs 1000
log, 3 logs 16 log; 0.04 logs 0.01

6 Given that logg v = logg(v — 2) — 2 logg x, express y in terms of x.
7 Given that loga(z - 1) ~ logy z = 1 -+ 3 logs v, express z in terms of .

8 Given that y = logs x, find in terms of y:

a x b logs(25x) c logg(%{;] d log, 125
9 Giventhat x = logy p and p = log, ¢, express in terms of x énd/or ¥

a  logq(64p) b Iog{j)

¢ py d logs p* - logs(4Jq)

10 Given that log, x = 7 and log, y = 4, find the value of:

X \/T D e )
= b log,| = log, { x*\/y d log,| J
a Iogl,[ )'j og‘[ " J ¢ log (x NA ) g (%/T

@ u

i ~log; 5 logs 2 - log, 5

@) wes LINK

yoob | 2logas - 3logs2 —_—

Try the Sununing to
one and the Factorial
Sfragments resources

on the Underground
Mathematics website,

The number in the rectangle on the side of the triangle is the sum of the numbers

at the adjacent vertices.

For example, x + y = - log, 5.

Find the value of x, the value of v and the value of =.

2.4 Solving logarithmic equations
We have already learnt how to solve simple logarithmic equations. In this section we will
learn how to solve more complicated equations.

Since log, x only exists for x>0 and for a>0 and « # I, it is essential when solving
equations involving logs that all roots ate checked in the original equation.
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WORKED EXAMPLE 2.10.

Solve:

a 2logg(x +2) =logg(2x +19) b 4log.2-log,4=2
Answer

a Use the power law.

Use equality of logarithms.

Expand brackets.

235 s detived

Check when v e 3 2logg(n 223 - 2Hogg 5 = Loy
fooe(Pa + 19) = log 25 15 deflined.

So v o= 3 s asolution, since both sides of the equation are defined and equivalent mvadue,

Cheok when v =50 Jaggiv+ 2b e Zoged3) s notdefined
a So v = -5 s net a solution of the original cquation
Hence, the solutionis x = 3 ’
b dlog, 2oy, 4 =2 Use the power law.
fop, 2% log, 2% =2 . Use the division law.
fog, 2477 = 2
log, 27 =2
log, 4= 2 Convert to exponential form.
=4
vkl

Since logarithms only exist jor positive bases, v+ =2 is not a solution,

Cheek whien v =2 dlog, 2 logs 4 =4 2log,?
£ ¥ 52

So v = 2 satistics the original equatiow

Hence, the solution s x = 2
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Solve.
a logsx +logs3 = logs 30

¢ logz(2-x) +log, 9 = 2 log, 8

Solve.’
a logp(2x +9)~log)p5 =1
¢ loga(5-2x)=3+logy(x+1)

Solve.
a  logyx +logy(x—1) = log; 20

¢ 2logyx—tlogy(x=2) =2

Solve.

a log,40 -log,5=1

¢ log,25-2log,3=2
Solve.

a (logax)? ~8logyx+15=10

¢ (Jogsx) + logs(x?) = 10

Solve the simultaneous equations.

a xp =8l
log, y =3

€ logy(x—y)=2logyx
logs(x+ y+9)=0

Given that log;y(x*y) = 4 and logm(

X

J

EN

3

logsdx — log,2 = logy7
logjo(x —4) = 2 logy 5 + log;y 2

logy2x — logy(x ~ 1) =2
logs(2x = 3) + 2 logs2 = | + logs(3 - 2x)

logs(x - 2) + logs(x — 5) = logs 4x
3+2log; x = logy(3-10x)

log, 36+ log, 4 =2
2log,32=3+21log,. 4

(logyg x)7 = logyp(x?) = 3
4(logy x)* - 2 loga(x?) = 3

4 =
3logig v = logy x + logyy 2

logip x = 2logy »
lOgm(ZA\’ - ]7)’) =2

) = 18, find the value of logyy x and of logyy ».
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2.5 Solving exponential equations

At IGCSE / O Level you learnt how to solve exponenlial equations whose terms could
be converted to the same base. In this section you will learn how to solve exponential
equations whose terms cannot be converted to the same base.

WORKED EXAMPLE 2.11

Solve, giving your answers correct 10 3 significant figures.

a 52.\'+I =7 b 32.\‘ — 4,\‘+5
Answer
a St =T Take logs to base 10 of both sides.
Jog 5% = log7 Use the power rule.
Oy + D logs=log7 Expand the brackets.
2xtogs+logs = log7 Rearrange to find x.
_log? ~logd
T T ogs

v o 0105 10 3 significant figures.
b 320 L gis Take logs to base 10 of both sides.

fog 3 = logd*"? Use the power rule.

2xlogd = (v +5) logd Expand the brackets.
2xlogd = alog4 + Slogd Collect x terms on one side.
x(2log3 - logd) = Slogd Divide both sides by {2log3 — log4).
AT
X

WORKED EXAMPLE 2,12

Solve the equation 2(32) + 7(3%) = 15, giving your answers correct to 3 significant figures.

Answer
AP T3 - 15 =0 Use the substitution ) = 3%
27+ 7y -1 =0 Factorise.

(2y = 3)0r+5) =0

p=1.5 ory= -5
When v = 1.5
A= Take logs of both sides.
vlogld =
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When 1= =5

3= S There are no solutions to this equation since 3*
is always positive,

Hence. the solutionis v = (L369 1o 3significant fignres,

1 Solve, giving your answers correct to 3 significant figures.
a 5" =18 b 2% =235 c 3 =38 d 2% =25
e 35290 f 3Y = pxtl g §x+3 _ 74-3x h 413 = 3x-2
Po2¥=2(5%) j 4Y=7(3Y) ko 2 =3(5%) 1 52%7%) =43
2 a Showthat 2" + 6(2%"1) = 12 can be writtenas 2(2%) + 3(2¥) = 12.

b Hence solve the equation 2¥*! + 6(2%1) = 12, giving your answer correct to
3 significant figures.

3 Solve, giving your answers correct to 3 significant figures.

a 2242 =22 b 3% = 3wl 432 c 27 g5 ) =28

d 5" +5 =572 e 4 =44 f 3232 =5
4 Use the substitution 3 = 2" 1o solve the equation 2%¥ + 32 = 1 2(2%).
5 Solve, giving your answers correct to 3 significant figures.

a 52 -5(5%)+6=0 b 22 +5=6x2"

¢ ¥ =6x3"+7 d 4% +27 =12(4Y)

6 Use the substitution u = 2% to solve the equation 22% — 5(2**1) + 24 = 0.
7 Solve, giving your answers correct to 3 significant figures.
a 22 -2v1.35=90 b 3 -3vl=q0
¢ 2A5)-5" =16 d 427 = 17(4%) - 15
8 Solve, giving your answers correct to 3 significant figures.
a 4" +2¥-12=0 b 3(16%)~-10(4")+3=0
¢ 4T +15=402) d 209) =3 +27
9 Foreach of the following equations find the value of —“ correct to 3significant figures.
a =7 b 77 =7y ’ c 47 =3%
10 Solve the equation x*° = 20x"%, giving your answers in exact form.

11 Solve, giving your answers correct to 3 significant figures.

a |47 -8|=2 b [237)-4|=38
¢ 32 -s5|=2 d |3 +4]=|3 -9
e [5(2%)+3] =527~ 10| Fo2v2+1]=[2"+12
g 3l=6(31)+16 h gl s (2l g
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@ 12 Given that 24} x 327 = 8* x 3% 2 find the value of:
a 6 b x

Try the To log or not
to log? resource on
the Underground
Mathematics website.

@ 13 Solve the equation §(8* Loy = 7(4Y - 2%+,

2.6 Solving exponential inequalities

To solve inequalities such as 2* >3 we take the Jogarithm of both sides of the inequality.
We can take logarithms to any base but care must be taken with the inequality symbol
when doing so.

e If the base of the logarithm is greater than 1 then the inequality symbol remains the same.

e If the base of the logarithm is between 0 and 1 then the inequality symbol must be
reversed.

This is because y = log, X is an increasing function if a >1 and it is a decreasing

function when 0 <a <l

Hence, when taking logarithms to base 10 of both sides of an inequality the inequality
symbol is unchanged.

It is also important to remember that if we divide both sides of an inequality by a negative
number then the inequality symbol must be reversed.

 WORKED EXAMPLE2.13

Solve the inequality 0.6% < 0.7, giving your answer in terms of base 10 logarithms.

Answer
0.6% < 0.7 Take logs to base 10 of both sides, inequality
symbol is unchanged.
log 0.6% < log 0.7 Use the power rule for logs.
X log 0.6 < lop 0.7 Divide both sides by log;e 0.6.

, Jop 07

Y log 0.6 is negative so the inequality symbol is
o V.G

reversed.

N e (.69% (correct to 3 significunt figures)
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Solve the incquzllii)‘ 4 x 321 > 5 giving your answer in terms of base 10 logarithms.

Answer

4x 35 Divide both sides by 4.

Take logs to base 10 of both sides and use the
5 power rule,
(2x -1 log3 > log =

Expand brackets.

q
(2log3) x ~log 3= log ; Rearrange.
5
log ™ + log 3
Nl —74 — Simplify.
2logd
log =~
R AR— . -
logd
1 Solve the inequalities, giving your answer in terms of base 10 logarithms.
a 2<5 b 527 c (%) >3 d 08" <0.3
2 Solve the inequalities, giving your answer in terms of base 10 logarithms.
3-x
! S5Y™
a 8 <10 b 35120 € 2x5%1<3 d 7><[6J >4

3 Solve 5¥ >2%, giving your answer in terms of logarithms.

[5)
log| ==
© 4 Prove that the solution to the incquality 321 x 2% =5 g x>\ 2/
oo 2)
w @ In this question you are not allowed to use a calculator. 8.

wr

You are given that logyy 4 = 0.60206 correct to 5 decimal places and that
]00.2(16 < 2.

a Find the number of digits in the number 4109,

b Find the first digit in the number 417,
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2.7 Natural logarithms

There is another type of logarithm to a special base called e.
The number ¢ is an irrational number and e = 2.718.

The function y = ¢ is called the natural exponential function,
Logarithms to the base of e are called natural logarithms,

In x is used to represent log, x.

£) KEVPOINT 2.5

iIf y=¢* then x =Iny

The curve y = Inx is the reflection of y =e" intheline y = X,
y=Inx and y=e" areinverse functions.

All the rules of logarithms that we have learnt so far also apply for natural logarithms.

We say that y =¢* & x = log, .

The Scottish mathematician John Napier (1550--1617) is credited with
the discovery of logarithms. His original studies involved logarithms to

the base of l
e

~

The number e is also known as Euler’s number. [t is named after Leonhard Euler (17071 783), who
devised the following formula for calculating the value of e
1 | 1 1

I
=l+-+—0+ -+
¢ Tt T P Txaxs T Tx2x3%4  Ix2x3x4x5

i) FAST FORWARD

The number ¢ 1s a very
important number in
Mathematics as it has
very special properties.
You will learn about
these special properties
in Chapters 4 and 5.
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1 Use a calculator to evaluate correct to 3 significant figures:

a ¢ b e’ c 08 d e

2 Use a calculator to evaluate correct (o 3 significant figures:

a In3 b Inld ¢ n0.9 d in0.15

%"’% 3 Without using a calculator, find the value of:

a ehn? b ¢ 3 o9 ¢ Seho d ¢"2
4 Solve.
a ¢"=5 b Ine* =15 ¢ o =64 d e =3
5 Solve, giving your answers correct to 3 significant figures.
a e' =18 b ¢ =25 c el'=3§ d =16
6 Solve, giving your answers in terms of natural logarithms.
a e =13 b =7 ¢ el= 4 ™oy
7 Solve, giving your answers in terins of natural logarithms.
a e >10 b ™2 =35 ¢ Sxce™tigg
8 Solve, giving your answers correct to 3 significant figures. '
a Inxy=95 b Inx=-4 ¢ In(x-2)=6 d InCx+1)=-2
9 Solve. giving your answers correct to 3 significant figures.
a In3-x")=2Inx b 2In(x+2)-Inx =In2x-1)
¢ 2l(x+1)=m(2x+3) d In2x+1)=2Inx+In5
e In{x+2)~-Inx=1 f In2+x%)=1+21Inx

10 Express y in terms of v for each of these equations.

a 2In{y+1)~Iny=In(x+ y) b In(y+2)-Iny=1+2lnx

11 Solve, giving your answers in exact form.
a eM+2e -15=0 b ¢ ~Se'+6=0

¢ 6713k =5=0 d et -2l =4
12 Givea that the function fis defined as £ : x = S¢¥+ 2 for v € B, find an expression for f~!(x).
13 Solve 2In(3-¢?') = 1, giving your answer correct to 3 significant figures.

14 Solve the simultaneous equations, giving your answers in cxact form.

0 6

a8 2Inx+Iny=1+In5 b ¥ 2 2p2vy

Inl0x-Iny=2+1In2 eIy = gty

@ 15 Solve In(2x + 1) = In(x + 4).
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2.8 Transforming a relationship to linear form

When we collect experimental data for two variables we often wish to find a
mathematical relationship connecting the variables. When the data plots on a graph lie
on a straight line the relationship can be easily found using the equation y = mx +¢,
where m is the gradient and ¢ is the p-intercept. It is more common, however, for the
data plots to lic on a curve.

Logarithms can be used to convert some curves into straight lines.

This is the case for relationships of the form y = kx" and y = k(a*) where k, a and n are
constants.

Logarithms to any base can be used but it is more usual to use those that are most commonly
available on calculators, which are natural logarithms or logarithms to the base 10.

WORKED EXAMPLE 2.15

Convert y = ae®, where « and b are constants, into the form Y = mX +c.

Answer
b ™

Taking natural logasnithuns of both sides gives:

l“}' s h"‘i’{}(‘f“)

oy e e e ne™
u Iy s e + by

by e hxob Ina

Now compare lny = hx+lInu with ¥ =md +c
(_[n,y‘ =6 Q)+ Ina
L A

Y o= om Ao o
The non-imear cquation y = ac” becomes the lincar equalion:

Y o= 4 owhere YVoslng, Xosa, m=boand o= Ina

It is important to note:

e The variables X and Y in ¥ = mX + ¢ must contain only the original variables x and y.
(They must not contain the unknown constants a and b.)

e The constants m and ¢ must contain only the original unknown constants a and b. (They
must not contain the variables x and y.)

(E B WORKED EXAMPLE 2.16

The variables x and p satisly the equation y = a (e"""!), where ¢ and b are ny A

constants. The graph of Iny against x? is a straight line passing through the

. . . 0.55,0.84)
points (0.55, 0.84) and (1.72, 0.26) as shown in the diagram. (172,026,
Find the value of « and the value of & correct to 2 decimal places. T

<V
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Answer
v 0
Taking natural logarithms of both sides gives:
]n;. = i e 1,,‘)
];\‘y - e+ h\':) by
s e — i

Inv = by s e

Now compare i v = ol 5 g with Vs Y + o

N . 026 - 0%
Gradient = i
D

Do 0A9ST
) DID YOU KNOW?

IR
WA 00 0 2 decimal places When one variable on
Using 3 oomY ol V= 055 = 084 and mr == 04937 a graph is a log but the
O8R4 = 04957 % 0.55 ¢ other variable isnota
e L6 log, it is called a semi-
e e U116 log graph. When both
L1126 variables on a graph
e are logs, it is called a
Hence ¢ = 304 and 5 = 0.50 102 decimal places, log-log graph.

S 10 20 40 80
2593 | 1596 | 983 60S 3N

The table shows experimental values of the variables x and y.

a By plotting a suitable straight-line graph, show that x and y are related by the equation y = & < x”, where
k and n are constants.

b Use your graph to estimate the value of & and the value of 7.

Answer

a y=hxa Take natural logarithms of both sides.
Iny = Infh x 1) o

" e Use the multiplication law.
Iny=Ink+t Iny"

my=nny+Ink Use the power law.
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Now compare loyp = alny+1Ink with ¥ o= mX +

@) E T @§D+ Jink
T

Y won b

Hence the graph of Iny against Inx needs Lo be drawn where:
e pradient = g
@ intercept on vertical usls = ik

Table of values is

230 | 300 | 3.69 | 438
738 | 689 | 641 5.92

H T T T T > Inx
0 1 2 3 4 s

The points form an approximate straight Jine. so v and y ave related by t

=
(&3

equation v = A X x".
592~ 7,86
4.38 ~ 1.€1

In A = intercept on vertical axis

b n = gradiem = = (070 to 2 significant figures.
Ink ~9
9

ko=e

k= 8100 to 2 significant fgures.

) DID YOU KNOW?

4

The distributions of a diverse range of natural and man-made
phenomena approximately follow the power law y = ax”. These
include the size of craters on the moon, avalanches, species
extinction, body mass, income and populations of cities.




Chapter 2: Logarithmic and exponential functions

1 Given that ¢ and b are constants, use logarithms to change cach of these non-linear equations into the form
Y = mX +c. State what the variables X and Y and the constants n and ¢ represent. (Note: there might be -
more than one method to do this.)

a y= eu.nb b y= loa,r-wb c V= a(-\."/i) d y= ll(h‘)
e e a=e"th foxiyh =38 g xa"=b h  y=a(e™)
2 The variables x and y satisfy the equation y = g x x". where @ and n are Iny

constants. The graph of Inp against Inx is a straight line passing through ‘r

the points (0.31, 4.02) and (1.83, 3.22) as shown in the diagram. Find the value

Lo . 0.31,4.02)
of a and the value of n correct to 2 significant figures. -
83.3.22)

—3 In x

o]
. N . e} I !
3 The variables x and y satis{y the equation y = k x "2 where k and » l}\‘
arc constants. The graph of Iny against x is a straight line passing through
the points (1, 1.84) and (7, 4.33) as shown in the diagram. Find the value of k (7,4.33)
and the value of # correct to 2 significant figures,
(1, 1.84)

4 Variables v and y are related so that, when logy, 1 is plotted on the vertical axis and x is plotted on the
horizontal axis, a straight-linc graph passing through the points (2, 5) and (6, 11) is obtained.

a Express logy ¥ in terms of x.
b Express y in terms of x, giving your answer in the form v=ax 105,
5 Variables v and y arc related so that, when In p is plotted on the vertical axis and Inx is plotted on the
horizontal axis, a straight-line graph passing through the points (2, 4) and (5, 13) is obtained.
a Express Iny interms of x.
b Express y in terms of x.
6 The variables v and y satisfy the equation 5 = 32**!. By taking natural logarithms, show that the graph

of Iny against Inx isa straight line, and find the exact value of the gradient of this line and state the
coordinates of the point at which the line cuts the y-axis.

7 The mass, m grams, of a radioactive substance is given by the formula m = mye™*, where 1 is the time in days
after the mass was first recorded and nyy and k& arc constants.

The table below shows experimental values of 7 and »r.

20 30 40 50
335 | 274 | 225 | 184

a Draw the graph of Inm against ¢.
b Use your graph to estimate the value of mgand k.

¢ The half-life of a radioactive substance is the time it takes to decay to half of its original mass. Find the
half-life of this radioactive substance.
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8 The temperature, T °C, of a hot drink, ¢ minutes after it is made, can be modelled by the equation
T =25+ ke~ where k and n are constants. The table below shows experimental values of r and 7.

2 4 6 8 10
633 | 577 | 528 | 487 | 45.2

a Convert the equation to a form suitable for drawing a straight-line graph.
b Draw the straight-line graph and use it to estimate the value of k and n.
¢ Estimate:

i theinitial temperature of the drink

i the time taken for the temperature to reach 28°C

iii the room temperature.
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The rules of logarithms
If y=a" then x=log, »

log,a=1 log,1=0, log,a’ = x, 4le-* = x

Product rule: ‘Iog,,(w) =log, x+log, 1

Division rule: log, —:—] = log, x — log, »

AN

Power rule:  log,(x)" = mlog, x

N
Special case of power rule: log,,( % J = —~log, x

Natural logarithms
Logarithms to the base of e are called natural logarithms,
e =2718

In x is used to represent log, x.

If y=¢* then x=1Iny.
All the rules of logarithins apply for natural logarithms.
Transforming a relationship to linear form

® Logarithms can be used to convert relationships of the form y = &x" and y = k(a‘). where
k., a and n are constants. into straight lines of the form Y = mY + ¢, where X and ¥ are
functions of x and of y.
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HOW N e

Solve the inequality 2¥ > 7, giving your answer in terms of logarithms. 2
Given that Inp = 2lng — In(3 +¢) and that ¢ > 0, express p in terms of ¢ not involving logarithms. 13}
Solve the inequality 3 x 2%*2 < §, giving your answer in terms of logarithms. (4

Use logarithms to solve the equation
S,\'+3 — 7\‘—1
giving the answer correct to 3 significant figures. 14]
Cambridge International AS & A Level Mathematics 9709 Paper 21 Q1 November 2015

Solve the equation 6(4Y)—11(2%) + 4 = 0, giving your answers for x in terms of logarithms where appropriate.

15}
Solve the equation In(5x +4) = 2Inx + In6. I51
Iny
A
(6,10.2)
©,2.0) -
0 Tnx

The variables x and y satisfy the equation y = Kx", where K and m are constants. The graph of Inp against
In x is a straight ling passing through the points (0, 2.0) and (6, 10.2), as shown in the diagram. Find the values
of K and m, correct to 2 decimal places. {51

Cumbridge International AS & A Level Mathematics 9709 Paper 21 Q3 June 2011

i Given that y = 2%, show that the equation
2Y+32) =4
can be written in the form
¥y —d4y+3=0. 13l
ii Hence solve the equation
2% +3(27°Y) =4,
giving the values of x correct to 3 significant figures where appropriate. 31

Cambridge International AS & A Level Mathematics 9709 Paper 21 Q5 June 2010
Given that (1.2)* = 6%, use logarithms to find the value of % correct to 3 significant f{igures. 131
The polynomial f(x) is defined by ‘
fix) = 12x% +25x7 —4x — 12,
i  Show that f{(-2) = 0 and factorise f{xx) completely. 14

i Given that 12 X 27% +25 x 9 — 4 x 3" — 12 = 0, state the value of 3" and hence find y correct to 3
significant figures. : [3]

Cambridge International A Level Mathematics 9709 Paper 31 Q4 June 2011
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@

11 Solve the equation l4 - 27 l = 10, giving your answer correct to 3 significant figures. 131
Cambridge International A Level Mathematics 9709 Paper 31 Q1 June 2012

12 Use logarithms to solve the equation e* = 32, giving your answer correct to 3 decimal places. 13]
Cambridge International A Level Mathematics 9709 Paper 31 QI November 2014

13 Using the substitution u = 3%, solve the equation 3* + 32¥ = 33 giving your answer correct to 3 significant
figures. I5]

Cambridge International A Level Mathematics 9709 Paper 31 Q2 November 2015
14 The variables x and y satisfy the equation 57 = 32v-¢,

a By taking natural logarithms, show that the graph of y against x is a straight line and find the exact value

of the gradient of this line. 13]
b This linc intersects the x-axis at P and the y-axis at Q. Find thc exact coordinates ‘
of the midpoint of PQ. [3]
15 Iny r
(3.1,2.1)
73
> X
0

The variables x and y satisfy the equation y = K (), where K and b are constants. The graph of In y against
x is a straight line passing through the points (2.3, 1.7) and (3.1, 2.1), as shown in the diagram. Find the values
of K and b, correct to 2 decimal places. (3]



Trigonometry

In this chapter you will learn how to:

s understand the relationship of the secant, cosecant and cotangent functions to cosine, sine
and tangent, and use properties and graphs of all six trigonometric functions for angles of any
magnitude
use trigonometrical identities for the simplification and exact evaluation of expressions and in
the course of solving equations, and select an identity or identities appropriate to the context,
showing familiarity in particular with the use of?
® sec2@=1+tan’@ and cosec?§=1+cot’ @
® the expansion of sin(4 £ B), cos(A + B) and tan(4  B)
® the formulae for sin2., cos24 and tan2A4
@ the expression of asin8+b cos® in the forms Rsin(@ + &) and Rcos(8 ).
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Chapter 3: Trigonometry

" “herc lt COmes from
i3

W hat you should be ahle to do

Chetk your skllls

E
0y

¢ Pure Mat])umdm,s 1

"1 letgh the graphs of these lumtlons

Skctch gmphq of thc sine, cosine and

Coursebook, Chapter 5 : tangent functions. for 0° =
H

| b

Pure Mathematics |

, l md exact \.\Iues of the sine, cosine and

Coursebook, Chapter 5 | tangent of 30°, 45° and 60" and related [ a sinl20°
{ angles. b cos225°
| c tanl50°

i

- x < 360°,

a y=2sinx+1

= tan(x - 90°)
¢ y= = cos(2x +90°)

2 Find lhe exact \alues of

Pmc Malhemanu 1
Coursebook. Chapter 5

j |
Solve trlgonometl ic equatlons using |

sm@
the identities tan@ = — and
cos

i
i3 Solvefor 0°s x <
: -a Ssinxy=3cosx

2¢cos? x —sinx = 1

< 360°.

Csint@+cos’O =1 | b

Why do we study trigonometry?

In addition to the three main trigonometrical functions (sine, cosine and tangent) there
are three more commonly used trigonometrical functions (cosecant, secant and cotangent)
that we will learn about. Thesc are sometimes referred to as the reciprocal trigonometrical
functions.

We will also learn about the compound angle formulae, which form a basis for numerous
important mathematical techniques. These techniques include solving equations, deriving
further trigonometric identities, the addition of different sine and cosine functions and
deriving rules for differentiating and integrating trigonometric functions, which we will
cover later in this book.

As you know, scientists and engineers represent oscillations and waves using trigonometric

functions. These functions also have further uses in navigation, engineering and physics.

3.1 The cosecant, secant and cotangent ratios

There are a total of six trigonometric ratios. You have already learnt about the ratios sine,
cosine and tangent. In this section you will learn about the other three ratios, which are
cosecant (cosec), secant (sec) and cotangent (cot),

The three reciprocal trigonometric ratios are defined as:

KEV POINT 3 ;

. This chapter builds on
the work we covered in
the Pure Mathematics 1 |
: Coursebook, Chapter 5.

Explore the
Trigonometry:

Compound angles
station on the
Underground
Mathematics website.

o cos @
cosecd = secH = cotf = = }
i Sin@ cos@ tanf ( sing
Consider the right-angled triangle:
sinf = R4 cosf = R tan@ = L L ,
i r X J
cosecd = = secl = — cotf== 6
¥y X ¥y X



The following identities can be found from this triangle:

v+ =t Divide both sides by x*.
2 2
4 ' T . .-
1+ (l) = (——) Use & = tan @ and -+ = secl.
X X kY
1+tan? @ = sec” 8
X2+ 3?2 =2 Divide both sides by 17
bl 2
; P i
Use == cotd and - =cosect.

x
v v

N
e
~

+

1]
N
SRR
~

cot?@ + 1 = cosec? @
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We will need these important identities to solve trigonometric equations later in this section.

1+tan® @ =sec? @

cot®> 8 + 1 = cosec? @

The graphs of y = sinf and y = cosec

y=sing

o Y T
j 90 180 270 360

The function y = cosec is the reciprocal of the function y =sin8.

¥z coser §

g
<
—
————
<
~
<
<
[
e camemmme Oh oo o - ———— - -
(=4

The function y =siné is zero when 8 = 0°, 180°, 360°, ..., this means that y = cosec @

. . 1. .
is not defined at each of these points because 6 is not defined. Hence vertical asymptotes

need to be drawn at each of these points.

¥
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The graphsof y = cos® and y = sec@

We can find the graph of y =sec8 in a similar way from the graph of y = cos®.

YA !
]
1 4
0 T —
90 180 270 360 6
-1
The graphs of y = tan@ and y = cot0
We can find the graph of y = cot@ from the graph of y = tan#.
A , YA
v fan @ r=coté
[}
0 : > o 7 %
90 180 270 360 € 90 270 360 0
1
]
1
! H
' WORKED EXAMPLE 3.1
Find the exact value of cosec 240°.
Answer
cosee 2407 = ..'], . y ‘r
sin 23H)” S A
o 240°
T sin60® /-
3 1 6010 “x
¢
J3
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WORKED EXAMPLE 3.2

Solve sec?x —tanx —3 =0 for 0°= x =< 360°

Answer

sec’ x ~tanx =3 =0 Use 1+tan® x =sec” x.
tan® v - tany - 2 = 0 Factorise.
(tan v — 2)(tanx + 1} = 0
tanx =2 or tany = -1
ny =2 = = 6347 (calculator)
or v o= 63.4%+ 1807 = 24340

wny =~ =y = 457 (not in required range)

ar v o= 1357 ¢ 1807 = 3157

The values of 1 oare 63,49, 1357 243 4% 3157,

1 Find the exact values of:
a sec60° b cosec45® ¢ cotl20° d sec300°
e cosecl3s® f cot330° g secl50° h . cot(-30°).
2 Find the exact values of:
2
a cosec I b cot™ ¢ sect d cotiyE
3 4 3
St n 4 T
e sec— f cosec—— cot — h sec|—— |
6 oy & o'y “( 6 j
3 Solve each equation for 0° < x =< 360°.
a secx=3 b cotx=08 ¢ cosecx =-3 d 3secx—-4=0
4 Solve cach equation for 0 < x <27,
a cosecx =2 b secx=-I ¢ cotx=2 d 2cotx+5=0
5 Solve each equation for 0° =< x <180°.
a cosecx =12 b sec2x=4 ¢ cot2xn=1 d 2sec2x =3
6 Solve each cquation for the given domains.
a cosec(x —30°) =2 for 0° < x =< 360° b sec(2x +60°) = —1.5 for 0° = x =< 180°

c cot(_x+%):2 for 0= x=<2n d 2cosec(2x~D=3 for —n<x=<mn
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7 Solve each equation for —180° < x = 180°,
a cosec’x=4 b sec’y=9 c 90012%x=4

d secx =cosx €  COsec.X =S$ecx f 2tanx =3cosecx

8 Solve each equation for 0° < 6 == 360°.

a 2tan’@-1=secd b 3cosec?0=13--cot8
¢ 2cot?f—cosech =13 d cosecO+cotB =2sind
e tan’@+3secf=0 f JIsec?B =cosecd

9 Solve cach equation for 0° < 8 < 180°.
a secd=3cosf —tand b 2sec?20 =3tan20 +1

¢ sec*9+2=6tan%@ d 2cot’20 + Tcosec26 =2

10 Solve each equation for 0 <6 < 2mx.

a tan’@+3secO+3=0 b 3cot’6+5cosecH+1=0

11 a Sketch each of the following lunctions for the interval 0 < x < 21,

. . e om
i y=Il+sccx ii y=cot2x iii y=2cosec| x - >
. | . n
iv y=1l-secx v y=Il+coscc Ex Vi y=sec|2x+ 7
b Write down the equation of each of the asymptotes for your graph for part a vi.
0 12 Prove each of these identities.
a  sinx+cosx cotx = cosecx b cosecx —sinx =cosx cotx
€ SCCX COSCCX — Cotx =tanx d (I+sccx)(cosecx —cotx) = tan x

o 13 Prove each of these identities.

1 . |
a — =5INX COSX b sec’x+secxtany = —
tanx +cot x l—-sinx
1—cos?x . 1+ tan®x
c : =1-sin? ¥ d —- 7 §EC X COSeC X
secx — 1 tan x
siny 1+ sinx 2
e < = COSeC X f————=={(tanx+sccx)
1—-cos~ x | -sinx
g L s ocosec?y h S5 COSY  osecx
l+cosxy |-cosx I+sinx l-sinx

@ 14 Solve each cquation for 0° < g =< [80°,

a 6sec’0—5sec?@~-8secO+3=0 b 2cot’@+3cosec?d—8coth =0
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3.2 Compound angle formulae

1 Sun;ta says that: sin{A + &)= ainA+sinf
Use a calculator with 4 = 20° and B = 50° to prove that Sunita is wrong.

2 The diagram shows APQR. ' R
RX is pcrpendvicular to PQ. 4b
£A and £B are acute angles.

QR = p,PR =g and RX = h.

a Write down an expression for # interms ot p Y 0
i gand 4 ii pand B

b Using the formula area of triangle = % absin C, we can write:

1 o
= 1 i‘%ﬂ(/\ + L’:l
Z

Arcof APOK =
Find an expression in terms of p, g, A and B for the area of:
i APRX ii AQRX
¢ Use your expressions for the areas of tria ngles POR, PRX and QRX to prove that:
sn( A+ By=sinAcosBiocs Auin
3 In the identity sin(4+ B) = sin 4 cos B+ cos 4 sin B, replace B by —B to show that:
sin{A-B) = sinA cosB—cow Asin B
4 Inthe identity sin(4 ~ B) = sin A cos B~ cos Asin B, replace 4 by (90° — 4) to show that:

cos( A+ Bz ces Acos B-sinaAsind

5 In the identity cos(4 + B) = cos A cos B—sin 4 sin B, replace B by —B to show that:

co: (A~ B)=coo Acos BreinAcin

. sin(A4 + B) sin( A — B)
6 By writing tan(4 + B) as ————= and tan(A4 - B as ———= show that:
y wiiting ( ) as cos(A+ B) nd tan( )a cos(A4 - B)
Ak tan g Lan A - tanf?
ran(A+E)= fanatanz and twn{a-5) i e
T=—tanAtm T+tanAtanB

£) KEY POINT 3.3

Summarising, the six compound angle formultae are:
sinf(A+ B)=sind cos B+cosAdsinB
sin(4 — B) =sin .4 cos B—-cos A sin B
cos(A+ B) = cos 4 cos B —sin 4 sin B
cos(A - B) = cos A cos B +sin 4 sin B
tan A +tan B
tan(4+ B) = 1 A an B
tan 4 —tan B

tan(4 - B) = ———————
an( ) i+tanAtan B
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WORKED EXAMPLE 3.2

Find the exact value of:
a sinl0S° b c0s42° cos12°+sin42° sin 12°
Answer
a s 057 = sm(60” + 459)
= & 007 cos 457 + cox 607 sin 45°
I'4 fi‘ \' g R I3
SR EANEEn
1 2 IR \/ 2 RAVAY \/2 J
/3 w1
242
b ocosd2® cos 29 4 sind2® gin |2 Use cos(.4 - B) = cos 4 cos B+ sin 4 sin B.
= es{42° - 129)
= ¢0s 307
V3
=5

Given that sinA4 = % and cos B = %, where 4 is obtuse and B is acute, find the value of*

a sin(A+ B) b cos(4- B) ¢ tan(4-B)
Answer
YA YA
A S H 3
’ 5 B3/
{ A in
4 B
AN Py
C C
. ‘ 2 . 2 . 5 2
sin o = 1 cos A~ - tan g = - :1 3in f3 = I— L COS B o= . Lt B = {?1
K 3 3 13 13 5

a sint A+ BY=sindcos B+ cosAsin B

) ](g Vs {_ 3 ) 12 ]

i
SN R

VAU s )
o 16

65

b costd - By=cosdcos B +sindsin

N SN AN 1
4 JouAa o3
33
();
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¢ tan(d - B) =

Answer

S(607 — ) = Z2any

WORKED EXAMPLE 3.5

Solve the equation sin(60° - x) = 2sinx for 0° <x < 360°.

: Pure Mathematics 2 &3

Expand sin(60° - x).

-
Use sin60° = -‘—7—3— and cos60° =

PO —

-
J3cosx

s o= dsiny

The values of x are 1917 and 19917,

[ : N
J3cos v = Ssiny
= ANy
v o= 19,1 o wo= 1807 1o

sin 607 Ccos v — cos O  sin v = 28y
/3 . .
Yol cosx — o sy = sk Multiply both sides by 2.
5 2 -

Add sin x to both sides.

Rearrange to find tan x.

1 Expand and simplify cos(x +30°).

a  sin20°cos70° + cos 20°sin 70°
¢ cos25°cos35° - sin 25°sin 35°
tan 25° + tan 20°

1—tan25° tan 20°

Without using a calculator, find the exact value of each of the following:

T

sin172°cos 37° - cos 172°sin 37°
d  cos99°cos69° + sin 99°sin 69°
tan82° —tan 52°

a sin75° b tan75°
e sin — f coslg—7£
12 12

Given that cosx =

S
H
IEN

Without using a calculator, find the exact value of:

§ 002 T
1+ tan82° tan52°
¢ cosl05° d tan(-15°)
g cot i h sin i
12 12

and that 0° < x < 90°, without using a calculator find the exact value of cos(x —60°).
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%

, where .4 and B are acute, show that sin( A+ B) = -2,

5 Given that sinA = -g and sinB =

—_
Rl vY)

! .

6 Giventhat sind = 3 and sin B = >, where 4 is obtuse and B is acute, find the value of:

N

a sin(A+ B) b cés(A ------ B) ¢ tan(A+ B)

7 Given that cos A = - ;1 and sin B = - % and that 4 and B lie in the same quadrant, find the value of:
a sin{A4+ B) ‘ b cos(A+ B) ¢ tan(A- B)

8 Given that tan4 =¢ and that tan(4- B) =2, find tan B in terms of 1.

9 Il cos(A -~ B3)=3cos(A+ B). find the exact value of l.zm Atan B,

10 a Given that 8+ cosee? @ = Geot 8, find the value ol 1an 0.
b Hence find the exact value of tan(@ + 45°).
11 a Given that x is acute and that 2sec? x +7 tanx = 17. find the exact value of tan v.
b Hence find the exact value of tan(225° - x).
12 a Show that the equation sin(x + 30°) = Scos(x — 60°) can be written in the form cotx = —J3.

b Tlence solve the equation sin(x + 30°) = 5cos(x — 60°) for —180° -< x < }80°.

13 Solve each equation for 0¢ =< x =< 360°.

a cos(x +30°) =2sinx b cos(x—60°)=3cosx n

¢ sin(30°~x)=4dsinx d  cos(x+30° = 2sin{x + 60°)

14 Solve each equation for (° = x = 180°.

a 2tan(60° - x)=tanx b 2tan(45°-x)=3tanx
¢ sin{x +60°) = 2cos(x + 45°) d sin{x —-45°) = 2cos(x + 60°)
e tan(x+45°) =6tanx f  cos(x+225% = 2sin(x - 60°)

15 Solve the cquation tan{x ~45%)+cotx =2 for 0°< x < 180°,
o 16 Use the expansions of cos(5x + x) and cos(Sx = x) to prove that cos6x + cosdx = 2cos5xcos.x.

@ 17 Given that sinx +siny = p and cosx +cosy = g, find an expression for cos(x — y), in terms of pandgq.

3.3 Double angle formulae

We can use the compound angle formulae to derive three new identities.
Consider sin{ A+ B) =sin 4 cos B+ cos A sin B
If B=4, sin{A+ A)=sin 4 cos A+ cos A sin 4
. sin24 = 2sin A cos A
Consider cos(A+ B) = cos 4 cos B~sindsin B
If B= 4, cos(A+ A} =cosAcos A —sin Asin A

. c0s24 = cos? 4 ~sin’ A
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Consider tan(A4 + B) = tan 4 +tan B
]—-tan Atan B

tan 4 +tan A

If B= A4, tan( A+ A) = —
1—tan Atan A

. tanZAE——iz—t—'{I%

1—tan* 4

These three formulae are known as the double angle formulae. We can use the identity
sin 4+ cos? A =1 to write the identity cos24 = cos? A ~sin? 4 in two alternative

forms:
Using sin? 4 = 1—cos® 4 gives: cos24 =2cos’ 4 -1
Using cos? 4 =1-sin’ 4 gives: cos24=1-2 sin? 4

Summarising, the double angle formulae are:

D) KEV POINT 3.4

. . 2tan 4
sin2A4 =2sin 4 cos 4 cos24 = cos? A —sin® 4 tan2.4 = 2202
1-tan® 4
=2cos? 4-1
=1-2sin? 4

WORKED EXAMPLE 3.6

Given that sinx =~ 3 and that 180° < x < 270°, find the exact value of:

a sin2x b cos2x 4 tan—z—
Answer
YA
S A
4/\ From the diagram:
o > , 3 4 3
-3 o ST & el cOs Y = o = und tanx e
5 5 3 1
C

a sm2a = 25 Neos y

- o -0
b Cos2n = Lot N sy

(oA [ oay L7
: 1)
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D an ‘
C tany Use 24 = x in the double angle formula,
- tan” :
3 2tan )
Y e Rearrange.
- Il .\‘
4 I tan-
2
Jtan” : + 8 lan }k-l - =) Factorise.
. \/ . ) .
(31;1:1 \ — | ] tin ;\ + 3 ] 0 Solve.
'\ .) FAY 7 ;
\ f \
tan— = - or tan 3
L Al

IE 1RO 8 <2 2707 then 90° = oA which means
X ,
that =18 i the second quadant.

¥

X
-, tan R
3

WORKED EXAMPLE 3.7

Solve the equation sin2x =sinx for 0° < x = 360°,

Answer
S 2y = gin Use sin2x = 2sin xcos x.
2SI COs Y = siny Rearrange.
28I Y COS X~ siny = U Factorise,

sinv(Zeosx -1 =0

. I
sy = or cosv o= =

1
$iny =0 = x = 07 1807, 360° b
COS N = T N T GcH°

or x = 300% - 607 = 3007

The values of x are 0°, 60°. 18073007, 360°.

When solving equations involving cos 2x it is important that we choose the most suitable
expansion of cos 2x for solving that particular equation.
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WORKED EXAMPLE 3.8 ‘

Solve the equation cos2x + 3sinx =2 for 0<x<=2n

Answer
cosDN + dsina = 2 Use cos2x =1-2sin’ x.
f—26m% v+ 3siny = 2 Rearrange.
2sip v - 3siny =0 Factorise.
(2sinx - sinx~-H=0 YA
| o o o o Gy e e o=l
. | . 1
SV = s OF S 1 ! .
- 05_ ________ 4:. __________________________ §omm e
i ‘ i 2
) | b4 ! i !
siny = o =y X o= : ol X ¥ ¥
0
2 b n
S 6 7
r 5T -
of ¥ = Ti— b= 0.5
4] O
.
. bd
siny =1 = xow
. . T AR
The vadues of x ave 0oL
Y20
L

1 Express each of the following as a single trigonometric ratio.
2tanl7°

a 2sin28°cos28° b 2cos*34°—1 e
1 —-tan“17°

2 Given that tanx = =, where 0°<x < 90°, find the exact value of

wip

a sin2x b cos2x ¢ tan2x d tan3x

o
3 Given that cos2x =— -2—5—% and that 0° << x < 90°, find the exact value of:

a sin2y b tan2x ¢ Ccosx d tanx
4 Given that cosx = - % and that 90° < x < 180°, find the exact value of:
a sin2x b sindxy ¢ tan2x d tan ;1’ X

5  Given that 3cos2x + 17sinx = 8, find the exact value of sinx.

6 Solve each cquation for 0° = 6 < 360°.

a 2sin20 =cos8 b 2cos28+3=4cosB ¢ 2cos280+1=sin@



Chapter 3: Trigonometry

7 Solve each equation for 0° < 9 = ]180°,

a 2sin28tan@ =1 b 3cos20+cos@ =2
¢ 2cosec?26 +2tanf = 3sec O -d 2tan26 = 3cot O
e tan20 =4cot8 f cot28+cotf =3

8 Express cos? 2x in terms of cos 4x.

9 a Use the expansions of cos(2x+.x) to show that cos3x = 4cos’ v — 3cos.x.

b Expresssin3x in terms of sin x.

10 Solve tan20 + 2tan8 = 3cot @ for 0° < 0 < 1 80°.

2
sin28 °

11 a Prove that tan9 +cot@ =

b Hence find the exact value of lan%+ cot % .

12 a Prove that 2cosec26 tan® = sec? 6,
b Hencc solve the equation cosec26 tanf =2 for —m < @ -< 7.
13 a Prove that cosdx +4cos2x = 8cos® x - 3.

b Hence solve the equation 2cos4x +8cos2x =3 for -t < x < 1.

14 a Show that @ = 18° is a root of the equation sin 38 = cos 26.
b Expresssin36 and cos26 in terms of sin 6.
¢ Hence show that sin18° is a root of the equation 4x* - 2x> —3x +1 = 0.

d Hence find the exact value of sin 18°.
15 Find the range of values of 8 between 0 and 2x for which c0s286 > cos@.

16 Solve the inequality cos26 -~ 3sinf -2 =0 for 0° < @ < 360°.

17

060 6

Solving trigonometric
inequalities is not

in the Cambridge

i syllabus. You should, i
| however. have the skills
a | necessary to tackle ]
Prove that @ = 4bcos2x cos x. ' these more challenging :

¢
i
i
H

o}

B

. | questions.
@ 18 a  Use Lhe expansions of cos(2x + x) and cos(2x — X), to prove that:

€Os3x + cosx = 2¢0s2xC0S X

b Solve cos3x+cos2x+cosy >0 for 0° < x < 360°.

@ 19 Solve the inequality cosd8 + 3cos20+1-<0 for 0° < @ < 360°.
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3.4 Furthér trigonometric identities

This section builds on our previous work by using the compound angle formulac and
the double angle formulae to prove trigonometric identities.

WORKED EXAMPLE 3.9

3tanx —tan’ x
1-3tan” x

Prove the identity tan3x =

Answer

LHS = n(2y +4) Use the compound angle formula for tan.

Use the double angle formula.

Multiply numerator and denominator by

; 1-tan” x).
Jtan y ( )

Li-tan’ v

N b tan x(l

oS v = 2 tant x Expand the brackets and simplify.

WORKED EXAMPLE 3.10

2sin(x - y)
cos(x — y)—cos(x + y)

Prove the identity = cot y — cotXx.

Answer

2sin(y — )

Use compound angle formulae.
cos(x - 1) = cos(x o+ y)

LHS =

7 $IN X COS ) - 2C0s sy

S ' . — Simplify denominator.
(Cos X Cos )+ Sinsin 1) - (COBNCOS ) = SIN Y S L)
IS e 1 Yo v eI ) .
23y eos ) - 2 Cos s ) Separate fractions.
2simasn gy

C2sinvcosy  Zeosxy sin y Simplify fractions.

2simpasiny 2sinysingy

cos Yy Losy

siny  sinw
= col y—cotx

= RIS
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EXPLORE3.3

Odd one out

_l-cos2y
ST TN sin 2x
sin2x+sinx _
cos2x+cos x+ 1

)

secx sin2x

Find the trigonometric expression that does not match the other six expressions.
Create as many expressions of your own to match the ‘odd one out’.
(Your expressions must contain at least two different trigonometric ratios.)

Compare your answers with your classmates,

0 1 Prove each of these identities.

67

a tand+cot 4 =2cosec2A b 1-tan? 4= cos2A4sec’4

¢ tan2A~-tanA=tanAdsec24 d (cosA+3sinA)> =5-4cos2A4+3sin24
e cot2A+tand= % cosecAsecA f cosec2A+cot2A=cotA4

g sec’d cosec’4 = 4cosec?2A h sin(A+ B)sin(4 - B)=sin? 4 —sin’ B

0 2 Prove each of these identities.
cos A+sin 4

sind  cosA _2cos(A- B)
a + — = - b - =sec2A+tan2A
cosB  sinB sin2B cos A —sin A an
a2 i -
c 1 tem7 A = cos2 A d Ac’(ﬂ)_s2A +51'n 24-1 = tan A
I+tan~ 4 cos2A—-sin2A4+1
sin3A4 +sin A c0s3A4 —sin34 .
e ——————=cosAd f ——————=cosA+sin4d
2sin2A4 I-2sin24
cos2A+9cos A+ 5 cos’ A—sin* 4 2+sin24
g =2cosA+1 h - =
4+cosA cosA—-sinA 2
o 3 Usethefactthat 44 =2 x 24 to show that;
MESCOSSA—‘lCOSA b cosd4d+4cos24 =8cos*4-3
sin 4 .
o 4 Prove the identity 8sin” xcos® x = 1 — cos4dx.
. . . 1 . )
. . 2 A e ]
o 5 Provg t}_le identity (2sin A4+ cos 4)? = 3 (4sin2A4 —~3cos2A+5). Try the Equation or
. ) ) : " identity?(H) resource
0 6 Use the expansions of cos(3x — x) and cos(3x + x) to prove the identity: on the Underground

Mathematics website.

cos2x —cosdx = 2sin3xsin x
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3.5 Expressing asin0 + bcos0 inthe form Rsin(¢ £ ) or Reos(0 + «)

In this section you will learn how to solve equations of the form «sinf +bcosé =c.

EXPLORE 3;.3

Use graphing software to confirm that the graph of y = 3sin@+4cos8 for -90° =< 6 < 360° is:

: /.>9

180 27 360

P30+ 0

1 What are the amplitude and period of this graph?

2 Discuss with your classmates how this graph can be obtained by transforming the graph of:

a y=sin¢ b y=cos8

3 Use your knowledge of transformations of functions to write the function p = 3sin@ +4cosf inthe

form:
a y=Rsin(6+x) b Rsin(6+ )
E (You will need to use your graph to find the approximate values of a and f3.)

The formula for replacing asin€ +bcos@ by Rsin(6 + ) is derived as follows.
Let asin@+hcos@ = Rsin(@ +a) where R>0 and 0°< o <90°.
R sin(0 + ) = R(sin@ cos o + cosBsinax)

~oasin® +hcos@ = Rsin@cosa + RecosOsina

Equating coefficients of sin6: RCOSQ =(1 ~emvmmnnmn~ {n
Equating coefficients of cos 8. Rsina=b -=eecmeven- @)
@ean e b b

= tano = —
cosa  a a

Squaring equations (1) and (2) and then adding gives:

@ + b? = R2costu + R¥*sin" o
= R¥(cos? & + sin” &) Use cos™ @+ s’ ¢ = 1
3

=R

Hence, R = Ja? + b2

. . . =y b
s asin®+ bcosd can be written as Rsin(0+ o) where R = x/'a2 +0° and tane = -
17
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EXPLORE3.4

Using a similar approach, show that:

1 asin@ -bcosO = Rsin(@ ~a) where R = \[aﬂi:?. and tana = L]
a

2 acos8+bsind = Reos(6 — ) where R = o +b" and tana = [
a

3 acos®—bsind = Rcos(0 + ) where R = Ja? + 5% and tana = b
a

Summarising the results from Explore 3.4:

£) KEYPOINT 3.5

asin@+hcosd = Rsin(8+a) and acos@+hsind = Rcos(8 Fa)

where R =+Ja? +b%, tano = (2 and 0° < ¢ < 90,
a

| WORKED EXAMPLE 3.1,

a Express 2sin8 —3cos8 in the form Rsin(Glf— @), where R0 and 0° <ea < 90°.
Give the value of & correct to 2 decimal places.

b Hence solve the equation 2sin0 — 3cosf = J2 for 0° <0 < 360°.

Answer

a 2sin@ ~ ReosO = Rsinl - o)

L2snf - deos0 o= Rsindeoso - Reosfsing
Equating coeflicients of sm @ Reosg =2 v (1)
Eqguating cocfficients of cos@: Rsinegr = 3 - vonvvnn (2)
oy 3 .
2+ () tme = T oas 56.31
Squaring equations (1) and (2) and then adding gives:

P2t R ws R= Y03

Y

2sin@ - 3cos € = JI3 806 ~ 56,319

b 2sin@ - dcosl = U2
JI3sin(0 - 56.319) = /2
sin(# - 36.319) = V4
13

8- 56317 = 23097 130% - 23.09°¢
= 23097 15091

6= 7947, 215,27
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We can find the maximum and minimum values of the expression asin8 + bcos8 by
writing the expression in the form Rsin(6 + «).

From the Pure Mathematics Coursebook !, Chapter 5, Section 5.4, we know that
-1<sin(0+a) <, hence —R < Rsin(@+a) =< R.

This can be summarised as:

£) KEY POINT 3.6

The maximum value of asin@+bcos@ is Ja® +b? and occurs when sin(@+a) =1

The minimum value of ¢sin@+bcos@® is —va* +b> and occurs when sin( + @) = —1.

WORKED EXAMPLE 3.12

Express 2cos@ ~sin@ in the form Rcos(6 + @), where R> 0 and 0° < <90°.

Hence, find the maximum and minimum values of the expression 2cos6 —sin6 and the values of € in the interval
0° <@ < 360° for which these occur.

Answer

2cos0 - sinf = Reos(0 + a)
so2cost - sind = Reostcoso ~ Rsindsina
Liquating cocfficients of cos@: Reosee=2 -vomvrevomenoo(1}
Equating coefficients of sin@: Rsingr =1 ---ovveomoe oo -(2)

()= ) tana == = @=265 [Ad
Squaring equations (1) ardd (2) and then adding gives:
D4 =R = RS

s 2cos0 - sind = VS cos{6+ 26,577

Maximum value is \ﬁi: ._<_:1 3 and ocours when cos(@+ 260.577) = |
0+ 26.57 = 360
O = 333.4°
Mimimuam valuce is \/_’lif—l)’ and occurs when cos(8 4 20.577) = -1
6+ 26,370 = 180"
O = 133.4°

o Max value = /5 when € = 333.4° min value = -J5 when ¢ = 133.4°

®
) DID YOU KNOW?

The French mathematician Joseph Fourier (1768—1830) found a way to represent any wave-like
function as the sum (possibly infinite) of simple sine waves. The sum of sine functions is called

a Fourier series. These series can be applied to vibration problems. Fourier is also credited with
discovering the greenhouse effect.
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1 a Express 15sin@~8cos@ inthe form Rsin(@ — ), where R> 0 and (0° < <90,
Give the value of @ correct to 2 decimal places.

b Hence solve the equation 15sind —8cos@ =10 for 0° < & < 360°.

2 a Express 2cosf - 3sin@ inthe form Rcos(6+ a), where R>-0 and 07 <o -7 90°,
Give the exact value of R and the value of & correct to 2 decimal places.

b Hence solve the equation 2cos0 -~ 3sin€ =1.3 for 0° <8 <7 360"

3 a Express 15sin@—8cos@ in the form Ksin(8 ~ @), where R> 0 and 0°-< o << 90°.
sive the value of o correct to 2 decimal places.
b Hence solve the equation [5sinf® —8cosf =3 for 0° <0 < 360°.

¢ Find the greatest value of 30sin0 —16cos@ as 8 varies.

4 a Express 4sinf@ —6c¢os@ inthe form Rsin(@ — o), where R>0 and 0° < <90°.
Give the exact value of R and the value of a correct to 2 decimal places.
b Hence solve the equation 4siné - 6cosd =3 for 0° <0 < 180°.

¢ Find the greatest and least values of (4sin@ —6cos8)” ~3 as @ varies.

5 a Express 3sin@+4cos@ inthe form Rsin(0+ ), where R >0 and 0° < a < 90°,
Give the value of o correct to 2 decimal places.
b Hence solve the equation 3sinf +4cosf® =2 for 0°-< 6 < 360°.

¢ Find the least value of 3sin8 + 4cos@ + 3 as 0 varies.

6 a FExpress cosf@++/3siné inthe form Rcos(6 —a), where R>0 and 0 < < g

Give the exact values of R and «.

it

b Hence prove that ‘——-]*——-—2 = -1—8602(0 -z )

(cosO+ﬁsin9) 47 3

7 a Express 8s5in26+4cos26 inthe form Rsin(20 + ), where R >0 and 0° << o -< 90°.
Give the exact value of R and the value of ¢« correct to 2 decimal places.

b Hence solve the equation 8sin26 +4cos26 =3 for 0°-<6 < 360°,
10
(8sin26 +4cos20)’

¢ Find the least value of’ as @ varies.

8 a Express cos@—~2sin@ inthe form Rcos(8+ @), where R0 and 0° < o < 90°.
Give the exact value of R and the value of ¢ correct to 2 decimal places.

b Hence solve the equation cos6 —/2sin8 =~1 for 0° <8 < 360°.
¢ Find the least valuc of 1 7 as @ varies.
(«/fcus@ —ZSinG)




10

11

12

13

14

Express cos8 —siné in the form Rcos(@ + ), where R> 0 and 0 <a< —775

Give the exact values of R and «.

Show that one solution of the equation cos@ —sing = ;— J6 is 0= 1—1-9573 and find the other solution in the
interval 0 < 6 < 2m -

State the set of values of k for which the eguation cos6 —sin8 = &k has any solutions.

Express sin@ - 3cos@ in the form Rsin(@ - &), where R > 0 and 0° <a <90°

Give the exact value of R and the value of & correct to 2 decimal places.

Hence solve the equation sin@ —3cos8 =-2 for 0% << <360°.

Find the greatest possible value of 1+5in20 —3cos26 as 0 varies and determine the smallest positive
value of 8 for which this greatest value occurs.

Express /S cos@+2sin6 in the form Rcos(f — ¢), where R >0 and 0° <t <90

Give the value of o correct to 2 decimal places.

Find the smallest positive angle 6 that satisfies the equation /5 cos@ +2sin@ = 3.

. . - . 1 !
Find the smallest positive angle 8 that satisfies the equation x/gcosie + 28in 59 =-1,

Given that 3sec8 +4cosec 8 = 2cosec 28, show that 3sin6+4cosg =1.

Express 3sinf +4cosé inthe form Rsin(8+ o), where R>-0 and 0°< a <90°
Give the value of @ correct to 2 decimal places.

Hence solve the equation 3sec8 + 4cosec = 2cosec 28 for 0° <8 < 360°.

Express sin(8 + 30°)+cos@ in the form Rsin(6 + &), where R> 0 and 0°<a < 90°,

Give the exact values of R and «.

Hence solve the cquation sin(@ + 30°) +cos8 =1 for 0° <8 < 360°.

Find the maximum and minimum values of 7sin? @+ 9cos* @+ 4sin@cosd + 2.

Hence, or otherwise, solve the equation 7sin’ @+ 9cos® 8 +4sin@cosd =10 for 0° <8 <360°.



Chapter 3: Trigonometry

Checklist of learning and understafiting
| Cosecant, secant and cotangent

1
cosec 8 =
sin @

Trigonometric identities
® l+tan?y =sec’y

® 1+cot? x = cosec? x

Compound angle formula

® sin( A+ By=sin 4cosB+cos Asin B

e sin{d—~B)=sin.fcosB—cos dsin B
cos{A+ B) = cos 4cos B--sin.dsin B
cos{ 14— B)=cos {cos B+sm {sm B

mn(4+8)=~t§l‘4+mn8
’ " l--tan.{tan B

tan A —tan B

tan(A4 - B) = —
{ ) {+tan 41an B

Double angle formulae

& sin2A=2sindcosd
e cos24=cos’ A-—-sin- A

1-2sin? 4

=2cos? 41

2tan A

tan2ds "~
. - 1-tan* 4

Expressing asin@+bcos 8 in the form Rsin(8 + &) or Rcos(8 * &)
e asinBtrhcosO = Rsin(6+x)
® ucosfxhsind = Rcos(6 T x)

h

d
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END-OF-CHAPTER REVIEW EXERCISE 3

L2 I ¥ 1 B - )

10

11

12

13

Sketch the graph of p = 3sec(2x - 90°) for 0° < x < 180°. 131
By expressing the equation cosec 8 = 3sin8 + cot 8 in terms of cos@ only, solve the equation
for 0°< 6 -<180°. 151
Cumbridge International 4 Level Mathematics 9709 Paper 31 Q3 Junc 2016
Given that cos 4 = % where 270° <¢ 4 < 360°, find the exact value of sin24. (51
Solve the equation 2tan? x +secx = 1 for 0° < x =< 360°. 16]
Solve the equation 2 cot? x +5cosecx =10 for 0°< x < 360°. [6]
a Prove that sin{x +60°)+ cos(x +30°) = /3 cos x. 131
b Hence solve the cquation sin(x + 60°) + cos(x + 30°) = —,3; for 0°< x -2 360°, 31
a Prove that sin(60° - x) +cos(30° - x) = /3 cos x. (3]
b Hence solve the equation sin(60° — x) + cos(30° — x) = ?—sec x for 0°-<x<C360°. 131
i Show that the equation tan(x +45°) = 6tanx can be written in the form Gtan?x — Stanx +1= 0. 131
it Hence solve the equation tan(x +45°) = 6tanx, for 0°<x <180°, 131
Cambridge International AS & A Level Muthematics 9709 Paper 21 Q3 June 2010
a Prove that tan(x +45°) - tan(45° - x) = 2 tan2x. 4]
b Hence solve the equation tan(x + 45°) —tan(45° — x) = 6 for 0° < x <180°. 131
i Express 3cos@+sin@ inthe form Rcos(f - a), where R>0 and 0° <a <90° giving the exact
value of R and the value of & correct to 2 decimal places. i3]
i Hence solve the equation 3cos2x +sin2x = 2, giving all solutions in the interval 0° < x < 360°. 151
Cambridge International AS & A Level Mathematics 9709 Paper 21 Q7 November 2013
a Prove that cos(60° — x) + cos(300° — x) = cos x. (3]
b Hence
i find the exact value of cos15° 4- cos255° 2]
ii solve the equation cos(60° — x) +cos(300° - x) = % cosecx for 0° < x < 180°. 131
a  Prove the identity 25129 ;:1 20520 *3 = 4cos6 + 6sin6. 31
b Express 4cosé+6sin@ inkthc form Rcos(8 - ), where R>0 and 0 <a < g
Give the exact value of R and the value of & correct to 2 decimal places. (4]
¢ Write down the greatest value of ( 25in 26 —-‘43cos 202 j 11}
sin@
i Express 4sin6—6cosf intheform Rsin(6 — ), where R>0 and 0° <o < 90°.
Give the exact value of R and the value of & correct to 2 decimal places. 31
ii Solve the equation 4sin@ ~6cosé =3 for 0° < @ < 360°. [4}
iii Find the greatest and least possible values of (4sin8 —6cos 8)? +8 as @ varies. 2]

Cambridge International AS & A Level Mathematics 9709 Paper 21 Q8 June 2011
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14 i By first expanding sin(26 + 6), show that sin30 = 3sind — 4sin’ 8. [4}
ii Show that, after making the substitution x = 21“«{}— the equation x’ — x + 1 J3 =0 can be written in
‘ 3 J3 6
the form sin 36 = Z 1
iii Hence solve the equation x* - x + (l; J3 = 0. giving your answers correct to 3 significant figures. {4}
Cambridge International A Level Muthematics 9709 Paper 31 Q8 November 2014
15 a Provc the identity sinCx + 309 : Cosx £ 60%) = SeC X, 131
b Hence solve the equation (T 30%) icos(.x 509 =7—-tanlx for 0°< x < 360°. 16]
16 a Prove the identity cosec* x —cot? x = cosec x + cot? x. 131
b Hence solve the cquation coscc? x —cot* x =16 — cot x for 0 << x < 180°. 16]

17 The curves Cj and C, have equations y = 1 +4cos2x and y = 2cos? x — 4sin2x.

a Show that the x-coordinates of the points where (y and C; intersect satisfy the equation
3cos2x+4sin2x =0, 13}

b Express 3cos2x+4sin2x in the form Rsin(2x + ), where R >- 0 and 0° << < 90°.
Give the exact value of R and the value of ¢ correct to 2 decimal places. 13]

¢ Hence find all the roots of the equation 3cos2x +4sin2x =0 for 0°-< x <180°, [3] .
75
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Find the set of valuts of v satisfying the inequality 3] x— l‘ < |2x + li. (4]

Cambridge International A Level Mathemnatics 9709 Paper 31 Q1 November 2012

Solve the equation 2| 3t~ 1] = 3Y, giving your answers correct to 3 significant figures. 4]

Cambridge International A Level Mathematics 9709 Puper 31 Q2 November 2013

i Sohe the equation |3x +4|=|3x-11]. [3]

ii  Hence, using logarithms, solve the equation ]3 x 2V + 4| = l 3 x 27 ~11j, giving the
_answer correct to 3 significant figures. ‘ 12}

Cumbridge International AS & A Level Mathematics 9709 Paper 21 Q1 June 2015

i Solve the equation 2|x-1]=3]x]| ‘ 131

ii  Hence solve the cquation 2 i 5* - Ii = 315“ l giving your answer correct to
3 significant figures. 12}

Cambridge International A Level Mathematics 9709 Paper 31 Q1 June 2016

Iny

ﬂl

|

(0, 2.14)

/m

L.
>
Ay

0

The variables x and y satisfy the equation y = 4 (b" ) where 4 and b are constants. The
graph of In y against x is a straight line passing through the points (0, 2.14) and (5, 4.49),
as shown in the diagram. Find the values of 4 and b, correct to 1 decimal place. {5]

Cambridge International AS & A Level Mathematics 9709 Paper 21 Q2 June 2012

i Itis given that x satisfies the equation 3** = 5(3*) + 14. Find the value of 3* and, using

logarithms, find the value of x correct to 3 significant figures. 4]
ii  Hence state the values of x satisfying the equation 3l = 5(3I "!) + 14. 11]

Cambridge International AS & A Level Mathematics 9709 Paper 21 Q1 November 2016
The variables x and y satisfy the equation x"y = €, where n and C are constants.
When x = 1.10, y = 5.20, and when x = 3.20, y = 1.05.
i  Find the values of nand C. I5]
i Explain why the graph of In y against Inx is a straight line. i
Cambridge International 4 Level Mathematics 9709 Paper 31 Q3 June 2010

Given that 3e® + 8¢~ = 14, find the possible values of e and hence solve the equation 3e* +8¢™ =14
correct to 3 significant figures. 16}

Cambridge International AS & A Level Mathematics 9709 Paper 21 Q3 June 2016



Cross-topic review exercise 1

@ 9 The angles 6 and ¢ lie between 0° and 180°, and are such that tan(6 — ¢) =3 and tan@ +tan¢ = 1.
Find the possible values of 8 and ¢. 16}
Cambridge International 4 Level Mathematics 9709 Paper 31 Q3 November 2015

10 i Solve the equation |4x — 1] =]x = 3] 131
it Hence solve the equation |4"*‘ - {I = l 47— 3l correct to 3 significant figures. i3]
Cambridge International A Level Mathematics 9709 Paper 31 Q4 June 2013
11 The polynomial 4x* + ax® + 9x + 9, where a is a constant, is denoted by p(x). It is given
that when p(.x) is divided by (2x — 1) the remainder is 10.
i  Find the value of @ and hence verify that (x — 3) is a factor of p(x). 13]
ii  When « has this value, solve the equation p(x) = 0. 4]
Cambridge International AS & A Level Mathematics 9709 Paper 21 Q5 November 2011
@ 12 The polynomial 2x? — 4x? + ax + b, where a and b atre constants, is denoted by p(x).

It is given that when p(x) is divided by (.x + 1) the remainder is 4, and that when p(x)
is divided by (x ~ 3) the remainder is 12.

i  Find the values of ¢ and b. 15
ii  When « and b have these values, find the quotient and remainder when p(x) is divided
by ( v 2). 131

Cambridge International AS & A Level Mathematics 9709 Paper 21 Q7 November 2012

13 i FExpress cosx+ 3siny inthe form R cos(x — o), where R>> 0 and 0° << <90°,

giving the exact value of R and the value of & correct to 2 decimal places. 13]
i Hence solve the cquation cos20 + 3sin28 = 2, for 0°< 6 < 90°.- : 5]

Cambridge International A Level Mathematics 9709 Paper 31 Q6 November 2011

14 Ttis given that 2ln(4x - 5) + In(x + 1) = 3In3.

i Show that 16x* — 24x% ~ 15y - 2 = 0. 131
ii By first using the factor theorem, factorise 16x* - 24x? —15x - 2 completely. 4]
i Hence solve the equation 2In(dx - 5) + In(x + 1) = 3In3. ]

Cambridge International A Level Mathematics 9709 Paper 31 Q6 June 2014

15 The polynomial 8x* + ax® + bx — 1, where a and b are constants, is denoted by p(x).
It is given that (x + 1) is a factor of p(x) and that when p(x) is divided by (2x + 1) the
remainder is 1.

i  Find the values of @ and 5. |5}
ii  When ¢ and b have these values, factorise p(x) completely. i3]

Cambridge International A Level Mathematics 9709 Paper 31 (06 November 2015
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19

® 2

The polynomial 3x* + 2x? + ax + b, where a and b are constants, is denoted by p(x).
It is given that (x — 1) is a factor of p(x), and that when p(x) is divided by {x — 2) the
remainder is 10.

i  Find the values of @ and b. I5]
ii  When « and b have these values, solve the equation p(x) = 0. 44

Cambridge International AS and A Level Mathematics 9709 Paper 21 Q7 November 2010
i  The polynomial x* + ax? + bx + &, where ¢ and b are constants, is denoted by p(x).

It is given that when p(x) 1s divided by (x — 3) the remainder is 14, and that when p(x)
is divided by (x + 2) the remainder is 24. Find the values of ¢ and b. 15§

ii  When « and b have these values, find the quotient when p(x) is divided by x* + 2x — 8
and hence solve the equation p(x) = 0. 14]

Cambridge International AS & A Level Mathematics 9709 Paper 21 Q4 November 2013
i Given that (x +2) and (x + 3) are factors of 5x% + ax? + b, find the values of the
constants a and b, 4

ii  When a and b bave these values, factorise 5x° + ax? + b completely, and hence solve the equation
53+ 4 > 52 + b = 0, giving any answers correct to 3 significant figures. 15]

Cumbridge International AS & A Level Mathematics 9709 Paper 21 Q3 November 2014

i Find the quotient and remainder when x* + x* + 3x% + 12x + 6 is divided by (x* — x +4). 4]

i Itisgiven that, when x* + x? + 3x? + px + ¢ is divided by (x? — x + 4), the remainder
is zero. Find the values of the constants p and ¢. . 2)

ili  'When p and ¢ have these values, show that there is exactly one real value of x satisfying
the equation x* + x* + 3x? + px + ¢ = 0 and state what that value is. 131

Cambridge International AS & A Level Mathematics 9709 Paper 21 Q6 November 2015

The angle o lies between 0° and 90° and is such that 2tan® « + sec? ¢ = 5 - 4tana.
i Show that 3tan? o + 4tan — 4 = 0 and hence find the exact value of tana. 141

il Itis given that the angle f is such that cot(a + ) = 6. Without using a calculator,
find the exact value of cot 3. I5]

Cambridge International AS & A Level Mathematics 9709 Paper 21 Q7 November 2014

i  Express 5sin20 + 2co0s28 in the form R sin(26 + @), where R >0 and 0° <o < 90°,
giving the exact value of R and the value of & correct to 2 decimal places.

Hence 3
i solve the equation 5sin26 + 2¢0s28 = 4, giving all solutions in the

interval 0° < 8 < 360°. 51
ili determine the least value of ! = as 8 varies. [2}

(10sin286 + 4cos26)”
Cambridge International 4S & A Level Mathematics 9709 Puaper 21 Q7 June 2013



Cross-topic review exercise 1

E 22  The polynomial p(1) is defined by p(x) = ax® + 3x* + hx + 12, where a and b are constants.
It is given that (x + 3) 1s a factor of p(x). It is also given that the remainder is 18 when p(x)
is divided by (x +2)

i Find the values of a and b. ‘ I51
ii  When a and b have these values.
a show that the equation p(x) = 0 has exactly one 1eal root. [4]
b solve the equation p(sec y) = 0 for —180° <= y 7 180" 31

Cambridge International AS & 4 Level Mathemutics 9709 Paper 21 Q7 November 2010



Differentiation

In this chapter you will learn how to:

m differentiate products and quotients

m use the derivatives of e*, In x, sin v, cos x, tan x, together with constant multiples. sums,
diflerences and composites

@ find and use the first derivative of a function, which is defined parametrically or implicitly.

N et e e




Chapter 4: Differentiation

PREREQUISITE KNOWLEDGE

W hcre it comes from W hat  you should be dblt to do Lheck  your sk)lle
L Pme Mathnmams 1 ! Dxfterem:a(e A mgether vuth | 1 lefcrcntlate with respect to x.
1 Coursebook, Chapter 7 l constant multiples, sums and ; 3 .
P P : a y=5x - 42Jx
. differences. i x?
, ; ‘
} i b, xP—dx% + x?
! i % e
! i 2%t
i Pure Mathenmtlcs 1 lefelemmle composm lunctlons '2 Dlﬂcrcnlldte mth respect to x.
Coursebook. Chapter 7 ' using the chain rule, § a (3x-5)
| | 4
JU-2x
!
: . - S — ] — et
Pure Mathematics 1 Find tangcnm and normdls to i 3 Find the equatxon ofthc normal to
Coursebook, Chapter 7 | curves. | the curve v = x* - 5x2 +2x -1 at the
t i point (1, --3).
) Pure Mathematics | ' Find stationary points on curves | 4 F1nd the stduonary pomts on the curve
v+ | Coursebook, Chapter 8 and determinc their nature. i y =% —3x? + 2 and determine their
! [ | nature.

Why do we study differentiation?

In this chapter we will learn how to differentiate the product and the quotient of two

simple functions. We will also learn how to find and use the derivatives of cxponential, * This chapter builds
logarithmic and trigonometric functions. © on the work from

Pure Mathematics 1
Coursebook, Chapters 7

All of the functions that we have differentiated so [ar have been of the form p = f(x). In

this chapter we will also learn how to differentiate functions that cannot be written in the | and 8 where we learnt
form y = f(x). For example, the function y* + 2xy = 4. " how to find and use

. . o . . . . the derivative of x”,
Lastly, we will learn how to find and use the derivative of a function where the variables x 1

and y are given as a function of a third variable.

N
Although these topics might seem like they are just for Pure Mathematics problems, @;’ WEB LINK
dlffe.remxatlon is used for calculations to do with quantum mechanics and field theories in Explore the Caleulus
Physics. of trigonometry
and logarithms
d the Chain ruld
4.1 The product rule and the Hhain le
and integration by
The function y = (x + 1)*(3x — 2)* can be considered as the product of two separate substitution stations
functions: on the Underground
Mathematics website.

¥ = uv where v = (x + D* and v = (3x = 2)°

To differentiate the product of two functions we can use the product rule.
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L) KevPOINT 4.1

The product rule is:

4 (v) =u — i +v du
dx . dx dv

Some peaple find it easier to remember this rule as:
‘(first function x derivative of second function) + (second function x derivative of first function)’
So for y = (x+ 1)*(3x - 2)%,

dy

= (wl)4 *—(3\-2)* {x\—zf—(nl)“

— x‘ S

n st diferent mumnl + umd \ngul tm;
=(x+ 1) x93x —2)? + (3x - 2) xd(x + 1)3
= (x+1PGBx -2 [9x + 1) +4(3x - 2) ]
=+ 1)PGx -2l +1)

The product rule from first principles

Consider the function y = uv where u and v are functions of x.

A small increase 8x in x leads to corresponding small increases dy, u and dv iny, v and v.

y+ 8y = (u+8u)(v+8v) Expand brackets and replace y with uv.
uv + 8y = uv + udv + vdu + dudv Subtract v from both sides.
8y = udv + v8u + dudv Divide both sides by dx.
& 8\ Su . b
AL NP AT L,
R S " 0

As & — 0, then so do &, 6u and & and

Q—ady 5M——>du'ndﬁ—>ﬂ
8x " dx’8x o dv ox dx’
Equation (1) becomes:
dy dv du
dx = dx d\ 0 d\
Cdy d\‘ du

V ——

“dx dr dx

WORKED EXAMPLE 4.1

Find -g—}— when y = (2x - DJAx +3.
x

Answer

yo= (2 - Didy +5)?

dv. . d l Pdo
et (2N ])»‘--v--- [(Ax 4 592 (4\ P8y —{2x-1)
dyv i ) Tody

N EEUER—

e e
{irst (l:rluu l| ||x NG m t S »M sifferentite lu st




Write as a single fraction.

Simplify the numerator.

Chapter 4: Differentiation

Find the x-coordinate of the points on the curve v = (2x -

Answer

R A 3 5

Iy Lo . d )
D e e ) (v 5 - [ - 3V
dx dvo oo d R
a‘r!'l'rm;(uflt second :m::;nu ;Mfcn:m:km: first
= 2y = 3) [+ 5)3(,1)“; +x+ 3R 12y
hain e V hain th-ﬂc ’
w N2y - Yok Ay - 3+ 5)° Factorise.
(25 - 3w+ ST M2x - 3+ dle 5 Simplify.
SOy =3y S U0y =T
dv - . S }
= (0 when (2o 3+ Sy (v [y =0
dx
2x o 3 ) NS Ny + =0
. 3 < i
\3 R R

3)2(x + 5)* where the gradient is 0.

1 Use the product rule to differentiate cach of the following with respect (o x:

a x(x-2) b 5x(2x+1)°

d (x-DJx+53 e Y W2x -1

g (x-3y(x+2) h (2x-1PCx+4)?

2 TFind the gradient of the curve y = x2Jx+4 atthe point (-3, 9).

c xJx+2
£ Jx(x?+2)
i (2x-503xr+1?
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3 Find the equation of the tangent to the curve y=2-x)(x+ D" atthe point where x = 1.

4 Find the gradient of the tangent to the curve y=(x+2)(x - 1)} at the point where the curve meets the
y-axis.
.

5 Find the x-coordinate of the points on the curve y=03-xP(x+1)* where the gradient 1s zero.

~

PS)

a Sketch the curve y = (x ~ 1)*(5 - 2x) + 3.

b Thecurve vy = (x - 1)*(5~2x)+3 has stationary points at 4 and B. The straight line through A and B
cuts the axes at P and Q. Find the area of the triangle POQ.

4.2 The quotient rule
.2

. . . x= =35 . .
We can differentiate the function j = 5 ) by writing the function in the form
2x +

y=(x* = 5)(2x + )™ and then by applying the product rule.

4 . x* -5 L . .
Alternatively, we can consider y = > I as the division (quotient) of two separate
+

functions: -
17 ) &
y=— where u=x"~5 and v = 2x + 1.
v
To differcntiate the quotient of two functions we can use the guetient rufe.

) KEY POINT 4.2, -

The quotient rule is:

ydu o dr
_g_(g) - _dx dy
dv {» ¥

Some people find it easier to remember this rule as
(denominator x derivative of numerator) — (numerator x derivative of denominator)
{denominator)?

The quotient rule from first principles

. . u . . .
Consider the function y = — where v and v are functions of x.
v

A small increase 8x in x leads to corresponding small increases 8, Su and & in Yy, u
and v.



y+dy= ut du Subtract y from both sides.
v+ Ov
. du LU
gy Lrou Replace y with —.
Y T o ’ P ) v
Sy = ﬁ_t§£ . Combinc {ractions.
v+& v
Su)y — u(y + dv) e e
Sy = v(u + . ) and s
¥ Vv £ o) Expand brackets and simplify.
vOu— udv . . )
dy=-—F—7— Divide both sides by &x.
v- + vov
you_ o
§l - __3_'6___61 ________________ )
dx v2 4+ vdy N
As 8x — 0, then so do 8y, du and v and B - dr , 85 - du and Rl -
Sx dxdx  dx ox

Equation (1) becomes
du dv

(1) et
dx v v2

dv

‘CT;.

Chapter 4: Differentiation

- N x* -5
Find the derivative of y = ———.
2x + 1

Answer

differentiate denoninator
feptid e Seinity
. d v
v+ D)
dx
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WORKED EXAMPLE 4.4

" . x+2)
Find the derivative of y = —(i—l—
Jx -1
Answer
G
o=
‘I%iﬁ”'}:‘i‘” AHTCEEN LS INCator —  suteialon differentiaie denominator
o d o . d . -
IVET o Yy oy R S “
dy . Vj “ dv“}% )/l ,if ,) * da )
dy ( \/'\ 1 )
du;nxquz.;i}x;‘ nu.:x\'\i
, . \ i ! |
(VY= D)3+ 27 = (0 ES RN I E R VA ]
- o |
) e v 2y
a2y vy 1| W .
RIVAY ) .
S et e Multiply numerator and denominator by
‘ 2'\, x 1.
O+ 2P (v D (4 2)t
- 2ix - bdx -1 Factorise the numerator.
(x4 2[00y = D) = (v 4 2
2{x ~1)2
G 2P0y = 8)
[
EXPLORE 4.1
In Worked examples 4.3 and 4.4 we differentiated the functions y = %—-}—1— and
X+

(x+2)}
T~

such as p = (x? — 5}2x + 1)7!, and then use the product rule to differentiate them.

using the quotient rule. Now write each of these functions as a product,

Do you obtain the same answers?

Discuss with your classmates which method you prefer for functions such as these:
the quotient rule or the product rule.
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1 Usc the quotient rule to differentiate each of the following with respect to x:
2x +3 p x-S ¢ -3 3x +1

2 g 2211

S 2-x Ix-1 2 5x
9.2 4 2
e 1 2_{ ’ 25x ; 32 _ 7y (x2+ 4)_1
(x+4) " =D : 8 Y 2x+s S

2 Find the gradient of the curve y = X3 at the point ( 2, - -1—)
x+4 2

(x-1)

3 Find the coordinates of the points on the curve y = v TS
x

where the tangent is parallel to the x-axis.

4 Find the coordinates of the points on the curve y = 1= 2; at which the gradient is 1.
- . ¢ - 4 . .
5 Find the equation of the tangent of the cutve y = ; T at the point where the curve crosses the y-axis.
6 Differentiate with respect to x:
N . 3 .2
3—"7—‘ "";"“I'i’ PR . g Sy
o X x* -1 vl
7 Find the x-coordinate of the point on the curve y = j% where the gradient is 0.
8 Find the equation of the normal to the curve py = \}x—% at the point (-1, 2).
@ 9 Theline 2x — 2y = 5 intersects the curve 2x%y — x? — 26y — 35 = 0 at three points.

a Find the x-coordinates of the points of intersection.

b Find the gradient of the curve at each of the points of intersection.

4.3 Derivatives of exponential functions
The derivative of e*

In Chapter 2, we learnt about the natural exponential function f{(x) = e*. This function
has a very special property. If we use graphing software to draw the graph of f(x) = e¥
together with the graph of its gradient function we find that the two curves are identical.

) KEY POINT 4.3

Hence. we have the rule:

—d—(e‘) =e’
dx




An explanation of how this rule can be obtained is as follows.

Consider the function f(x) = ¢¥ and two points whosc x-coordinates are x and x + 8x
where 8x is a small increase in x.

¥y

f(x+87) fommmmmmoee
{(x)

E 3 S

0 x+06x ‘;\
s , fix + 8x) — fi . WXHAN X ) PRI
-d—J—= lim S )\C) (x) = lim & - LA Iim (Lﬁ D
dx  &-0 (x+0x)-x Bx-+0 Ox 5x-30 dx
. ed — 1
Now consider — for small values of dx.
7 3{% LA R ik
0.1 0.01 0.001 0.0001 v fx + 8v) - ()
m = e
dverd (X4 8x) - X
LO51709 LOO5017 1.000 500 1.000 050 means the limit of
o (a4 8x) - fl) S !
et (x+0x)—x
From the table, we can see that as &x — 0, — — 1. _—
bx dx — 0.
LA |
Tdx
a The derivative of ¢
Consider the function y = eV,
Let v=c¢“ where wu={{(x)
dy . du
— = ¥ _— = f’ X
du ¢ dx 2
Using the chain rule: dr_ b x du
dy  du  dx
=e* xf(x)

C = fx) xeft)
d fix)y . ¢y, flx)
~d—~[e J=f{x)xc
X

£) KEY POINT 4.4

In particular,
_9,_ [ca.\-l'b] =a eu\+h

dx
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e3.\'
a el¥ b xe 3% ¢ =
X
Answer
d . . .
a e’y = 2 Yoot
dh .
differentate e odginet haetion
1 . d ; d
b5 e T e v e (@ g oYY () Product rule.
dv dv da
= (=S Ty e e (D
YAT ¢
¢ L Sy

Quotient rule.

Answer
¥ et - 9eY b Tx
dy -
2070~ 9et 4 7
dx
RERY -
Seom o de”Y - Ot
dn-

{

o . di
Stationary points oecur when 'i“
N

The equation of a curve is y = e*¥ — 9e¢* + 7. Find the exact value of the x-coordinate
at cach of the stationary points and determine the nature of each stationary point.

Differentiate.

S—
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200 = 9e + T =0 Factorise.
(2e' -~ 7)e' - =0

Re¥~Ty=0or(e*~D=0

et= —or et =1
2

-7
x o= o ( ;j or y={
d

Vo . . .

When v = (0, -—rf Is pegative = maximuin pomnt.
da

. 7Y dy

When v = In ( ) =

2 dx-

1$ positive = minimum point.

1 Differentiate with respect to x.

a e b e—* c 2%
d 3™ e de? foe>7
g e¥? h 2x+3e’® i sVer - *‘717
=
2x -2x .
H io2e™ -1 R ;—e L 5(e¥ —2x)

2 a Sketch the graph of the function y = 1 - 2™~

b Find the equation of the normal to the curve y =1~ e®™* at the point where y = 0.

m 3 The mass, m grams, of a radioactive substance remaining ¢ years after a given time, is given by the formula
m = 300e-099012 Find the rate at which the mass is decreasing when ¢ = 2000.

4 Differentiate with respect to x.

a xe® b x%e3 ¢ 5xe¥
ox -2x
. e e
d 2Jx ¢e* e P
X Jx
x 6x 2k
£ e’ -1 h xel‘+en _ P e’ -
e* +2 2 et +2

n

Find the gradient of the curve y = —5—:8 s+ at the point where x = 0.
2

6 Find the exact coordinates of the stationary point on the curve y = xe*.

7 Thecurve y = 2e2* + ¢”* cuts the p-axis at the point 2. Find the equation of the tangent to the curve at the
point P and state the coordinates of the point where this tangent cuts the X-ax1s.

8 Find the exact coordinates of the stationary point on the curve y = (x — 4)e* and determine its nature.

2x
. . . . e .
9 Find the exact coordinates of the stationary point on the curve y = —5 and determine ils nature.
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10 The equation of a curve is y = x%e™, _
a Find the x-coordinates of the stationary points of the curve and determine the nature of these stationary points.

b Show that the equation of the normal to the curve at the point where x =1 is e2x + ey = 1+ ¢2.

dzy

11 Find the exact value of the x-coordinates of the points on the curve p = x%2* at which v 0.
x
2xv-1
12 Find the coordinates of the stationary point on the curve p =
X
.. 5 1 :
? o 13 By writing 2 as "2, prove that d—(— (2¥)=2"In2.
! . N .
i @ 14 The cquation of a curve is y = x{(3%).
l Find the exact value of the gradient of the tangent to the curve at the point where x = 1.
4.4 Derivatives of natural logarithmic functions
y;r
4
3 r=Inx
5
] |
A0l A s d 5§ 7 8 9«
1
2
3 -
N

Here is a sketch of the graph of y = Inx. Can you sketch a graph of its derivative
(gradient function)? Discuss your sketch with your classmates.

Now sketch the graphs using graphing software. Can you suggest a formula for the
derivative ol In x? (It might be helpful to look at the coordinates of some of the points
on the graph of the derivative.)

The derivative of In x

In Chapter 2, you learnt thatif y = In x, then e’ = x.

In Section 4.3, you learnt that if y = ¢*, then S—J: = g%,

Using these two results we can find the rule for ('Jifferenliating Inx.

y=lnx
ef = Differentiate both sides with respect to .
. dx
¢V = o Rearrange and replace e by x.
dr_1

dy x
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£) KEVPOINT 4.5

d - 1
"I;(l’ﬂx)——x—

The derivative of In f(x)

Consider the function y = Inf{x).

Let y=Inu where u=f(x)
dy _ 1 du _ oo

du u dx M)

dy glx du

Using the chain rule: E; = dn S dx

= 1 x f{x)
u

_ )

T flx)

d _ )
ax (Inflx)] = o)

D) KEY POINT 4.6

In particular,
a
ax +bh

WORKED EXAMPLE 4.7

d ) _
o [n(ax + b)) =

Differentiate with respect to x.

a In2x b ln(4x - 3) ¢ InJS—-x

Answer

4 ‘Inside’ differentiated.

‘Inside’
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¢ Method 1:

‘Inside” differentiated.

‘Inside’

Uselne” =mina

‘Inside” differentiated.

|
2(5 - v) Inside
Differentiate with respect to x.
In2x
a 2x*InSx b —3~
X
Answer
dx-' ﬁi,dyr~,r,d3f»
R N g R LLUNA S IR SRRy S RS g Preduct rule.
da dv dy
— - A
R A S I I R
Sy
2t R 8y In Ay
. d d )
1/ In2y R l\ln ?\;)«— In2v x () .
b ( J . dy Quotient rule.
da v ()
3 "
VIS I D w3y
20 e i
-
‘\'}
]
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1 Differentiate with respect to x.

a In3x b In7x ¢ In(Zx+1)
d S+ln(x*+1) e In(2x -1y f InJx-3
s 2 2
g In(x+3) h 3x+In ( w) i Sx+In ( )
X 1-2x
i In(Inx) k In (2 - \/"5)2 { In(5x +Inx)

@ 2 The answers to question 1 parts a and b are the same. Why is this the case? How many different ways can you
justify this?

3 Differentiate with respect to x.

a xlnx ! " b 2x*Inx ¢ xn(2x+1)
d 3xIn2x e xlIn(lnx) f In5x
X
2 In(3x - 2) . In(2x+ 1)
-~ h - A Sa
& Inx X l 4x -1
4 a Skeich the graph of the function y = ln(2x - 3).

b Find the gradient of the curve y = In{2x — 3) al the point where x = 5.

94
I 5 Find the gradient of the curve y = e2¥ — 51n(2x + 1) at the point where x = 0.
6 A curve has equation y = x* In5x.
- )
Find the value of 3,11 and 3 }7 at the point where x = 2.
dx 2

7 Theequation of acurveis y = 2 1n x. Find the exact coordinates of the stationary point on this curve and
determine whether it is a maximum or a minimum point.

. . lnx _. . . . .
8 Theequationof acurvels y = —-. Find the exact coordinates of the stationary point on this curve and
x

determine whether it is a maximum or a minimum point.

9 Find the equation of the tangent to the curve y = In(5x — 4) at the point where x = 1.

10 Use the laws of logarithms to help differentiate these expressions with respect 10 x.

a InJS5x-1 b ln( ) ¢ In[x(x+1°]
3Ix+2
2y ~3x (x — 2
d ln("'\+3) e ln(l ,33) f ln[————-——“('\ ")]
x -1 x° x+4
3-x 8 . C(x+2)(2x - 1)
Inj|-——F—= h In|———s—%: In| ~~——"~—7—
& n[(,\'+4)(x—l)] [l{(,x+1)2(x—2)] ' nt X(x +9)
11 Find %’ in terms of x, for each of the following.
a e¥=2x"-1 b e =3x+2x ¢ e =(x+Nx~-5)

i Take the natural logarithm of both sides of the equation before differentiating.
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@ 12 A curve has equation x = % [e-"(z-"” + 4].

Find the value of g—}i when x = 1.
X

4.5 Derivatives of trigonometric functions

- EXPLOREA.3

Graphing software has been used to draw the graphs of y = sinx and ¥ = cos.x for

0 = x = 2x together with their gradient (derived) functions. .

. 2T COS Y
et flont - ; o
el P ~

tonction ra L

/ s, amiiont

/f 3 fnction
- o i A~
v AN I Fil /3n 2n X

) AN 2 Vs 2
sy N D
1 "'.‘_',t

Discuss with your classmates why, for the function p = sin x, you would expect
the graph of the gradient function to have this shape. Do the same for the graph of
y=cosx. .

Can you suggest how to complete the following formulae?

{sinx) = 4 (cosx) =

d
dx dy

The derivative of sin x
Consider the function f{x) = sin x, where x is measured in radians, and two points whose

x-coordinates are x and x + 6x where 8x is a small increase in x.

v
flx+8x) fommm e

flvy =sin v

flx) b

]
1
1
1
!

X

18] x+dx ;x
dy _ im flx + 8x) - f(x)
dx  ex-s0 (X +8x)— x

sin(x + 8x) — sin x

= lim Expand sin{x + &x
Sx—0 dx P )
. sinx cosdx + cos ¥ sindx — sin v
= lim Asdx — 0, cos 8x — |
Syl 0x

and sin dx — &x.

1l

Cos X



e
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) KEV POINT 4.7

d .
— (sinx) = cosx
o ¢ )
Similarly, we can show that

dij; (cos x) = —sin x

We can find the derivative of tan x using these two results together with the quotient rule.

d d { sinx )
— (tanx) = — Use the quotient rule.
dx dx | cosx
d . . d
COS X X — (sinx) —sinx X - (COsXx)
- dx dx
(cosx)2
_ €OSX X COSX —sinx X (~sinx)
cos? x
cos? x + sin? x
= ..__...-2—- . Use cos?x+sin®x = 1.
CO8* X
1
= — Use = sec.X.
COs” X COS X
2
= 5eC” X

) KEV POINT 4.8

Ed: (tanx) = sec” x

WORKED EXAMPLE 4.9

Differentiate with respect to x.

. tan x
a 2sinx b xcosx C =
X
Answer

d . d .
a — (2siny) = 2 - sy

dx dy

= 2 COS N

d . d d .
b —— (XCosy) = X —— (RO A )+ 03N X e V) . Product rule.

dx du da

SUSITN A COSA

d

(3 + 2sinx)®
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d
d [ tana N | vy - tana : ("
¢ ( . ) TN, . ) S, e L S Quotient rule.
dy v N
VoseeT v e v 2y
A
d . 5 s vy Py .
d ~{-~{(3-4 ISy = 3034 2sinayt ow Jeos Chamn rule.
dxy
Heosv(3 g 2uinay!

Derivatives of sin(ax + 5), cos(ax + b) and tan(ax + b)

Consider the function y = sin(ax + b) where x is measured in radians.

Let y=sinu wherc w=ax+b
dy cosu di a
du dx

Using the chain rule: & -G X du
dx  du  dx

= COoSu X a g
7
= a cos(ax 1 b)

d ~ It is important to

ax [sin(ax + b)) = acos(ax + b) . remember that, in
calculus, all angles are

measured in radians

unless a question tells

d .
-— [cos(ax + h)] = —as X+ 1} -
dx [cos(ax + b)] asin(ax +5) © you otherwise.

4 [tan(ax + b)Y = asec®(ux + b)
dx

KEY POINT 4.9

Similarly, it can be shown that:

Differentiate with respect to x. 7
cos (2.): - )
a 2sin3x b 4dxtan2x c 3 d (3-2cos5x)?
X )
Answer

b
a d (2sin3a) =2 {sin3v)
dv Lv

Ay
= 2y cos3y x (1)

= Geos Ay
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d o . d d
b e (dytan2x) = dy X = (lan2v) + an 2 X S (4) Product rule.
dx X d
e Ay wosect 2a (2) 4 tan2x x ()
= Qusee? 20 ¢ dan 2y
T ) R
c d 4 Quotient rule.
dy ¢
i1 . Y P ooab N .
d : ‘ (3 -2cossa) |=4(3-2vosdc) < {Usini Chain rule.
[SAN . )
= 405 A3 - 2eos Sy’

1 Differentiate with respect to x.
a 2+sinx b 2sinx+3cosx ¢ 2cosx—tanx
d 3sin2x e 4tanSx f  2cos3x—sin2x
. T . T
g tan(3x+2) h 51n(2.\~+§) i 2005(3,\'———6—)
2 Differentiate with respect to x.
a sin'x b Scos?3x ¢ sin?x-—2cosx
. 4 . b 5 T
d {3-cosx) e 25m3(2x+—g) f 3cos“x+2mn2(2x~z)
3 Differentiate with respect to x.
a xsinx b 5xcos3x ¢ x’tanx d xcos® 2x
5 AN tan x sinx
e f a g - h ——
cos3x Cos X X 24+ cosx
; sinx j 1 K 3x \ Sin X + COS X
3x -1 sin® 2x sin2x sin.x - cosx
4 Differentiate with respect to x.
a esiu X b e<os 2x c etan 3x d e(hin x-cos x)
e e'cosx f e¥sin2x g e¥(2cosx - sinx) ho xleros
. . . Co COs 2X xsin2x
i In{cosx) i xIn{sinx) k peiciy t e

5  Find the gradient of the curve y =3 sin2x - Stanx at the point where x = 0.
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6 Find the exact value of the gradient of the curve y = 2sin3x — 4cosx at the point (-1{-, ~2 )

7 Giventhat y=sin?x for 0 <y =< 7, find the exact values of the x-coordinates of the points on the curve
) p

where the gradient is g .

o 8 Prove that the gradient of the curve v = is always positive.

2 —tanx

9 a By writing secx as - «-1-—, find 4 (sec x).
cos x dx

b By writing cosec x as — ! , find 4 (cosce x).
sin dx
cos

X find % (ot x).
X dx

¢ By writing cotx as

. oo fnomY. . .
o 10 Prove that the normal to the curve y = xsinx at the point P(f s 5) intersects the x-axis at the point (w, 0).

11 Theequation of a curveis y = 5sin3x — 2cos.x . Find the equation of the tangent to the curve at the point

i . . C
( 3 ~1 ) Give the answer in the form y = mx + ¢, where the values of m and ¢ arc correct to 3 significant figures.

12 A curve has equation y = 3cos2x +4sin2x + 1 for 0 < x < 7. Find the x-coordinates of the stationary
points of the curve, giving your answer correct to 3 significant figures.

13 A curve has equation y = e*cosx for 0= x =< =, Find the exact value of the x-coordinate of the stationary

(ST

point of the curve and determine the nature of this stationary point.

sin2x T . .
—— for 0<x= 5 Find the exact value for the x-coordinate of the stationary
o

it

14 A curve has equation y

point of this curve.
3x

1§

. T o . .
15 A curve has cquation y for 0 < x < 5 Find the exact value for the x-coordinate of the stationary

sin3x
point of this curve and determine the nature of this point.

@ 16 A curve has equation y = sin2x — x for 0 < x < 2x. Find the x-coordinates of the stationary points of the
curve, and determine the nature of these stationary points.

@ 17 A curve has equation y = tanxcos2x for 0 < x < }75 Find the x-coordinate of the stationary point on the

curve giving your answer correct o 3 significant figures.

4.6 Implicit differentiation

All the functions that we have differentiated so far have been of the form y = f(x). These
arc called explicit functions as y is given explicitly in terms of x. However, many functions
cannot be expressed in this form, for example x? + Sxy + y? = 16.

When a function is given as an equation connecting x and p, where y is not the subject, it
is called an implicit function.

dy dy du ) d dv dus

=== ==X -— Jand the product rule | — (uv) = u — + v =% | are us
dx du dx P dx (uv) dx dr ) ed

extensively to differentiate implicit functions.

The chain rule (

This is illustrated in the following Worked examples.
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WORKED EXAMPLE 4.11

Differentiate each of these expressions with respect to x.
a )’ b 4x%y’ ¢ X’ +Sxp
Answer
4 5. d 0o dy e
a (Y E e Yy X o Chain rule.
dv dy dv
= 3 9
©ody
d Ny ,od s < do
b Ty s AT o () T e (T Product rule.
dv dy da
5 S . d . 4 dy
=4yt e () 8 Chain rule; — (3°) = 5¢* L
dy ' dx dx
= 2087y LL‘ P’
Tody
d oy d o .. d oL ) d
¢ e AT D) s e (T ) e () Use the product rule for — (5xy).
[ER\ ’ dy dy dx
o d d .
Ay 4 SN e (e (5a)
da dv
e sy By s
U dy .

WORKED EXAMPLE 4.12 -

Find %K for the curve x* + 3% = 4xy. Hence find the gradient of the curve at the point (2, 2).
x
Answer
Ayt e Ay Differentiate with respect to v.
Nd \..1)1,,}1_ (1,‘) - -f] ..... (4\1)
dy dx dv
, i
TR NV SR i)
dy dvy dy dy
ST LN gy Rearrange terms.
Ty da
S dy iy 4 :
PN D R Factorise.
dx dy
(317 - 41) ‘-i“’ B R T Rearrange.
uv
de A
dy k
When v = 2 and 3 =2,
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dr 42 =32y
dy o 32) -4

Gradient of the curve at the point (2, 2) is 1.

The cquation of a curve is 3x? + 2xp + 3? = 6. Find the coordinates of the two stationary points on the curve.

Aunswer
3T 2N T e 6 Differentiate with respect to x.
d . d o R d d .
e LA I SR R (0 ) = (6} Use product rule for — (2xy).
da dw dy ® dy j dx
d d . d ;o d
OX 4 2% e (1) A 1 (21 )4 e (1) ) Use chain rule for 2
da da 1 dx %)
(< ‘)Ad,r LY g .
R Divide by 2 and rearrange.
v Factorise.
Rearrange.
101
o . dy
Stationary points acour when T 0.
1 3y = 0
i RAY
Substituting » = =31 into the cquation of the curve gives
I 20(=3) 4 (=30) = 6
63"
Vo ook |
I'he stationary points are (-1 3) and (1, =3)
1 Differentiate each expression with respect to x.
a b x'+2)? ¢ Sx*+lny
d 2+siny e 62y} oyt +ay
g - T7ap+y? h xsinv+ ycosx i Xy

cos y

j xcos2y k Sy+e*siny U 2xe
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10

11

12

D 13
D 14

Find g—}— for each of these functions.
X

a X+2p+pi =10 b x?y+3? =5x ¢ 2x2+5xp+? =8
d xlny=2x+5 e 2ep+e? )y’ =10 f oIn(xy)=4-)7
g xy’=2lny h Inx-2Iny+Sxy=3

Find the gradient of the curve x? + 3xy — 5y + ¥y} = 22 at the point (1, 3).
Find the gradient of the curve 2x3 — 4xy + »* = 16 at the point where the curve crosses the X-axIs.

A curve has equation 2x% + 3y% - 2x + 4y = 4. Find the equation of the tangent to the curve at the
point (1, -2).

The equation of a curve is 4x?y +8Inx + 2 Iny = 4. Find the equation of the normal to the curve at the
point (L 1).
The equation of a curve is Sx* + 2xy + 2y% = 45,

a Given that there arc two points on the curve where the tangent is parallel to the x-axis, show by
differentiation that, at these points, y = ~5x.

b Hence find the coordinates of the two points.

The equation of a curve is p? — 4xy - x* = 20.
a Find the coordinates of the two points on the curve where x = 4.
b Show that at one of these points the tangent to the curve is parallel to the x-axis.

¢ Find the equation of the tangent to the curve at the other point.

The equation of a curve is 3* ~ 12xy +16 = 0.
a Show that the curve has no stationary points.

b Find the coordinates of the point on the curve where the tangent is parallel to the y-axis.
Find the gradient of the curve 5e¥y? + 2e*y = 88 at the point (0, 4).

The equation of a curve is x?—4x + 6y +2y* = 12, Find the coordinates of the two points on the curve at

which the gradient is % .

The equation of a curve is 2x + yInx = 4y . Find the equation of the tangent to the curve at the point with
. 1
coordinates (l, —Z—J

The equation of a curve is y = x*. Find the exact value of the x-coordinate of the stationary point on this
curve.

. . . . d? .
Find the stationary points on the curve x2 — xy + y* = 48. By finding a——Jz: determine the nature of each of
these stationary points. *



4.7 Parametric differentiation

Sometimes variables x and p are given as a function of a third variable 7.
Forexample, x = [ + 4sint and y = 2cos 1.

The variable ¢ is called a parameter and the two equations are called the parametric
equations of the curve.

We can find the curve given by the parametric equations x = | + 4sint, y = 2cost for
0 =<¢=2r by finding the valucs of x and y for particular values of .

0 in —ln l,[ n én K T ln 2n
4 2 4 4 2 4

| 3.83 5 3.83 1 -1.83 -3 -1.83 !

2 1.41 0 -1.4] -2 ~1.41 0 1.4 2

IA

Y

Chapter 4: Differentiation

1 Use tables of values for 7, x and y to sketch each of the following curves.
Use graphing software to check your answers.

it

~
|
{

C x=f(+ —] v
t t
2 Use graphing software to draw the curves given by these parametric equations.
a x=sinf, yp=sn2¢
b x=sin2t, y=sind
C x=sindt, y=sin3t

3 The curves in question 2 are called Lissajous curves. Use the internet to find out
more about these curves. (A Lissajous curve is shown at the start of this chapter.)

When a curve is given in parametric form, in terms of the parameter 1, we can use the

. . dy .
chain rule to find a;l.- in terms of 1.
X

103
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WORKED EXAMPLE 4.14

The parametric equations of a curve are x = 2, y=5=-2t
. dy .
a Find E)_ in terms of the parameter 7.
X
b Find the cquation of the tangent to the curve at the point where ¢ = 2.
Answer
: dy
a X 1“) > 2t
ds
. d
R TR
Jt .
{ b .
dp _dy o de Chain rule.
[eRY ds dy
2 X L
2
1
i
. i .
b When ¢ = 2, gradient = - -0 v e and i
Using ¢ = 1y = il — 3]
b \
v 5 4)
1 .
P o X3
)
L — - N S
. . . . - . 3n
The parametric equations of a curve arec x = 1+ 2sin® 6, y = 4tané for 3 << >

. o, dy .
a Find _d)‘ in terms of the parameter 8.
x
b Find the coordinates of the point on the curve where the tangent is parallel to the y-axis.

Answer
. iv .
a Al st @ o S 4sin® coso
Y 1 by d() b GO
1y 4
v dwanl sy e e e
’ do cos™ @
dr il—) < de Chain rule.
dy 4@ v
4 !
T X e
cos? @ dsing cosd

_ 1
sin@ cos' 0
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b Tungentis parallel to the yeaxis when
simndeos’0 = D
smé -0 or cosl =0
sn@ = 0 s 0w oy (10

- . i .
Fheve are no solutions 1o cos@ = 0 in the range -0 =

- The point where the tangent is parallel to the v-axis is (1, 0).

. . . . . . N dy . . .
1 For each of the following parametric equations, find d—) in terms of the given
parameter. 4

a x=20p=r-5 b x=2+sin20, y =46+ 2cos26

¢ x=20-sin26, y =2 - cos20 d x=3tan0, y = 2sin28

e x=1+tanB, y=cos@ f x=cos20-cosf, y=sin’ @

g x=1+2sin%8, y=4tané h x=2+c’,y=¢ e

i x=¢c¥ y=r +1 j x=2In(r+3), y=4e

k )c:ln(l—t),y:i?- I x=14+41,y=2Int 105

2 The parametric equations of a curve are x = 3, y = 13 + 472 - 3¢. Find the two
values of ¢ for which the curve has gradient 0.
3 The parametric equations of a curve are x = 2sin6, y = | — 3 cos 26. Find the

exact gradient of the curve at the point where 0 = -;E

. . 4
4 The parametric equations of a curve are x = 2 + In(r—1),y=1t+ 7 for ¢ > 1.

Find the coordinates of the only point on the curve at which the gradient is equal
to 0.

5 The parametric equations of a curve are x = e”, y = | + 2ze’. Find the equation
of the normal to the curve at the point where ¢ = 0,

6 The parametric equations of a curve are x = ¢, y = 12¢ — 1.
dy  (2-t
a Show that <X = ~(—12
x 2e”!

b Show that the tangent to the curve at the point (I, —1) is parallel to the x-axis
and find the exact coordinates of the other point on the curve at which the
tangent is parallel to the x-axis.



T

Cambridge International AS & A Level Mathematics: Pure Mathematics 2 & 3

7 A curve is defined by the parametric equations x = tan, y = 2sin26, for

b
0-<8<—.
2

a Show that gy = 4cos? B(2cos> 6~ 1).

A

b lence, find the coordinates of the stationary point.

. . . 9
8 The parametric equations of a curve are x = ¢ +4Ins, y =1+ 7 fort > 0.

L dy -9
a Show that —— = .
dy £+ 4
b The curve has one stationary point. Find the y-coordinate of this point and

determine whether it is 2 maximum or a minimum point.

9 The parametric equations of a curve are x = 1+ 2sin? 0, y =1+2tand. Find
. . . £
the equation of the normal to the curve at the point where 8 = T

10 The parametric equations of a curve are x = 2sin6 + cos 260, y =1+ cos28, for

0=

win

dy 2sin@
a Show that dy = -——S—~— .

dx  2sin8-1
b Find the coordinates of the point on the curve where the tangent is parallel to

the x-axis.

¢ Show that the tangent to the curve at the point (
J-axis.

1|

s %) is parallel to the

@ 11 The parametric equations of a curve are x = In(tans), y = 2sin2¢, for

T
<<=
Ot,)

Try the Parametric
points resource on
the Underground

Mathematics website.

a Show that %)i = sin4/.

b Hence show that at the point where x = 0 the tangent is parallel to the
x-axis.




Chapter 4: Differentiation

Product rule
d dv du
® —(nm)=uy—+1yp—
dx 2 dy

Quotient rule

a4 ( 2) - _d
® A ir
Exponential functions

d d r . d ;
- Yy = et avth -y e R = 1 ) v f{x)
dx (N)=e dx [e ] *© dx =l re

Logarithmic functions

d 1 d a
® — (1 = —_—l C B =
dx(n‘) X d‘[n(axﬂ-))] ax + b

4 ey = £
3y [In(C)) = )

Trigonometric functions

L] ~d— (sin x) = cosa Hd; [sin(ax + b)) = a cos(ax + b)
X

d d . e )
i (Cosx) = —sin x i [cos(ax + b)] = —asin(ax + b)

i (tan x) = sec®x —9— [tan(ax + b)] = asec?(ax + h)
dx dx




Cambridge International AS & A Level Mathematics: Pure Mathematics 2 & 3

END-OF-CHAPTER REVIEW EXERCISE 4

1 The parametric equations of a curve are
9 .
x =1+1n(t - 2), y:t+7,[ort>2.

2 — —
i Showthat & = (L2900 =2)
dx 2

ii  Find the coordinates of the only point on the curve at which the gradient is equal to 0.

131
13

Cambridge International AS & A Level Mathematics 9709 Paper 21 Q4 November 2010

2 Find the value of %- when x = 4 in each of the following cases:
X

i y=xln(x-3),
iy =i
FEXET

14]
13l

Cambridge International AS & A Level Mathernatics 9709 Puper 21 Q5 June 2011

@ 3 The parametric equations of a curve are x = e,y =1 +3.
. dy 11 +72)
i Show that =— = ———.
“dx 32
i Show that the tangent to the curve at the point (1, 3) is parallel to the x-axis.
i Find the exact coordinates of the other point on the curve at which the tangent is parallel

to the x-axis.

14
121

12]

Cumbridge International AS & A Level Marhematics 9709 Paper 21 Q7 November 2011

108 4 Find the gradient of each of the following curves at the point for which x = 0.
i y=3sinx+tan2x
" 6
YT

13]
131

Cambridge International AS & A Level Mathematics 9709 Paper 21 Q2 June 2014

5 The equation of a curve is 2x% + 3xy + y* = 3.

i  Find the equation of the tangent to the curve at the point (2, 1), giving your answer in the form

ax + by + ¢ = 0, where g, b and ¢ are integers.

ii Show that the curve has no stationary points.

ol
14

Cambridge International AS & A Level Mathematics 9709 Paper 21 Q7 June 2014

@ 6 Theequationof acurveis v+ dxy = 16.
i Showthat 2 = - 2 __
dx 3y° +4x
ii  Show that the curve has no stationary points.

i Find the coordinates of the point on the curve where the tangent is parallel to the y-axis.

{4l
(2
14]

Cambridge International AS & A Level Mathematics 9709 Paper 21 Q7 June 2015

@ 7 The equation of a curve is y = 6sin x — 2cos 2x.
Find the equation of the tangent to the curve at the point (E n, 2) . Give the answer in the

form y = mx + ¢, where the values of m and ¢ are correct to 3 significant figures.

151

Cambridge International AS & A Level Mathematics 9709 Paper 21 Q3 June 2015



Chapter 4: Differentiation

=Y

Q

The parametric equations of a curve are x = 6sin® ¢, y = 2sin2s + 3cos 2/, for 0 < ¢ < . The curve crosses the
x-axis at the points B and D and the stationary points are A and C, as shown in the diagram.

i Show that dy = 2 cot2s - 1. I5)
dx 3

il Find the values of 7 at 4 and C, giving each answer correct to 3 decimal places. 13]

iii  Find the value of the gradient of the curve at B. 13}

Cambridge International AS & A Level Mathematics 9709 Paper 21 Q7 November 2015

9 The equation of a curve is 3x? + 4xy + y? = 24. Find the equation of the normal to the curve
at the point (1, 3), giving your answer in the form ax + by + ¢ = 0 where @, b and ¢ are integers. (8]

Cambridge International AS & A Level Mathematics 9709 Paper 21 06 November 2016 109

10 YA

\“’\\

- 0 I

”

The diagram shows the curve y = \K‘ _— )

e+ x
i By first differentiating : ; : obtain an expression for g—% in terms of x. Hence show that the gx‘agient of
the normal to the curve at the point (x, v)is (1 + x) (1= x?). I5)
i The gradient of the normal to the curve has its maximum value at the point P shown in the diagram.
Find, by differentiation, the x-coordinate of P. [4]

Cambridge International A Level Mathematics 9709 Paper 31 Q9 June 2010
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13

The parametric equations of a curve are x = 3(1 + sin?1), y = 2 cos’ 1.
. dy . . e .
Find . in terms of ¢, simplifying your answer as far as possible. 151

X
Cambridge International A Level Mathematics 9709 Paper 31 Q2 November 2011

The equation of a curve 1s In(xy) — =1

. dy v

i Showthat — = —— 4
dx  x(3* -1 : M

i Find the coordinates of the point where the tangent to the curve is parallel to the p-axis,

giving each coordinate correct to 3 significant figures. 14]

Cambridge International A Level Mathematics 9709 Paper 31 Q7 November 2012

The curve with equation 6e2¥ + ke¥ + 27 = ¢, where k and ¢ are constants, passes through the point P with
coordinates (In3, In2).

i  Show that 58 + 2k = ¢. 2]
ii  Given also that the gradient of the curve at P is ~6, find the values of k and c. 15]

Cambridge International A Level Muthematics 9709 Paper 31 Q5 June 2011
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Integration

In this chapter you will learn how to:

B extend the idea of ‘reverse differentiation’ to include the integration of e®*P

s

: . 2 ax +h’
sin{ax + h). cos(ax + b) and sec?(ax + b)

® use tigonometrical relationships in carrying out integration

m understand and use the trapezium rule to estimate the vatue of a definite integral,




ame g

Where it comes from | What you should be able to do - Check your skills

Chapter 4 - Differentiate standard functions. 1 Find % when:
| a y=3sin2x —5cosx
b y= eSx—Z

¢ y=In@x+1)

—

Chapter 4 Use standard trigonometric relationships to 3 2 Prove that
prove trigonometric identities. i cosdx +dcos2x = 8cost x - 3.

e s

Why do we study integration?

In this chapter we will learn how to integrate exponential, logarithmic and trigonometrical
functions and how to apply integration to solve problems.

i

This chapter builds
: on the work we did in

It is important that you have a good grasp of the work covered in Chapter 3 on Pure Mathematics |
trigonometry, as you will be expected to know and use the trigonometrical relationships ; Coursebook, !
when solving integration problems. , Cbapter 9, where we
: T b ¢ Jearnt how to integrate |
Lastly, we will learn how to find an estimate for J f(x)dx using a numerical method. This f (ax + b)", where n 2 —Lé
@ ! R -

112 h
l . is used when we are not able to find the value of J [(x)dx using an algebraic method.
a

5.1 Integration of exponential functions

Since integration is the reverse process of differentiation, the rules for integrating exponential
functions are:

Explore the Calculus
of trigonometry and
logarithms station
on the Underground
Mathematics website.

L) ey POINT 5.1

1
fe‘dx:e*+c j’eawbdx:__eau‘b_‘_(,
a

i, In Chapter 4, we learnt

| the following rules
WORKED EXAMPLE 5.1 . for differentiating
o i exponential functions:

Find: i _(;_j_ (e¥) = e
. X |

a je“ dx b Ie”“ dx c Jc”’" dx ; d :

{ P (cax-fb) = aeax(»b i

P dx

Answer b e

. ) !
a J.c}‘d..\' vvje}‘ b




 WORKED EXAMPLE .2

2
Evaluate J 9e3v L dx.
1

Chapter 5: Integration

Answer

Substitute limits.

.
I
X

FFind the area of the shaded region

Answer
Area = J (v e ydy
I 2
Pal 1 ] o
B TR Substitute limits.
[ - A
(8 1 v (1 1, o
L3 2 c oy R Simplify.
| P
Pt
= 239 units”

113

b Je“’"’dx
e J‘Ze“"'dx

h J&:Hx dx

c J 6e3* dx
f f62x+4dx

i fZeg""3 dx
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8 a Show that 4 (xe¥ —ev) = xe'.
dx

. 2
9 a Find J. (4e2% + 5¢7V) dx, where g is a positive constant.
0

a3

Find:
a je“"(lJre"')d.\' b JSe‘(E—r e ydy C j(ez"' —1)? dx
Ix Y X A D)2
d | dre’ i e [3oE g I 2 4y
e~ Qe e’
Evaluate:
2 ! n2
a j e’ dx b J‘ e dx < j Se ¥ dx
0 0 0
3 . t 8 1 '
d J‘ el‘._,x dx e J T dx f J‘ (e"‘ + 1)2 dx
0 o e’ 0
1 | < \2 2o 2
g f (¢ + 2 dx h j (2@ - lj dx I R AR
0 0 € 0 e”

. dy ) e .
A curve is such that (—12— = 6e2% + 2¢7%. Given that the curve passes through the point (0, 2), find the equatfon
X
of the curve.

. d?y e )
A curve is such that 214)7 = 20e~2. Given that %— = -8 when x = 0 and that the curve passes through the
X X

. 5 . .
point ( 1, —7) find the equation of the curve,
e

Find the exact area of the region bounded by the curve y =1+ e2%~3 t{he x-axis and the lines x =1 and
x =3

Vo Qe

2v+3

)
i
:
:
3

<Y

ol

Find the exact area of the shaded region.

b YA '

y=aet

>
»
X

0 3

Use your result from part a to evaluate the area of the shaded region.

b Hence find the value of | (4e7Y + Se™)dx.
. 0




5.2 Int

Since int

() kevp

J“l

ol
| The diagram shows the curve y =2e" +8e"" — 7 and its minimum point M.

i Find the area of the shaded region.

1

1

v
t i
1 t
[ 1
] ]
1 [

ol ln‘?, n3 x

n3
e¥dx.

In2

- a  Find the value of

(

—dy=lny+c¢, x>0 J~ d,\*zlln(a.x—kb)—l»c, ax+b>0
X ‘ ax+b a

3 ,
b Hence showlhatj Inpydy = In(
2

Find ¢

a

Answet

ich of these integrals and state the values of x for which the integral is valid.

2 4 6
=dx Y :
Ix § b J2x+ld/\ ¢ J.2~3xd\’

Valid for 2x + 1> 0.

Chapter 5: Integration

' The diagram shows the graph of y = e¥ The points (In2, 2) and (In 3, 3) lic on the curve.

213

)

&)

| In Chapter 4, we learnt
the following rules

for differentiating

- logarithmic functions:

d I ;
—(nx)=—, x=
dr\_(nr) x,x 0

d

i [intax + )] =

; a
; e AX + b 0

i ax+b

| Itis important to

H v

| remember that In x is

¢ only defined for x > 0.

115
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(2 = 24 e Valid for 2 —3x > 0.

EXPLORES.1
Fiona is asked to find Jx'l dx.
|

l x™! 4+ ¢ to obtain her answer.
n+

She tries to use the formula j'x” dx =
Fiona is also asked to find J(Zx +3)" dx.

She tries to use the formula J-(a_x +H)" dx = -(~—1—+—T) (ax + b)"*" + ¢ to obtain her
aln

answer.

Discuss with your classmates why Fiona’s methods do not work.

'EXPLORES.2

Rafiu and Fausat are asked to find j ———l - dx
2(3x + 1)

Rafiu writes: j -

o - i
Fausat writes: J i sl s j R —
S ) : . \

Decide who is correct and discuss the reasons for your decision with your classmates.

3 -2
Consider the integrals I 1 dx and I —l—dx.
2 X -3 X
From the symmetry properties of the graph of y = 1 we can see that the shaded areas
X

that represent the two integrals are equal in magnitude. However, one of the areas 1s

-2 3
below the x-axis, which suggests that J ! dy = ~j }v-dx.
-3 X 2 X




3
Evaluati gj L dx gives:
2 X

P
2 X
‘Zi ~

S _ 3 .2
ies that J‘3 . dx = —ln; = ln-g.

dx = [lnx]'; =In3-In2=

This imp

,
1,:.
o

-2
If we tryusing integration to find the valie ofJ‘ 1 dx we obtain:
-3

X

1
ax +b

x=—1—lnla.\'+h|+c
a

3
Find the valueofJ. .
2
Answef
1 ¢ ;
p 16 } o
b dy s b e T 2 By
J; R e R0 |‘ ; i I i

-2 7)) -2 d)

Substitute limits.

2 Evaluate:

=27 42 nd Simplify.
w2 lni
7
6 I,
6 S
— d.
x5 € 2 - 3x dx

o

A
[
p 2x+ 1

2 3
34
[o -7

B

Chapter 5: Integration

"' |
Ix+1

3 .
J x>

4
3
j.] Z.X—Fsd—X

34
S—; b
J.z 3-2x *

as%

8
7

A more in-depth
explanation for

this formula can be
found in the Tivo

Jor one resoutce on
the Underground
Mathematics website.

| It is normal practice
i to only include the

I modulus sign when
¢ finding definite

¢ integrals.

117
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3  Evaluate: .
10
a j (2 + — > )d.\‘
4 3x-2
33
o P2
Pux 2x -1,

3
4
2x—1 Ix
¢ J‘ml( v +2x+3)tx

4 a Giventhat S P 4 , find the value of the constant A.
2x -1 2x -1
5 4x
b Hence show that j 7 dx =8+ 1n9.
] LN

5 a Find the quotient and remainder when 6x% + S5x is divided by 2x - 5.

g2 )
b Hence show that 6x7 + 5% dx = 23 25 ln( > )
0 2x-35 2 3
6 A curve issuch that dy =2x 4 - 3 )
dx x+e

Given that the curve passes through the point (e, %), find the equation of the curse.

-~

m e

2
X

1
1
.
H
] 1 k

. 2 . .
The diagram shows part of the curve y = 3 Given that the shaded region has area 4, find the value g
+

@ 8 The points P(1, -2) and Q(2, k) lie on the curve for which @ 3- ~2~ The tangents to the curve at the p
x

dx
P and Q intersect at the point R. Find the coordinates of R.

5.3 Integration of sin(ax + b), cos(ax + b) and sec? (ax + b)

In Chapter 4, we learnt how to differentiate some trigonometric functions:

d (sinx) = cos.x Ed— [sin{ax + b)) = a cos(ax + b)
x X

4 (cosx) = —sinx % [cos(ax + b)] = —a sin(ax + b)
x dx

4 (tan x) = sec? x 4 [tan{ex + b)] = a sec*(ax + b)
dx dx

fk.

pbints




Chapter 5: Integration

oiNT 5.4
Since infegration is the reverse process of differentiation, the rules for integrating are: I Itis important to
. remember that
1. . i §
j cosx dx =sinx+c J cos(av +b) dx = — sinfax + b) + ¢ . the formulae for }
a ! differentiating and j
) 1 ¢ integrating these :
I sinx dx = —cos v + ¢ J sinfax + b)dx = - cos(fax + b)Y+ ¢ i trigonometric f
i functions only apply |
. . when x is measured in |
j sec* xdx =tanx + ¢ j sec?(ax +b) dx = 1 tan{ax + b) + ¢ -
a . radians.
. X
a J sin2x dx b J cos3x dx c j4scc2—2- dx
Answer
Co J . [ LS X 5, X
a sin2x s - - cos2a + ¢ b cos 3y dy = 3 EIICAGEERS ¢ Jdseet = odis 4 sec? Tody
A
X ( ?tnn;)J« ¢
) X
s 8tanis + ¢
2
T
. | 4 .
Find the exact value OFJ (3-2sin2x)dx.
0
Answell
i b
i . ) 2 1
j (3F 2sin2vydy | 3y g 2 cos 2y J Substitute limits.
9 - A
{ 3n ny o, \
= et cos = e (004 cosD .
l. f 5 ) (0ot
!/ ‘)n Y
=N v ulowen
4 J
in
SR
4




Find:

a J‘ sin 3x dx b J cosdx dx c J. sin—;_; dx
d JSsin 2x dx e IScos 3x dx f J sec? 2x dy
g J-Z cos(l — 5.x) dx h J 3sin(2x + 1) dx i J 2sec’(5x — 2) dx
Evaluate:
1 2 . 1
§" 3 (1 o 5.
a J. cosdxdx b J ©osin ( — X )dx C j sec™ 2x dx
0 0 2 0
! n ! ik ! hid
d J'z (sin2x + cos x)dx e J-" (cos2x + sinx)dx f JJI (5 -2 sec? x)dx
0 0 -
4

. d .
a Find — (xsinx+cosy).
dx
1
- (3T
b Hence find the exact value of | 7 xcosxdx.
0

. 1y .
A curve is such that S22 - 3sin2x.
dx
Given that the curve passes through the point (% , 0), find the equation of the curve.

. . d%y .
A curve 1s such that I ’f = —12sin2x ~2cosx.
dx=

Given that g—‘ = 4 when x = 0 and that the curve passes through the point (%E .3 ) find the equation ({f

the curve.

. . . T
b Find the equation of the normal to the curve at the point where x = 3

The point ( 1,:— , 5) lies on the curve for which gl = 4sin(2x -
27, X

ol

a Find the equation of the curve.

ol X

The diagram shows part of the curve y =1+ J3sin2x + cos 2x. Find the exact value of the area of the shg
region.

ded




Chapter 5: Integration

RS, [

oh X
The diagram shows part of the curve y = 3sin2x + 6sinx and its maximum point M.

Find the cxact area of the shaded region.

Q @ 3] A
B
2

Vo sin oy

!

2

¥

o

T I e T,

&aa

=]
N

The diagram shows part of the graph of y = sinx. The points (

>

) and (%E , »‘/2}_—] lie on the curve.

T

a Find the cxact value of Jn} sin x dx.
6

Vi 121

b Hence show that J.]Z (sin~! »dy = —l% (2\/§ -1 ) - ﬁ2~ ! .

3

P

.
'
.

3
3

S

) lie on the curve.

[\S F

The diagram shows part of the graph of y = cos x. The points (-:—:— . T] and (% ,

n
b Find the exact valuc of J-: cos xdx.
x

N2

b Hence show that Jl 2 (cos y)dy = —2% (3J2 —4)+

2

-3

2

5.4 Further integration of trigonometric functions

Sometimep, when it is not immediately obvious how to integrate a trigonometric function,
we can usg trigonometric identities to rewrite the function in a form that we can then
integrate.
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To integrate sin? x and cos® x we must use the double angle identitics:
cos2x = 1 -2sin®x and cos2x = 2cos® x — 1

Rearranging these two identities gives:

2

sin x = %(l “cos2x) and cos’x = %(l +cos2x)

| WORKED EXAMPLE 5.8

Find:
a j sin? x dx b j3cosz 2x dx

Answer

a J' sin” .y dy = ; J(l - cos2x)dy Use sin®x = %(] —¢cos2x).

1 o
[ N ~RINZY e
2 AN 2

Lo
A BHELN A
A

£

Jd o

{1+ cosdx).

il

b J’}my’ Iada ;-;‘v- J( |+ cosdaydy Use cos?2x =

/

3 . i
N R N sty e
20 4 /
122
: 3 3

x4y e
) 8

WORKED EXAMPLE 5.9

Find j sin* x dx.

Answer
. v o . l
sin® o= (s v)” Use sin® x = 5 (1= cos2x).

= l vi—(l —COs V) }
/ , . |
(1= 2¢os2x + cos” 2) Use cos®>2x = 3 (1+ cos4x).

1 Tcos? i ! Os !
- 2COSAN 4 5 + ’3'(,():3' X ’

i
[ I I e

|

. ]
= e OS2 % cosdy

J. sin v dy = (

[ |
=X s SN 2N 3 Ay
4 32

[o%R]
Y

el

,l e D v .1.. ¢ 4 ) v
s OS2 g cosda J( ¥

[ W—

o0




Chapter 5: integration

To integrate tan? x we use the identity 1+ tan? x = sec? x.
Rearranging this identity gives tan? v = sec2 v -~ I,
z .
- {4
Find the cxact value of J- 5tan? xdx.
0
Answer
4 - 3 {1 ¥ .
J— Y5 and oy dy J (3e0¢” v - Sida Use tanx = sec’ x — 1.
0 t
T P . L
RIREREES ;l; Substitute limits.
{ S
5 - D () e 1y
S 4 )
PR
: P
L e e e N

Worked example 5.11 uses the principle that integration is the reverse process of differcntiation.

. . dy
a Show thatif y = secx then - 2 = tan x sec v.
X

1
X
b Hence find the exact valuc ofj’4 {cos2x + Stanx secx)dx.
0

Answer

1

a o Use the quotient rule.
: COS

(cosn ,) (1)) -

() (51 )

ST
COST X
= 0N see Y
i

a7 4 u
b f (cos2x F Stancesec x)dy Use J tan.x sec x dx = sec x.
i1

Substitute limits.
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 WORKED EXAMPLE 5.12

a Prove that 2cosec2x tan x = sec” x.
. 1x
b Hence find the exact value of 31 (5+ cosec2x tanx)dx.
-1
3

Answer

sin x
Usetanx =
cos

and

a 2cosee2ytany =

512X

. n2x =2s
2 sin sin2x sinx cos x.

(25X COSY) Cos Y

‘ Simplify.
wt.’z X
29; ) 3 R o y ) ’
b 5 (5 4 cosee 2y tan vy dy = | i 54— secry ld v Use part a.
R ce N Y,
i
I, ! 137
‘[ SN an | Simplify.
]/ St V3
Loy 2

WORKED EXAMPLE 5.13

a Use the expansions of cos(3x — x) and cos(3x + x) to show that:
cos2x — cosdx = 2sin3x sinx

n
b Hence show that J4 sin3x sinxdx = %
0

Answer
a Ccusav oo cosdx moeos(dy ) cosin 4 )
2 (CO5 AN Cosy Al AN st ) = (Cos 3y cos e sin 3 sina)
@ 2810 A s

i . 1

d . it . | (:‘.'
b J Cosiv Ay smaday = v-;; |- Los 2y o cosan yda Use part a.
1 2d
[N b la . .
e ! 5 sin 2y - 3 sin b | Simplify.
204 4 0
i

N
IR

TR

[

1
2
!
4




Chapter 5: Integration

1 Find:
a J 3cos? x dx b J 4 cos? [; )dx c J sin 3x dx
d j 2tan? x dv e J 6tan*(3x) dx f J cos* x dx
2 Find the value of:
{n . —in N i
2 > sin vdy b [ Han x dx C J. cos? xdx
0 : - 0
O
Ja L Lo
& 29 v d 6 i v Iy 6 290 Ay
d J cos” 2x dux e J 4gin” x duy f j tan® 2x dx
0 0 0
3  Find the value of:
1 i e
i 2 I . [P BT 4 . ’
a cos” X — s |dx b (cos® x +sin2x)dx [ (2510 x + cos x)° dx
] COs” 0] 0
i i
i . =1 | 4 cost x "
d j 3 (cosx —3sinx)? dy e J b ] dx f j( I dx
0 0 COs“ X o 1+cosdx
. - CcOs X in 1
4 a By differentiating -«,—:(-, show that il y = cotx then Y - _cosec? x. 125
sin x dx
| _
i 5 J3
b Hence, show that | cosec”2xdx = &
"
5 a Show that tanx +coty = — .
sin2y
,l T 8
b Hence show that J?‘ s (3¢ =
L’" tanx + col v

6 a Use the expansions of sin(S5x +2x) and sin(5x — 2x) to show that:

sin7x + sin3x = 2sin5x cos2x

!
PR
b Hence show that J-: 2sinSx cos2xdyx = l—l—a—:ﬁ .
n <
&

7 a Show that sin3x = 3sinx — 4sin’ x.

S 5
b Hence show that J. 2sin? xdx = 7
B

8 a Show that cos3x = 4¢0s® x - 3cosx.
i

1y
b Hence show that J-(’ {4cos’ x + 2cosx)dx = ~1(~7- .
(. J
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@ 9 The diagram shows part of the curve y = cosx + 2sin v. Find the exact volume y
of the solid formed when the shaded region is rotated through 360° about the 1
X-axis. :
i
:
0 g x
1 2

@ 10 a Show that sec? x + secxtanx = ——.
[—sinx

:

. d
b Show thatif p =secx then EL = sec x tan x.
: X
]

- ) -
¢ Hence show that jb —i‘—--—d,\' = 2(1+3).
o l—sm2x

5.5 The trapézium rule

We already know that the area, 4, under the curve y = f(x) between x = a and x =

b
can be found by evaluating j f(x)dx. Sometimes we might not be able to find the value of
o

b
f(x)dx by the integration methods that we have covered so far or maybe the function
a

cannot be integrated algebraically.

In these situations an approximate answer can be found using a numerical method called

the trapeziwm rule.

26 . . . . .
This numerical method involves splitting the area under the curve » = f(x) between
x =« and x = b into equal width strips.

h
‘
1
y
'
)
'

v =iy
Ve :
i

Vs

T
N ]
N 1
1] 1
yan ¥a
] t
] ]
. ]

b fy ey et fy e f et fy oo fy

0 a h

>
v
X

The area of each trapezium-shaped strip can be found using the formula:

area = —;»(sum of parallel sides) x width

The sum of the areas of all the strips gives an approximate value for the area under the
b
curve and hence an approximate value for j fx)dx.
a
. . . . b—
For the previous diagram, there are 6 strips, each of width A, where / = ———é—ﬁ and the
length of the vertical edges (ordinates) of the strips are yy, 3. Y2, ¥3, b4 ¥s and ys.
The sum of the areas of the trapezium-shaped strips is:

h h h h h o h
5 (¥o+ )+ 5 O+ )+ 0 (y2+y3)+ 5 (3 + ya) + 5 (yq+ ¥s)+ 5 (¥s + ¥s)

h
) [¥o + 6 + 200 + 32+ y3 + ya+ ps)l



When there are n strips and the ordinates are yg, ¥, Vi, ¥3, ---» Fp-1» ¥n then the sum

ol the arcas of the strips is:

/ li It h l
"71 (J’O + }'1) + é‘ (i + _1'2) + 7,1‘ (yZ + J"}) +.o0t '51' (_Vn—’l + .Vu—l) + ”21 (,.V:z—l + yn)

b
Hence we can find an approximate value for J f(x)dx using:
«

KEY POINTS.5 |

b—ua

b
J. f(x)dx = !21‘ Do+ +200+ v+ 1+ .+, )] where h=

An easy way to remember this rule in terms of the ordinates is:

b
j f(x)dx = half width of strip x (first + last + twice the sum of all the others).

The diagram shows the curve y = x ~2 Inx. y

Use the trapezium rule with 2 intervals to estimate the
shaded area, giving your answer correct to 2 decimal
places. State. with a rcason, whether the trapezium rule

j
gives an under-estimate or an over-cstimate of the true H
value. ! >
0 05 35 x
Answer

@ = {35, h o= 3.5 and I = 1.5

¥
0
05 2 23
1 K863 006137 [HODHR
123 &1 l
1
i ¢ ~
Arga Prg +om +20y)
CTHSS63 F0.9945 4 2 % 0.6137)
FO8TIS

Itcan be sean from the diagram that this is ap over-cstimate since the top edges of the

strips all Tie above the curve.

Chapter 5: Integration

The width of the
strip is the interval
along the x-axis.

The number of
ordinates is one
more than the
number of strips.

You should not use
a numerical method
when an algebraic
method is available
to you, unless you
are specifically
asked to do so.
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WORKED EXAMPLE 5,15

The diagram shows the curve y = 2y/4x ~ x2. 4
Use the trapezium rule with 4 intervals to estimate the
4
value of j 2V4x — x? dx giving your answer correct "
0

to 2 decimal places. State, with a reason, whether the
trapezium rule gives an under-estimate or an over-
estimate of the true value.

<Y

E g

Answer
a=06=4and =1 ¥
:
i : !
1
0 i 2 3 ] H H :
i i i
0 4 ENA 0 ; K i .
o ] T T e
Vo i i L v, o | 2 3 4N
! Se 2 fi oo
Dy e A g (i 41 8]
n

LR NEICN. PR NEYY

P
= S 4

1193 (o 2 decimal places)

1t can be seen fros the diagram that this s an under-estimate since the top edges of
the strips ull he below the curve.

Worked example 5.14 involves a ‘concave’ curve and the diagram shows that the trapezium
rule gives an over-estimate for the area.

Worked example 5.15 involves a ‘convex’ curve and the diagram shows that the trapezium
rule gives an under-estimate for the arca.

If a curve is partially convex and partially concave over the required interval it is not so
easy to predict whether the trapezium rule will give an under-estimate or an over-estimate
for the area.

The more strips that are used, the more accurate the estimate will be.

1 Use the trapezium rule with 2 intervals to estimate the value of each of these
definite integrals. Give your answers correct to 2 decimal places.

4 2 4
a I Vx¥ = 2dx b J[e*--lztdx c J 24y
2 0 v 3+e

12
f J- logyq xdx
2

T2 : 31
j; ln(.\'+5)d)‘ € .fo 2+tzmxd)‘

O DID YOU KNOW?

If you double the
number of strips in
a trapezium rule
approximation, the
error reduces Lo
approximately one
quarter the previous
€rror.




0| “x

2¢~¥, Use the trapezium rule with

The diagram shows part of the curve y = x
5

4 intervals to estirnate the value of j' x%e”* dx, giving your answer correct to
1

2 decimal places.

a Use the trapezium rule with 6 intervals to estimate the value of

1

r 1
j4 cosec ( 7 )d,\, giving your answer correct to 2 decimal places.
T
4

2

L

b Use a sketch of the graph of y = cosec ( L x) for 0 < x = 2m, to explain

whether the trapezium rule gives an undcer-estimatc or an over-estimate of the

7
14
true value of J.f cosec (—l— X )dx,
qr 2

»
»
X

A}
n

BN —

. ] .
The diagram shows the curve y = e“cosx for 0 < x < — 1. Use the trapezium
1

=T
rule with 3 intervals to estimate the value of J. 2 ex cos x dx, giving your answer
0
correct to 2 decimal places. State, with a reason, whether the trapezium rule
1=
gives an under-estimate or an over-estimatc of the true value of‘[ e* cosxdx.
0

o 1 2

[FC ORI,

»
>
X

X
The diagram shows part of the curve y = g— . Use the trapezium rule with 4
X

intervals to estimate the area of the shaded region, giving your answer correct to
2 decimal places.

State, with a reason, whether the trapezium rule gives an under-estimate or an
over-estimate of the true value of the shaded area.

Chapter 5: Integration

)} WEB LINK

Try the When does the
trapezium rule give
the exact answer here?
resource on the
Underground
Mathematics website.
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i

Checklist of learning and understanding
Integration formulae

. : 1
™ Je‘ dx=e* +¢ J.e"'“" dx=—e"*t +¢
a

j%dr:lnl]x|+(' J'ax:hd,\'-——:l,-l(llux+b]+c

J. cosxdx =sinx+¢ J cos(ax + b)dx = %sin(ax +b)+¢

J' sinxdx =~-cosx+c¢ I sin(ax + b) dx = 1 cosfux +b)+¢
a

j sec? x dx =tanx +¢ j sec’(ax + b) dx = ltan(atx +b)+ec
43

The trapezium rule
b
@ The trapezium rule can be used to find an approximate value for J f(x) dx. If the region under
a
the curve is divided into n strips cach of width A, then:

b

h ) b -
Jf(,x) dx = =[yo+ 1 t20n+ Y2+ y3+ ...+ yp)] where h =
«




Chapter 5: Integration

END-OF-CHAPTER REVIEW EXERCISE 5 ,

" 43
1 Show that J‘ﬁ (1+2tan’ x)dx = ~T‘— ——g 4
" -

2 \
2 Find the exact value of J ( - 2x)dx, giving your answer in the form a + ln(ﬁ), where a, b and
-4 ) ¢

1-2x
¢ are integers. [4]
3 - YA
R :
0 i A

The diagram shows part of the curve y = 2 - x2 In(x + 1). The shaded region R is bounded by the curve
and by the lines x = 0, x = | and y = 0. Use the trapezium rule with 4 intervals to estimate the area
of R giving your answer correct to 2 decimal places. State, with a reason, whether the trapezium rule

gives an under-estimate or an over-estimate of the true value of the arca of R. 4]
1a
4 Find the exact value of | & (co53x — sin2x)dx. I5]
0
1 o 131
5 Show that f (3e* - 2Y dx = 2 e’ —12¢+ 11 [51
0 2 2
k
6 a Find (5e72¥ + 2¢ *vydx, where kis a positive constant. 4]
0
b Hence find the exact valuc of J (572 +2¢3)dx. 1
0
4 3, 21
7 She tl(tj x=2m3
ow tha A X 511” [5]
. 8x A
8 a Find the value of the constant 4 such that =4+ . [2]
2x+5 2x+5
? 8x 11
b Hence show that J X _gr=8-100nLl
en o | 3xi3 X n 7 151
9 i Show that 12 sin? x cos? x = % (1 - cos4x). k]
1
Ly
i Hence show that J? 12sin? x cos? xdx = &~ + é—\/E 13
i 8§ 16
Cambridge International AS & A Level Mathematics 9709 Paper 2] Q3 June 2013
® 10a Find j4e*‘(3 +e2%) dx. 3l
- 1
b Show that J"‘l (3+2tan’0)d0 = = (8 + 7). [4]
-

Cambridge International AS & A Level Mathematics 9709 Paper 21 Q6 June 2011
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11 i Show that (2sinx+cosx)> can be written in the form ,5; +28in2x - —3— cos2x. [5]
] 2
=
ii Hence find the exact valuc of j 4" (2sinx +cosx) dx. (4]

]

Cambridge International AS & A Level Mathematics 9709 Paper 21 Q7 June 2012

12 i By differentiating

Cos X . dy 5
— show thatif y = cotx then Y - _cosec? x. 31
sinx dx

ii By expressing cot® x in terms of cosec? x and using the result of part i, show
i

R !
that J.ln cot’ xdx = l——4_n. 4]
) I I
i Express cos2xy in terms of sin® x and hence show that T cosan can be expressed as cosec’ x.
- Ccos2x 2
Hence, using the result of part i, find J 1 dx. i3]
l—cos2x

Cambridge International AS & A Level Mathematics 9709 Paper 21 Q8 June 2010

. . 1+ cos? 2x
@ 13 i Find — dax. 3
cos” 2x
= " . . - 1y 6 . .
32 w i Without using a calculator, find the exact value of k?. + E—Y dx, giving your answer in the form
4 IX -4
In(ae”), where ¢ and b are integers. 151

Cambridge International AS & A Level Mathematics 9709 Paper 21 Q7 June 2016

e

. . . . 1 1 .
The diagram shows the cunne y = xsinx, for0 sy <mn The point ( 3 L ) lies on the curve.

0

i Show that the normal to the curve at Q passes through the point (1, 0). [5]
ii  Find _k!_ (sin x — xcos x). 12}
dy

L.

iii Henceevaluate J‘ T xsinxdy, 131
0

Cambridge. International AS & A Level Mathematics 9709 Paper 21 Q& November 2010
@ 15 i Using the expansion of cos(3x ~ x) and cos(3x + x), prove that 7 {cos 2x = cosdy) = sin3x sy, 131

i

=n
ii Hence show that JIJ sin3x sinxdx = % V3. 131

zn

Cumbridge International A Level Mathematics 9709 Paper 31 Q4 June 2010



Numerical solutions of equations

In this chapter you will learn how to:

m locate approximately a root of an equation, by means of graphical considerations and/or
searching for a sign change

m understand the idea of, and use the notation for. a seyuence of approximations that converges to
a root of an cquation

® understand how a given simple iterative formula of the form x,,, = F(x,) relates to the
cquation being solved, and use a given iteration, or an iteration based on a given rearrangement
of an equation, to determine a root to a prescribed degree of accuracy.
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PREREQUISITE KNOWLEDGE

Where it comes from

What you should be able to do

Check your skills

IGCSE /O Level Math'ematics

IGCSE / O Level Mathematics

Substitute numbers for letters
in complicated formulae and
algebraic expressions, including
those involving logarithmic
functions, exponential
functions and major and minor

! trigonometric functions.

. Rearrange complicated formulae
: and equations.

1 Evaluate each of the following

expressions when x = 1.5.

e 2]
IV x?

b 100 sinx ~ 99x, (x in radians)
c e
d Inx+35

Rearrange cach formula so that
X is the subject,

a y=4x?+13 given x>0

b 0=2=3xt7

Pure Mathematics I Coursebook,
Chapters | and 2

Understand the relationship

| between a graph and its associated
. algebraic equation, and use the

relationship between points
of intersection of graphs and
solutions of equations.

Show that the x-coordinates of
the solutions to the simultaneous
equations:

y=x>-6x+10

y=x
also satisfy the equation
X2 -Tx+10=0.

or logarithmic functions or the
trigonometric functions cosecant,
secant, cotangent.

Pure Mathematics 1 Coursebook, | Know that the values of x that 4 Find the roots of the equation
Chapter 1 make both sides of an equation x2~Tx+10=0.
equal are called the roots of the
equation, !
' Also, the roots of f{x) = 0 are the 1
. x-intercepts on the graph of
e e y = fx). e - — e o e e e e 4 e e
IGCSE / O Leve! Mathematics © Sketch graphs of quadratic 5 Sketch the graph, y = f(x), of
Pure Mathematics 1 Coursebook, . or cubic functions or the each function.
Chapter 5 tng.onomemc functions sine, a flx)=x>+1
cosineg, tangent. .
; b f(x)=cos2x-3
¢ flx)=4x% -16x
Chapters 2 and 3 Sketch graphs of exponential 6 Sketch the graph, y = g(x), of

each function.

a g(x)=%—

b g(x)=In(x-1)

¢ g(x) = cosecx




Chapter 6: Numerical solutions of equations

Why solve equations numerically?

You are used to solving equations using direct, algebraic methods such as factorising or
using the quadratic formula.

You might be surprised to learn that not all equations can be solved using a direct,

algebraic process.

Numerical methods are ways of calculating approximate solutions to equations. They are
extremely powerful problem-solving tools and many arc available. They are widely used in
engineering, computing, finance and many other applications.

A well-programmed computer is quickly able to solve a complicated equation using a
numerical method. So why do we need to understand how the method works?

Knowing how a numerical method works helps us to:

understand when the results are likely to be reasonable
understand how to use available software correctly

sclect an appropriate method when choices are available

write our own programs when we need to do so, il we have the programming skills!

To be a powerful problem-solving tool, the method must be used correctly. This might
mean the method needs to work quickly or work to obtain a particular level of accuracy.
When used incorrectly, numerical methods might be very slow or even fail to work, as we
will see later in this chapter.

In this chapter we will focus on one numerical method, the numerical solution of an
equation using an iterative formula.

6.1 Finding a starting point

As we will see throughout this chapter, a good starting point is very important.

We need a method to find an approximate solution to an equation first.

We might find this using, for example, a graphical approach or the change of sign approach.

For suitable functions, each of these approaches will produce two values: one above and
one below the solution that we arc finding.

By sketching graphs of p = x* and y = 4 — x, show that thc equation X +x-4=0
has a root ¢ between 1 and 2.

Answer

- Make sure your sketch
shows all the key
features of each graph,

¢ such as the coordinates |
. of turning points and
the coordinates of any
intercepts, !
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There 1s one poat of intersection und i v -coordinate is brtween Land 2,
Attius point v = 4 v

This means that the equation &% = 4~ v has one tool between Tand 2.
Rearranging this equation yives x* 4 v - 4 = (),

Herwe s+ v~ d = 0 hasa rool, ¢, between Land 2.

WORKED EXAMPLE 6.2

Show, by calculation, that the equation f(x) = ¥’ + x =1 = 0 hasaroot & between 0 and 1.

Answer

Fid the value of @ such that fla) = 0 Why? Think about it and check Lhe
explanation that follows.

H0) = 0% v 0 | = oy ‘ As o is between 0 and 1, then f(0) might have

fliy =PP+i-1=1 the opposite sign to {{1).

The change of sign indicates the presence of'y rood, This conclusion is important as it completes
136 so {0 ~Zx <] the argument.
To see why the change ol sign method works i this case, look ar the graphof o= f{x).

y‘r
(1) is positive

'/."

There are no breaks

/ fl0) is negative in the graph:

it is continuous.

Since it starts below the x-uxis at v = 0 and finishes abot e the v-asisat v o= 1 itmust eross (the v-asis somewhere
in between, suy at v = o, where 0 <~ L So cx is a root of the equation, that is. Ne) = 0.
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* WORKED EXAMPLE 6.3

a By sketching a suitable pair of graphs, show that the equation cosx = 2x — 1 (where x is in radians) has

1
only onerootfor 0 <x = En.

b Verify by calculation that this root lies between x = 0.8 and x = 0.9.

Answer

a Draw the praphs of v = cos v and p o= 2v -1 Why are these graphs suitable?

“®Y

The graphs intersect once only and so the equation

1

208 ¢ - as ) e ‘or () =0y N
cos v~ 2v -1 has only one root for 0 = v ST 137

b ocosy o 2y o lsocosy <20+ =0
Lot fivy - cosy 2o Tand so [Ly) = O then
FOSY = cos U8 200804 1= 00067,
TN = cos00 = 20090+ [ = -0 1783

Change of sign indiweates the presence of a reot.

1 a On the same axes, sketch the graphs of y = T+ x and y = x2,

b Using your answer to part a, explain why the equation x% — T+ x = 0 hastwo

roots.
¢ Show, by calculation, that the smaller of these two roots lies between x = |
and x = 0.

2 a Bysketching graphs of y = x* + 5x% and y = 5 - 2x, determine the number
of real roots of the equation x* +5x% + 2x =5 = 0.

b Verify by calculation that the largest root of x> + Sx% + 2x =5 = 0 lies
between x =0 and x = 2.

3 Thecurve y = x* + 5x - | cuts the x-axis at the point («, 0).

a By sketching the graph of y = x* and onc other suitable graph, deduce that
this is the only point where the curve y = x* + 5x — I cuts the x-axis.

b Using calculations, show that 0.1 < @ < 0.5,
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B

On the same axes, sketch the graphsof y = In(x +1) and y = 3x - 4.
Hence deduce the number of roots of the equation In(x + 1) - 3x +4 = 0.

By sketching graphs of y = e* and v = x + 6, determine the number of roots
of the equation e¥ — x - 6 = 0.

Show, by calculation, that ¢* — x ~ 6 = 0 has a root that lies between
x=20and x = 2.1,

Show, by calculation, that (x +2)e®* =1 has a root between x = 0 and
x = -0.2.

Show, by sketching the graph of y = ¢*¥ and one other suitable graph, that
this 1s the only root of this equation. :

Show by calculation that the equation cos™ 2x = | - x has a root &, where
04=a=<0.5.
The diagram shows the graph of y = cos™ 2x where -0.5< x <0.5.

YA
Tt
K
4
N
2
I
1
T T 0 T T :
1 0.5 0.5 i o

By drawing a suitable graph on a copy of the diagram, show that « is the only
root of cos™ 2x = | - x for 0.5 x=<0.5.

. . sin x T . .
The curve with equation p = oo 3 where x < - 7 intersects the line y =1 at
X+

the point (a, 1).

a

By sketching the graph of y = sinx for -2n < x < ._g radians and one

other suitable graph, deduce that this is the only. point where the curve
o sin x
YRS

Using calculations, show that -2 <a <~ 1.9.

intersects the line y = 1.

By sketching a suitable pair of graphs, show that the equation
x3 +4x = 7x +4 hasonly oneroot for 0 < x =<5,

Verify by calculation that this root lies between x = 2 and x = 3.

Show graphically that the equation 2¥ = x + 4 has exactly two roots.

Show, by calculation, that the larger of the two roots is between 2.7 and 2.8.

! You might peed to look
By sketching two suitable graphs on the same diagram, show that the ! back at Chapter 3

* beforc attempting 5
4 Question 11.

. (i .
equation cot x = x? has one root between 0 and 3 radians.

Show, by calculation, that this root, &, lies between 0.8 and 1.
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@ 12 a By sketching a suitable pair of graphs, deduce the number of roots of the
equation x = tan2x for 0 < x <2m.

b Verify, by calculation, that one of these roots, «, lies between 2.1 and 2.2.

@ 13 a Show graphically that the equation cosec x = sinx has exactly two roots for
0<x<2m

b Uscan algebraic method to find the value of the larger root correct to 3
significant figures.

@D 18 fx) =205 + 8 ~ Tx - 3

a Theequation 20x* + 8x? — 7x ~ 3 = 0" has exactly two roots.

Without factorising the cubic equation, show, by calculation. that one of these
roots is between (.5 and 1.

b Sliow, by sketching the graph of » = f(x) for —1 < x <, that the smaller root
is between —1 and 0.

¢ Explain why it is not necessary to use a numerical method to find the two
solutions of this equation.

@ 15 A guitar tuning peg is in the shape of a cylinder with a hemisphere at one end.
The cylinder is 20 mm long and the whole peg is made from 800 mm?* of plastic.
The base radius of the cylinder is r mm.

a Show that m? + 30mr? ~ 1200 = 0.

b Show that the value of r is between 3mm and 4 mm.

Anil is trying to find the roots of f(x) = ] tan x] = 0 between 0 and 2r radians.
He states:

f(3.1) > 0 and f(3.2) > 0. There is no change of sign so there is no root of 1 tanxl =0
between 3.1 and 3.2.

Mika states:

» =|tan x| and it meets the x-axis where x = nt radians so Anil has made a
calculation error,

Discuss Anil and Mika's statements.

rmm

) DID YOU KNOW?.

Interestingly, cubic and guartic equations can be solved algebraically. This has been known since
the 16th century and was shown by the Italian mathematicians Niccold Fontana (Tartaglia) and
Lodovico Ferrari. Quintic equations cannot be solved algebraically in general. This was shown by
the Norwegian mathematician Niels Abel and the French mathematician Evariste Galois in the
early 19th century.

N

20 mm

139
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6.2 Improving your solution

Once we have an approximate location for a solution, we can improve it.

One common way to do this is to use an iterative process, finding values that are closer and
closer to «, the root we are looking to find.

For example, we have shown, by calculation, that the equation f(x) = x>+ x —1= 0 has
aroot « between 0 and 1. This is a reasonable starting point but probably not accurate
enough if we wanted a solution to this equation in the real world. What if we needed to
know the value correct to 1 significant figure? How could we find it?

Let us consider a rearrangement of f(x) = x> + x =1 = 0.

The root we are trying to find is a value of x, so rearranging x°> + x —1 = 0 into the form
x = F(x) seems reasonable (in other words, x = some function of x).

One possible rearrangement of this form is x = 31— x.

As we already know that 0 < o <1, a good starting pointis x = 0.5.

Now we can test our value to see how accurate it is. How?

. Remember from
{ i

. Section 6.1 that « is just

e Work out the value of /T — x for the starting value. | ?
IT=0.5 =3/0.5 = 0.87055...

o Compare it with x.

the special name given
to the solution that you
are looking for.

0.87055 ...

@ Are the values the same to the required number of significant figures or decimal places?
Yes -- then use this value as the estimate for the root.
No ~ then find a more accuratc value.

Look at the graphs of y = x and y = YT~ 1 on the same diagram.

VA

N

The graphs show that the values x
and F(x) are not very close together
as the vertical distance between the
0.5 line and curve is quite large.

B 4
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How do we improve the accuracy of the estimate for the root?

We can see in the following diagram that 0.87055... is a better approximation for the root
a than 0.5.

15 0.8705S... closc enough?

YA

T

The vertical distance between the
line and curve is now smaller, so the

0.5 values are converging.

FCRVA NN

2 4

0

Testing x = 0.87055... gives ¥1—x = §1-0.87055... = 0.66438...

0.5 0.87055... No

0.87055... 0.66438... No

We can see that 0.66438... is a better approximation of the root « than 0.87055... because
the values are closer together. Is 0.664 38... close encugh?

When we continue testing and comparing values, we find:

0.66438... 0.80383... No

0.80383... 0.72197... No

0.72197... 0.77413... No

0.77413... 0.74262... No | Using a table is helpful, |

0.74262... 0.76227... No but still very repetitive g
~~~~~ i and a lot of work! :

0.76227.. 0.75026... Yes D

Each test is called an iteration. Each iteration gives a value of x that is closer to the actual
value of the root than the previous value of x.

It seems as if the value of ot is 0.8 correct to | significant figure.
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This (enlarged) diagram shows what is happening with each new value,

Yy A

T

0.5 start

oy

Each value that comes from F(x) is used as the next value for x. The spiral is often called
the cobweb pattern.

Summary
When trying to solve {{x) = 0, rearrange the equation to the form x = F(x).
When « is the value of x such that x = IF(x) then ¢ is also a solution of f(x) = 0.

Subscript notation and formulae

In order to avoid unnecessary repetition and to make sure the process is recorded
accurately, the method outlined is usually described using subscript notation.

The first approximation of the root is called vy (sometimes it is called xp).
The next approximation of the root is called x,, and so on.
A relationship such as x = F(x) where F(x) = 3T~ x is the basis for an iterative formula:

Xpel = F('\‘H) = 3/1 - Xy
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Looking at the values we already have we can sec how much easicr this is to record:

x =05

Y, = 0.87055... No

" x3 = 0.66438... No
xq = 0.80383... No
x5 = 0.72197... No
xe = 0.77413... No ]
X7 =0.74262... No
xg = 0.76227... No
Xy = 0.75026... Yes

In this format we test the accuracy of the values by comparing cach value of x, in the
scquence with the previous value.

\ Does your calculator have an (Ans) key? -;

Using the 155_?.3} key reduces the number of key strokes needed to use an iterative process.
.+ Type the value for x; into your calculator and press (51
‘ eg. 0.5 143
. * Type the formula into your calculator using I(Sj:w) instead of [‘?,,\ ’
eg YT-Ans
* Now each time you press i the calculator gives you the next value of x,, generated (so x3. X3, x4, ...).

" Try this now and check that you generate the values that arc given in the table.

The equation x? + x — 3 = 0 has a negative root, &.
. . 3
a Show that this equation can be rearranged as x = — - L.
X

. . 3 ) . .
b Use the iterative formula x,,, = — — 1 with a starting value of x; = -2.5
Xy
to find « correct to 2 decimal places. Give the result of each iteration to
4 decimal places, where appropriate.

Answer
a iy -3=0 Divide through by x.
Goox 2D
- - -
! X X Y
3
Nl =) Isolate x.

RREECR | v
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b —
x; ==-2.5

\ ! | No

ST s y

Ny o= ~2 - P 2363 No

vy o= 22602 No

vy No

o 22920 No

va o D 3089 No

Ny T N

Ny = You

The root seems to be o = -2.30 to 2 decimal places.

) Any value between
We can prove this, using a chiange of sign test: ¢ -2.305 and -2.295
* must round to ~2.30 to

When o= 230 then 2305 <0 o 7~ 2295 and so .

2 decimal places.
F(=2.305) = (23050 + (=2.305) = 3 = 000802 " The change of sign test
[(=2.295) = (- 22050 4 (~2.205) = 3 = -0.0279. © is an important test.
) o ) . o . + If the root passes the
Change ol sign mdicates presence of root, therefore o = - 2.30, to 2 decimal change of sign test it
places.  must be correct.

WORKED EXAMPLE 6,5

The equation ¢* ~ 1 = 2x hasaroot « = 0.
a Show by calculation that this equation also has a root, 8, such that 1 < § < 2.
b Show that this equation can be rearranged as x = In(2x + 1).

¢ Use an iteration process based on the equation in part b, with a suitable starting value, to find f correct to
3 significant figures. '

Give the result of each step of the process to 5 significant figures.

Answer
a Let f{x)=c¢' ~1-2x =0 und look for a change of sign.
tth=e¢-1=2=-02817.
f2) = ¢ = 1= 2(2)=2.38905...

Change of sign indicates presence of root,
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eV | = 2y Isolate e.
et = 2v gt Take logs to base e.
xo= n(2x b1 v
A suitable iterative formala is x,.; = in{2x, + 1) withastarting value of v = 1.5,
(Any value between | and 2 would be an aceeplable starting value.)
x; =15
vao= (2% 15+ 1) = 138029, L= 13863 No
vy o= g2 D AR, 1y e (32776, = 1L32TR No
ve = 129023, s 12962 No
ve w 127884 = 1 2TRS No
Yo o 120910, = 1.269] No
v 1203620 1,2636 No
Ve = L2008 = 12608 Yes

The root seems to be = 1.26 correct to 3 significant figures.
We can prove this, using a chaoge ol sign test:

When B = 1.26 then 12550 8 <1265 and so

1,255 = 21270 e 2(1255) = —0.0021616..

f1265) = o7 1 2(1265) s (01300,

Change of sign indicates presence of roat, therefore =126 correctio 3 significunt figures.

You might notice thal the pattern of couserpeuce is difterent in this example. This is clear when you ook
af the praphs of v =y and v = In(2v+ 1) onthe same grid. The type of convergence shown in the graph

on the right is often called a staircase pattern,

A , .

o

syt 1

=Y
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1 Theequation x* + 5x ~ 7 = 0 has a root & between 1 and 1.2.

- . 7
The iterative formula x,,, =

a

.3
- Xy

can be used to find the value of .

Using a starting value of x; = 1.1, find and write down. correct to 4 decimal places, the value of each of
X2, X0 Xy, X5, Xg.

Write the value of x4 correct to 2 decimal places and prove that this is the value of a correct to 2 decimal
places.

Show that the equation In(x + 1) + 2x — 4 = 0 has a root & between x = 1 and x = 2.

Use the iterative formula x,,;, =

~In(x, +1) . o .
L—%i—l with an initial value of x; = 1.5 to find the value of &

correct to 3 decimal places.

3 The equation (x —0.5)e*" =1 hasa root «.

a

Show, by sketching the graph of y = €3* and one other suitable graph, that « is the only root of this
cquation,
Use the iterative formula x,,; = e %+ 0.5 with x; = 0.5 to find the value of « correct to 2 decimal

places. Give the value of each of your iterations to 4 decimal places.

By sketching a suitable pair of graphs, show that the equation x* + 10x = x + 5 has only one root that lies
between 0 and 1.

. . 5-x,0 . . .
Use the iterative formula v, = ——-9——"——, with a sujtable value for &y, to find the value of this root correct

to 4 decimal places. Give the result of each iteration to 6 decimal places.

5 Theequation cos '3x =1~ x hasa root «.

N . . LIS
Show, by calculation, that & is between % and bR
. . it 1
Show that the given equation can be rearranged into the form x = 3 cos(l—x),
Using the iterative formula X, = 3 cos(l—x,) with a suitable starting value, xy, find the value of &

correct to 3 decimal places. Give the result of each iteration to 5 decimal places.

6 The terms of a sequence with first term x; = | are defined by the iterative formula:

o IS - 2%, — X,
vl s

The terms converge to the value «.

a

Use this formula to find the value of & correct to 2 decimal places. Give the value of each term you
calculate to 4 decimal places.

The value ¢ is the root of an equation of the form ux® + bx? + cx + d = 0, where @, b, ¢ and d are integers.
Find this equation.

7 Theequation x* —1 - x =0 hasa root, &, between x =1 and x = 2.

Show that o also satisfies the equation x = ¥+ x.
Write down an iterative formula based on the equation in part a.

Use your iterative formula, with a starting value of x, = 1.5, to find & correct to 2 decimal places. Give the
result of each iteration to 4 decimal places.
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8 The equation cosecx = 2 has a root, a, between tand 2.
The equation can be rearranged either as x = sin™! [‘\li) or x = E
a Write down two possible iterative formulae, one based on cach givén rearrangement.
Use the starting value 1.5.
b Show that one of the formulac from part a fails to converge.
¢ Show that the other formula from part a converges to o and find the value of & correct to 3 decimal places.
Give the result of cach iteration to 5 decimal places.
9 The terms of a sequence, defined by the iterative formula x,,; = In(x,% + 4), converge to the value . The first
term of the sequence is 2.
a Tind the value of « correct to 2 decimal places. Give each term of the sequence you find to 4 decimal places.
b The value & is a root of an equation of the form x? = f{x). Find this equation.

sin (v :jl—)— +1=0 hasaroot, @, between x =1 and x = 1.4,

LX : R
. . 3-sin(x~1
a Show that o also satisfies the equation x = 2( ) .

b Using an iterative formula based on the equation from part a, with a suitable starting value, find the value
of ¢ correct to 3significant figures. Give the result of each iteration to 5 significant figures.

10 The equation

@ 11 The graphsof y = (% )x -1 and y = x intersect at the points O(0, 0) and A.
a Sketch these gmphé on the same diagram.
b Using logarithms, find a suitable iterative formula that can be used to find the coordinates of the point 4. 147
¢ Calculate the length of the line 04, giving your answer correct to 2 significant figures. Give the value of
any iterations you calculate to a suitable number of significant figures.
@ 12 The diagram shows a container in the shape of a cone with a cylinder on top.
The height of the cylinder is 3 times its base radius, r.
The volume of the container must be 5500 cm?.
The base of the cone has a radius of rem.

a Write down an expression for the height of the cone in terms of 7.

b Show that 2nr® + 11?2 — 5500 = 0.

33cm

¢ Theequation in part b has a root, «.

_ 3
Show that  is also a root of the equation r = }}iqgg—m-
2n

d Using an iterative formula based on the equation in part ¢, and a starting
value of 8, find the value of o correct to 3 decimal places. Give the value of
cach of your iterations to an appropriate degree of accuracy.

e Explain what information is given by your answer to part d, in the context of the question.

@ 13 The equation x* —7x2 + 1= 0 has two positive roots, & and B, which are such that « lies between 0 and 1
and S lics between 6 and 7.

By deriving two suitable iterative formulae from the given cquation, carry out suitable iterations to find the
value of & and of 3, giving each correct to 2 decimal places. Give the value of each of your iterations to
4 decimal places.
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@ 14 a Show graphically that the equation cotx = sinx has a root, &, which is such that 0 < o < %
b Show that the equation in part a can be rearranged as x = sin™ \/cos X.

¢ Using an iterative formula based on the equation in part b, with an initial value of 0.9, find the value of
« correct to 2 decimal places. Give the value of each iteration to an appropriate number of decimal places.

d Theequation given in part a can be rearranged in other ways.

Find an example of a formula, based on a different rearrangement of the equation given in part a,
that also converges to the value of &, with an initial value of 0.9, in fewer iterations than the formula
used in part ¢.

EXPLORE 6.2

You are going to explore why using rearrangements of equations into the form x = F(x) sometimes fails.

Possible causes of failure to consider are the starting value and the formula itself,
Discuss why formulae based on:

o x=3T-x  (the cobweb pattern)

e x =In(2x +1) (the staircase pattern)

each converged to a root.

. Look at the equation ¢* = 3x + | and some related graphs.
148

y=

o

=Y

—7
—/°

. e¥—-1
Discuss the rearrangement x = 5

Does this give a convergent iterative formula? Explain your answer.
Look at the equations in Exercise 6B.

Using one of the equations in questions 1 10 5 or 7 to 14, draw the graph of y = x and the graph of a function
F(x), where x = F(x) is a rearrangement of the equation given and for which x = F{x) will fail to converge.
e¥-1

7

Explain any similarities or differences between your example and the rearrangement x =
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6.3 Using iterative processes to solve problems involving other areas of
mathematics

1+ cosx )2 (1— cos X
+

\

) 1
- =Cot x + ~—
2sinx ) 2

2sinx »

1+cosx Y [-cosx \ .

- + - = x, show that ¢ is also a root of
2sinx 2sinx )

a Show that (

b Hence, given that « is a root of the equation [

the equation x = tan™! / 2 for 0<x< X,
2x -1 2

¢ ltis given that « is the only root of the equation x = tan™

for 0<x < g— Verify by calculation
that the value of o lies between 0.9 and 1.0.

d Using an iterative formula based on the equation in part ¢, find the value of & correct to 3 significant figures.

Answer
Fl4cosy Yy Tecosy Y
S5 EEEpR Square.
28y 2sinyx
D O v reye v e Y ey v b eye sy
_ SLOSY 4 COsTY I-2c OS .\ P oSt Y Collect terms.
EESTIRRY 45in- x
...... Simplify.
pity 149
Write as separate fractions.
Simplify.
- Write in terms of cotx.
Collect terms.
)] i
cot? x4 =
D)
.
b cot-x+o=x Rearrange.
ot 4wy ’ .
cot™y = 3 Square root.
(7T & L
cot v = \f - Left-hand side: write in terms of tan x.

Right-hand side: write as a single fraction.
Take the reciprocal of each side.

Make x the subject.
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and so vy - O then:

¢ Let f(v) =y~ tan ! /
V2.

(0.9) = 0.9« tan™ [t = —0.10685. .
() \/2<09>-1 !

Ny (AN e e () 963 9 No
B a0 o1 o
Ay = 097234 No
s = 0.968 66, No
X o= 097048, No
v o= 096058, Yes

o seems 1o be 1,970 correct to 3 significant figures.
We can prove this, using a change of sign test:

When o = 0.970 then 0.9695 < a < 0.9705 and so

£0.9695) = 0.9695 - tan™! / 0.000571...

Y 2(0.9695) - 1

[ ) .
f(0.9705) = 0.9705 ~ tan™ [ " = 0.000924...
\ 200.9705) - 1
Change of sign indicates presence of root.

Therefore « = 0.970 correct to 3sipntlicant figures.

WORKED EXAMPLE 6.7

The diagram shows the design of a company logo, 4BC.

AB is an arc of a circle with centre C.
The area of the unshaded segment is to be the same as the area of the shaded triangle.
Angle ACB is 8 radians.

a Show that 8 =2 smné@.

b Showing all your working, use an iterative formula based on the equation in part a, with
an initial value of 1.85, to find 8 correct to 3 significant figures.

¢ Hence find the length of 4B, given that AC is §cm.
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Answer
a i) ¥ sing = ‘ (@ - sin ) Divide through by -i— P
sing = 6 -sind Add sin8.
@ = 2sinf Y
b 6, =185

Oy =2 sin].BS = 192255 . No
Oy = 2 sin L92285.. = L.8T753.. No
Ga = 1 90664, . No
0 = 188826, No
A, = 1.90005... No
0y = 189256, No
By = 1.89735... No
0, = 1.89430... No 1
Py = 1LEOOG2S. No
B = 1.89500... Yes

@ seems to be 1.90 corvect to 3significant figures.

We can prove this, using a change of sign test with {8y =6 -2sin8 = (:

When 0 =1.90 then 1.895 < 0 < 1.905 and so

f(1.895) = 1.895 ~ 2 5in 1895 = -0.000809 ...

f11.905) = 1.905 - 2 «in1.9035 = 0.01565...

Change of sign indicates presence of root, therefore @ = 1.90 correct to 3 significant figures.
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¢ Using trigonomeiry:
A

8 cm

0
C

B

SINUCAESS Multiply by 16.
16sin0.93 = AR
AB =130 = 13am {correct to 2 significant tigures)

1 The curve with equation y = has a stationary point with x-coordinate lying between | and 2.

.
e¥ + x
x>

152 . N . . . . 3 X
l a Show that the x-coordinate of this stationary point satisfies the equation x = 0) + 5
c
b Using a suitable iterative process based on the equation given in part a, find the value of the x-coordinate
of this stationary point correct to 4 decimal places. Give each iteration to 6 decimal places.

2 The parametric equations of a curve are x = 12 + 6, y = (* — > - 5¢.

The curve has a stationary point for a value of ¢ that lies between 1 and 2.

a Show that the value of ¢ at this stationary point satisfies the equation

t—3.“ﬁ_t_§.
V 4

b Use an iterative process based on the equation in part a to find the value of z correct to 3 decimal places.
Show the result of each iteration to 6 decimal places.

¢ Hence find the coordinates of the stationary point, giving each coordinate correct to ! significant figure.

3 Inthediagram, triangle AB(C is right-angled and angle BAC
is 8 radians. The point O is the mid point of AC and OC = r.
Angle BOC is 20 radians and BOC is a sector of the circle
with centre O. The area of triangle A8C is 2 times the area of
the shaded segment.

a Shcw that @ satisfies the equation sin268 = 9.

b This equation has one root in the interval 0 <8 < g
Use the iterative formula 6., = sin 20, to determine the
root correct to 2 decimal places. Give the result of each
iteration to 4 decimal places.
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4 The diagram shows the curve y = x?cos4x for YA
s . . . .
O=sx= Iy The point P is a maximum point.

a Show that the x-coordinate of P satisfies the
equation 4x?tandx = 2x.

b Show also that the x-coordinate of P satisfies
the equation x = Lian1{ L
4 2x

¢ Using an iterative formula based on the
equation in part b with initial value x; = 0.3

find the x-coordinate of P correct to [3)
2 decimal places. Give the result of each
iteration to 4 decimal places.

oofa

@ d Use integration by parts twice to find the exact .
area enclosed between the curve and the x-axis from 0 to 3

EXPLORE 6.3

>
>
X

The golden ratio

When a rectangle with sides in the ratio 1:¢ (phi) can be cut into a square of side I and a smaller réctangle, also with
sides in the ratio 1:¢, the original rectangle is called a golden réctangle and the ratio 1:¢ is called the golden ratio.

o-1_1

1 ¢
By using a suitable iterative formula based on this ratio, with a starting value of 1, find the value of ¢ correct to
5 significant figures.

This means that

Explore the link between the golden ratio and the sequence of Fibonacci numbers:

L2358, ...

DID YOU KNOW?

The relationship between the Fibonacci numbers and the golden ratio
produces the golden spiral.

This can be seen in many natural settings, one of which is the spiralling
pattern of the petals in a rose flower.

From a tight centre, petals flow outward in a spiral, growing wider and
larger as they do so. Nature has made the best use of an incredible
structure. This perfect arrangement of” petals is why the small, compact
rose bud grows into such a beautiful flower.

153
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. R s

*

. ;
Checklist of learning and understanding
The process of finding a sequence of values that become closer and closer to a point of intersection of y = x and ) = F(x) is
called an iterative process.
Each time you generate a value of x you carry out an iteration.

When the point of intersection is at x = ¢ and your iterations are values that are getting closer and closer to ¢, you are
converging to «.

Start with x; work out F(x;). Isit accurate enough? Yes — Stop, No —

Let x;, = F(x;) work out F(x,). Isitaccurate enough? Yes — Stop, No —

Let x3 = F(x3) work out F(x3). Is it accurate enough? Yes — Stop, No —

Let x,q = F(x,) work out F(x,,;). Is it accurate enough? Yes — Stop.

The relationship x,,; = F(x,) 1s called an iterative formula.

The sequence of values of x given by this formula are called xy, X5, x3, ..., X

When the value found is accurate enough, then it is usually given a particular name such as o.

The success and speed of the iterative process depends on the function chosen for F(x,) and the value chosen for x;.
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END-OF-CHAPTER REVIEW EXERCISE 6

. .. 6 ] S
1 The terms of the sequence generated by the iterative formula x,,, = 7 ( X, + —3—) with initial value x; = 1.5,
X
converge (o . §

a Use this formula to find « correct to 2 decimal places. Give the result of each iteration to an

appropriate number of decimal places. 3]
b State an equation satisfied by o, and hence find the exact value of . 12]

2 The equation X3+ % ~ 8 = 0 has one real root, denoted by o.

a Find, by calculation, the pair of consecutive integers between which « lies. I2]
b Show that, if a sequence of values given by the iterative formula x,,, = 3. D) converges, then
it converges to «. T [2}
¢ Use this iterative formula to determine o correct to | decimal place. Give the result of each
iteration to 4 decimal places. ’ 13)
3 a By sketchinga suitable pair of graphs, show that the equation e*¥*' = 14 - x* has exactly one
real root. 3l
b Show by calculation that this root lies between 0.5 and 1. 21
. - : In(14 - x3) - 1
¢ Show that this root also satisfies the equation x = —2(———3{—)—— 1]
d Use an iteration process based on the equation in part ¢, with a suitable starting value, to find the
root correct to 4 decimal places. Give the result of each step of the process to 6 decimal places. 13] 155
‘ . L xp,(1+sec® x,)—tanx, - . ..
4  The sequence of values given by the iterative formula x,,, = 1 — "’) l L with initial
value x; = 1, converges to «. S€CT Xn =
a  Use this formula to find « correct to 2 decimal places, showing the result of each iteration to
4 decimal places. [3]
. . n
b Show that ¢ also satisfies the equation tanx —2x = 0 where I s x < —. 2]
2
- . Inxt-6 .
5 The equation S = x =5 hasaroot &, such that p <& <g, wherep and g are consecutive
integers. -
a Show that « also satisfies the equation x = In x + 2. i1}
b Find the value of p and the value of 4. 12}
¢ Use the iterative formula based on the equation in part a with starting value x = p, to find the
value of @ correct to 3 decimal places. . i3]
d  Hence find an approximate value of y that satisfies the equation 5" =2 = pIn S, 124
6 a By sketching a suitable pair of graphs, show that the equation 7 — x® = |x2 - II has exactly two real
roots, o and B, where « is a positive constant. 3]
b Show that «a satisfies the equation x = */—% - X. {1}
X
¢ Write down an iterative formula based on the equation in part a. Use this formula, with a suitable
starting value, to find the value of & correct to 3 significant figures. Give the result of cach
iteration to 5 significant figures. 131

d Tence write down the value of j correct to 3 significant figures. [1]



et
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a
7 Itisgiven that J‘ (

1 )
— 4 2e0 )dx = 0.6, where the constant « > 0.
0

Ix+5

1 5
Show that a = — | 8 .
a ow that a 6n(2 +]n(3a+5))

b Use an iterative formula based on the equation in part a, with a starting value of « = 0.2, to find
the value of u correct to 3 decimal places. Give the result of each iteration to an appropriate
number of decimal places.

8 A curve has parametric equations
1

X=1s y=Ai+]
The point P on the curve has parameter p. It is given that the gradient of the curve at P is —0.4.
2 1
a Showthat p= :—5\/5 (p+1)4

b Use an iterative process based on the equation in part a to find the value of p correct to 3 decimal
places. Use a starting value of | and show the result of each iteration to 5 decimal places.

9 Inthe diagram, A, B and C are points on the circumference of the circle with centre A
O and radius r. The shaded region, 4BC, is a sector of the circle with centre C. Angle
OCA is equal to 0 radians.
T'he area of the shaded region is equal to 3 of the area of the circle.

13
a Show that 8 = cos™! ==
o cos™ J=55

b Verify by calculation that € lies between 0.8 and 1.2 radians.

¢ Use the iterative formula 6,,, = cos™ \/%g—— to find the value of 8 correct to 3 decimal places.
* Jely
Give the result of each iteration to 5 decimal places.
10 The functions f and g are defined, for 0 < x < n, by f(x) =¢*> and 14
g(x) =5-cosx.

The diagram shows the graph of » = f(x) and the graph of y = g(x). y=5-cosx
The gradients of the curves are equal both when x = p and when /
x=gq.

a  Given that p < ¢, verify by calculation that pis 0.16 correct to
2 decimal places.

b Show that g satisfies the equation ¢ = 2 + In(sing). o

¢ Given also that 1.5 < ¢ < 2.5, use the iterative formula g,,, = 2+ In(sing,,) to calculate ¢ correct to
2 decimal places, showing the result of each iteration to 4 decimal places.

11 The equation x = cosx + sinx has a root ¢ that lies between 1 and 1.4.
a Show that ¢ is also a root of the equation x = /2 cos(x - g J

b Using the iterative formula x,,; = 2 cos(x,, - -} J find the value of ¢, giving your answer
correct to 2 decimal places.

3
»-
X

14l

13l

131
21

13

14]
(1

13]

131

131
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12 a - By sketching each of the graphs of y = sccx and v = (~ - X )(% + x) for - -g< X = 12t on the

IR

. . n .
same diagram, show that the equation secx = (E - ‘(J( - .\‘) has exactly two real roots in
T

. T
the interval — — < x = -,
2 2

b Show that the equation secx = ( g— - X )(g + .\:) can be written in the form

N P12 + 7% — 8 sec x
x= < .

. n n . . T
¢ The two real roots of the equation secx = [5 -X )(3 + x) in the interval — 5 X
o and 8.

[/

Verify by calculation that the smaller root, &, is —0.21 correct to 2 decimal places.

d Using an iterative formula based on the equation given in part b, with an initial value of |, find the
value of B correct to 2 decimal places. Give the result of each iteration to 4 decimal places.

13 y

;; T

: i | y=costx
1 |
6

|
w4

The diagram shows part of the curve y = cos® x, where x is in radians. The shaded region between the
curve, the axes and the line x = ¢ is denoted by R. The area of R is equal to 0.3

. . . o . 0.9
a Using the substitution u = sinx, find J cos® x dx. Hence show that sina = I ania
0 - sin”
. . N 0.9 ) . .
b Usc the iterative formula @, = sin 3 entor with a; = 0.2, to find the value of & correct
e n

to 3 significant figures. Give the result of each iteration to 5 significant figures.

a
14 Tt is given that J In x dx = 5, where a is a constant greater than 1.
I

4+ a

Ina’
b Use an iterative formula based on the equation in part a to find the value of @ correct to 3 decimal
places. Use an initial value of 5 and give the result of each iteration to 5 decimal places.

a Show that a =

n
) are denoted

13]

(1

6]
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. . 1+ . . .
1 The equation of a curve is y = T ;‘ for x > - % Show that the gradient of the curve is
X

always negative. - 13

Cambridge International A Level Mathematics 9709 Paper 31 Q1 November 2013

2 ¥ A
p) X
The diagram shows the part of the curve y = % tan2x for 0sx =< %n. Find the x-coordinates
of the points on this part of the curve at which the gradient is 4. 5]

Cambridge International AS & A Level Mathematics 9709 Paper 21 Q3 November 2011

@ 3  The parametric equations of a curve are x = In(1-2/), y = % for t < 0.

-1
i Show that 3£ = 152 13)

ii  Find the exact coordinates of the only point on the curve at which the gradient is 3. (3]

Cambridge International AS & A Level Mathematics 9709 Paper 21 Q4 November 2012

4 Theequation of a curveis X’y + y* = 6x.

- 2xy
i Show that & = 820" [4]
dx x“+2y
ii Find the equation of the tangent to the curve at the point with coordinates (1, 2), giving your
answer in the form ax + by + ¢ = 0. . 31

Cambridge International AS & A Level Mathematics 9709 Paper 21 Q6 June 2010

. . . . . by .
@ ¢ 5 i Use the trapezium rule with two intervals to estimate the value of Ty dx, giving
your answer correct to 2 decimal places. o © 3]
" . (e,\' _ 2)2
ii Find J - dx. [4]

Cambridge International AS & A Level Mathematics 9709 Paper 21 Q6 November 2012



Cross-topic review exercise 2

6 i By sketching a suitable pair of graphs, show that the equation In x = 4 - —;-x has exactly
one real root. . 12
i Verify by calculation that 4.5 <o << 5.0. 2]

iii  Use an iterative formula x,,, =8 — 2 In x,, to find & correct to 2 decimal places. Give the
result of each iteration to 4 decimal places. 13]

Cambridge International 4S & A Level Mathematics 9709 Paper 21 Q4 November 2015

- . . 1 1
7 The parametric equations of a curve are x = — oY s tan’ ¢, where 0 <t < 5T
. i . cos
i Show that < = sint. “l
dx

ii  Hence show that the equation of the tangent to the curve at the point with parameter 7 is
y =xsint—tant. Bi

Cambridge International A Level Mathematics 9709 Paper 31 Q4 November 2014

8  [Itis given that the positive constant a is such that J (4e2¥ + 5) dx = 100.
~d

i Show that a = ;— In(50 + €729 ~ Sa). [4)
ii  Use the iterative formula «,,, = % 1n(50 + ¢~ — Sa,) to find & correct to 3 decimal places.
Give the result of each iteration to S decimal places. I3}
Cambridge International AS & A Level Mathematics 9709 Paper 21 Q4 November 2016 159

. . . ’ |
9  The equation of a curve is y = e tanx, for 0 < x < En:‘
i  Obtain an cxpression for dy and show that it can be written in the form e 2*(a + b tan x )%,
X

where a and b are constants. I51
ii  Explain why the gradient of the curve is never negative. 1]
iti  Find the valuc of x for which the gradient is least. [1}

Cambridge International A Level Mathematics 9709 Paper 31 Q5 November 2015

10 i Provethat tan @ +cot @ = — 2 . 13]
sin20
ii  Hence
a find the exact value of tan %n + cot %n, 12}

3" 6
b evaluate j“ {3

—do.
o tan@ +cot@
Cambridge International AS & A Level Muthematics 9709 Paper 21 QS June 2014

11 The equation of a curve is xy(x - 6y) = 9a°, where @ is a non-zero constant. Show that there is
only one point on the curve at which the tangent is parallel to the x-axis, and find the coordinates
of this point. [7]

Cambridge Internationul A Level Mathematics 9709 Paper 31 Q4 November 2016
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@ 12 The curve with equation j = — intersects the line y = x + 1 at the point P.
2

i Verify by calculation that the x-coordinate of P lies between 1.4 and 1.6. 12]
ii  Show that the x-coordinate of P satisfies the equation x = I( —6Tl— ) 12
e x+ 1.

iti  Use the iterative formula x,,, = \[( ) with initial value x; = 1.5, to determine

X, +1

the x-coordinate of P correct to 2 decimal places. Give the result of each iteration to 4 decimal
places. 3]

Cambridge International AS & A Level Mathematics 9709 Paper 21 Q6 November 2010

13 The parametric equations of a curve are x = e%, y = 4re’,

i Show that dy Z(’_{iﬁ []
dx e
ii  Find the equation of the normal to the curve at the point where ¢ = 0. [4]

Cambridge International AS & A Level Mathematics 9709 Paper 21 QS June 2013

14 For each of the following curves, find the exact gradient at the point indicated:

i y=3cos2x-5sinx at(én,—l), 131
i x*+bxp+ 3 =21 a(l, 2). 51
Cambridge International AS & A Level Mathematics 9709 Paper 21 (04 November 2014

. . . 1 . dy
15 i By differentiating , show that if y = secx then —=— = sec x tan x. 2]

CoS X dx
ii  Show that S S = secx + tan x. 11

secx —tanx

iii Deduce that ————-—-1—2 =2sec’x—1+2secxtanx. 12]

{sec.x — tan x)

1

L. |

iv.  Hence show that J'“' ———dx =
0o {(secx —tanx)”

1
=~ (8v2 - m). 3
5 (832 - %) B3l
Cambridge International A Level Mathematiics 9709 Paper 31 Q5 November 2012

@ 16 A curve is defined by the parametric equations x = 2tan8, y = 3sin20, for 0 =6 < —71—11

i  Show that -331 = 6cos*6 - 3 cos? 0. ' 141
x

ii  Find the coordinates of the stationary point. 3]

iii  Find the gradient of the curve at the point (?_ﬁ, —1— \/§) 21

Cambridge International AS & A Level Mathematics 9709 Puper 21 Q5 June 2016



Cross-topic review exercise 2

17 A

M

Y

o

1
N X . .. .
The diagram shows the curve y = 4¢? - 6x + 3 and its minimum point M.

i Show that the x-coordinate of M can be writien in the form In a, where the value of ¢ is
to be stated. 5]

i Find the exact value of the area of the region enclosed by the curve and the
lines x=0,x=2 and y=0. (4]

Cambridge International AS & A Level Mathematics 9709 Paper 21 (S June 2012

161
18 Theequation of acurveis x* —3x?y + 3 = 3.
. iy  x2-2x
i Show that <X = = 5 122 14}
dx  x*-—-y
ii  Find the coordinates of the points on the curve where the tangent is parallel to the x-axis. {51

Cambridge International A Level Mathematics 9709 Paper 31 Q7 June 2016

@ 19 A curve has parametric equations x = E#—]-)‘f, y=J(t+2)

The point P on the curve has parameter p and it is given that the gradient of the curve at P is —1.
1
i Showthat p=(p+2)6 - % ' [61

i Use an iterative process based on the equation in part i to find the value of p correct to 3 decimal |
places. Usc a starting value of 0.7 and show the result of each iteration to 5 decimal places. 31

Cambridge International AS & A Level Mathematics 9709 Paper 21 Q6 June 2012

® 20 i Find

2x

a [l 131
-

b f3 cos® xdx. 3]

2

i "Use the trapezium rule with 2 intervals to estimate the value of ) I—L,)— dx, giving
your answer correct to 2 decimal places. tin(x+2)

13]
Cumbridge International AS & A Level Mathematics 9709 Paper 21 Q6 November 2013



Cambridge International AS & A Level Mathematics: Pﬁre Mathematics 2 &3

@® =

By sketching a suitable pair of graphs, show that the equation ¥ = 14 — x? has exactly

two real roots. 13}
Show by calculation that the positive root lies between 1.2 and 1.3. 2]
Show that this root also satisfies the equation x = ;— In(14 - x%). i1}

Use an iteration process based on the equation in part iii, with a suitable starting value,
to find the root correct to 2 decimal places. Give the result of each step of the process .
to 4 decimal places. 131

Cumbridge International AS & A Level Mathemutics 9709 Paper 21 Q7 June 2011

By sketching each of the graphs y = cosecx and y = x(n - x) for 0 < x <m, show that

the equation cosec x = x(n ~ x) has exactly two real roots in the interval for 0 <x <. 3]
2 gy
Show that the equation cosecx = x(7 — x) can be written in the form x = w 12}
TSI X
The two real roots of the equation cosec x = x(1 ~ x)in the interval 0 < x <7 are denoted
by & and 8, where o <.
. L 1+ x,% sin x, . ) .
a Use the iterative formula x,,; = —>%—=—=% to find ¢« correct to 2 decimal places.
nsin X,
Give the result of each iteration to 4 decimal places. 131

b Deduce the value of B correct to 2 decimal places. [

Cambridge International A Level Mathematics 9709 Paper 31 Q8 June 2014
YA

(Y

=Y

The diagram shows part of the curve with parametric equations

x=2In(r+2),y =1 +2t+3.
Find the gradient of the curve at the origin. 51
At the point P on the curve, the value of the parameter is p. It is given that the gradient

of the curve at P is % .

a Show that p = 2. {1

i
3p7+2
b By first using an iterative formula based on the equation in part a, determine the coordinates

of the point P. Give the result of each iteration to 5 decimal places and each coordinate

of P correct to 2 decimal places. 141

Cambridge International A Level Mathematics 9709 Paper 31 Q10 June 2015



Cross-topic review exercise 2

24 i Provethat 2 cosec28 tan@ = sec? 0. K]
i Hence
a solve the equation 2 cosec28 tan@ =5 for 0 < x <m. 13}
In
b find the exact value of J." 2 cosec4x tan2xd.x. 4]
0

Cambridge International AS & A Level Mathematics 9709 Paper 21 Q6 June 2015

25 i Prove the identity cos46 + 4 cos26 = 8cos* 8 — 3. [4)
ii  Hence
a solve the equation cos46 + 4 cos20 = | for — % n<@=< % . 3]
‘7[
b find the exact value of J'4 cos* 8d6. 131
0

Cambridge International A Level Mathematics 9709 Paper 31 Q9 Jwt'e 2011

26 i By first expanding cos(2x + x), show that cos 3x = 4 cos® x — 3 cos x. [§]]
163
£ 5
i Hence show that J- (2 cos® x —cosx)dx = VR 151
0

Cambridge International AS & A Level Mathematics 9709 Paper 21 Q8 November 2011

27 T v A

Ty

Ty

=Y

0 \/

I

1
The diagram shows the curve y = 10¢ 2" sin 4x for x = 0. The stationary points are labeled 7}, T», 73, ... as

shown.
i Find the x-coordinates of 7; and T3, giving each x-coordinate correct to 3 decimal places. [6]
i Itis given that the x-coordinate of 7, is greater than 25. Find the least possible value of a. 4]

Cambridge International A Level Muthematics 9709 Paper 31 Q10 June 2014
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. . 3x? . , .. .
@ 28 The equation of acurvels y = — e At the point on the curve with positive x-coordinate p,
W)

the gradient of the curve is %

. . _ 48p — 1(3
i Show that 7 718 ) i5]
it Show by calculation that 2 < p < 3. 2}
iii  Use an iterative formula based on the equation in part i to find the value of p correct to

4 significant figures. Give the result of each iteration to 6 significant figures. 3]

Cambridge International AS & A Level Mathematics 9709 Paper 21 Q6 June 2016

29 i By differentiating ! , show thatif y = sec8 then L2V = tan@ secO. 13}
cosf dée
. dz_}’ ) 3 - ~
it Hence show that T = u sec? @ 4 b secO, giving the values of @ and b. 4}
o2
Ly
i Find the exact value of | * (1+tan® @ — 3 sec tan9) do. (51

0

Cambridge International AS & A Level Mathematics 9709 Paper 21 Q8 November 2012



Further algebra

This chapter is for Pure Mathematics 3 students only.

In this chapter you will learn how to:

m recall an appropriate form for expressing rational functions in partial fractions, and carry
out the decomposition, in cases where the denominator is no more complicated than:
& (ax+b)ex+d)ex+ f)
o (ax+bh)cx +d)
® (ax +h)(cx? +d)

® use the expansion of (1 + x)". where n is a rational number and |x | < 1
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PREREQUISITE KNOWLEDGE

Where it comes from What you should be able to do 1 Check your skills

Pure Mathematics 1 Equate coefficients of polynomials. | 1 Find the value of 4, B and C for:

a Ax?=3x+C=6x2+Bx~9

Coursebook, Chapter 6

b (2-A)x?+5x+2C =3x?~3Bx+8

Pure Mathematics 1

| a1+ 2

' b (3-2x)

Expand (a4 + b)" wherenisa Find the first 3 terms, in ascending powers
Coursebook, Chapter 6 positive integer. of x, in the expansion of:

Chapter | Divide polynomials. Find the quotient and remainder when
. x?-8x+4 isdivided by x - 3.

Why do we study algebra?

At IGCSE / O Level we learnt how to add and subtract algebraic fractions. In this chapter
we will learn how to do the ‘reverse process’. This reverse process is often referred to as
splitting a fraction into its partial fractions. In Mathematics it is often easier to deal with
two or more simple fractions than it is to deal with one complicated fraction.

In the Pure Mathematics | Coursebook, Chapter 6, you learnt how to find the binomial
expansion of (a + b)" for positive integer values of n. After working through this chapter
you will be able to expand expressions of the form (1+ x)" for values of n that are not
positive integers (providing |x| <1).

Combining your partial fraction and binomial expansion skills will enable you to obtain
2x -1
2x% 4 3x - 20

series expansions of complicated expressions such as

7.1 Improper algebraic fractions

A numerical improper fraction is defined as a fraction where the numerator = the
denominator. For example, -%1 is an improper fraction. This fraction can be expressed as
2>+ %, which is the sum of a positive integer and a proper fraction.

So how do we define an algebraic improper fraction?

£ KEYPOINT 7.1

P(x)

The algebraic fraction R where P(x) and Q(x) are polynomials in x, is said to be an algebraic

(x)
improper fraction if the degree of P(x) = the degree of Q(x).

3 .3y2
For example, the fraction -)—C———lij—z
» X =

degree of the numerator (3) is greater than the degree of the denominator (1).

is an improper algebraic fraction because the

P>i} FAST FORWARD

In Chapter 8 you will
be shown another use
for partial fractions:
how to integrate
rational expressions

2x -1
2x% 4+ 3x - 20
by first splitting the
expression into partial
fractions.

Explore the
Polynomials und
rational functions
station on the
Underground
Mathematics website.

such as




Chapter 7: Further algebra

S -3x2 47 .
! ~—-— a§ the sum of a polynomial and

We can use long division to write the fraction -

a proper algebraic fraction.

X -x=2

X - 2)1‘3 ~3x? +0x 47
X -2
—x2+ Ox
—x%42x

~2x +7

~-2x +4

R

EXPLORE T3

1 Discuss with your classmates which of the following are improper algebraic
fractions.

x2 —4x ('v 6x¥ - 2x +1

2\+| Vo 2xt -1
2x -3 X+ 2x? -~ 4Y =1 7777121(1‘_:?__
(x+2)(x-1 (,\+2)(,x+1) 3 +2 x2-2x~1

2 Write each improper fraction in question 1 as the sum of a pelynomial and a
proper fraction.

167

1 Express each of the following improper fractions as the sum of a polynomial and a proper fraction.

8x L Or+l o 4-3

2x -5 3x +2 2x+1

X 44x? 4 3x—1 . Txd +2x2 - 5x + ) f x*+2x2 -5
X2 +2x+3 x> -5 x?+1

2
2 Given that —\-—ti——j— = Ax? + Bx+C + D 3 find the values of 4, B, C and D.
X -

-3
+5
3 Given that L—Tf_l— = AP+ Bx* +Cx+ D+ li T find the values of 4, B, C, D and E.
4 (Given that 207+ 3 + 4x? + Sx + 6 Ax+ B+ (’;+ D, find the values of 4. B, C and D.
x4+ 2x X +2x
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7.2 Partial fractions _

At IGCSE / O Level, we learnt how to add and subtract algebraic fractions. The following
table shows three different cases for addition of algebraic fractions.

5 4 3 2 2 3

x+3+x—2 ;c*:lﬂk(xi—l)2 o1 s
_ S =2) +4x +3) Wx+D+2 245 +3x -1
(x+3)(x-2) T T (x- D +S)
- 9x+12 _ 3x+5 2 43+ 7
(x+3)(x=-2) T+ 1) = m

Denominator in answer has: Denominator in answer has: Denominator in answer has:

two distinct linear factors. one linear repeated factor. one linear factor and one
quadratic factor.

In this section we will fearn how to do the reverse of this process. We will learn how to split
(or decompose) a single algebraic fraction into two or more partial fractions.

Case 1: Proper fraction where the denominator has distinct linear factors

If the denominator of a proper algebraic fraction has two distinct linear factors, the fraction
can be split into partial fractions.

£} KEY POINT 7.2

pxtyq = 4 . B
(ax + b)ex+d) ax+b ox+d

This rule can be extended for 3 or more linear factors.

D) KEYPOINT 7.3

px+y A + B C
(ax+b)(ex+d)(ex+f) ax+b cx+d ox+ f

WORKED EXAMPLE 7.1

it

2x~-13 . N .
Express ——————— in partial fractions.
PIeSs o+ Dx -3 P
Answer
-3 - . A, 8B Multiply throughout by (2x + 1)(x = 3).
Ox+Dx-~-2 2xv+el -3

2% =13 = A(x = 3) + BQx 1)~ (1)
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Method 1: Choosc appropriate values for x,

Let v =3 inequation (1)

23— i3 = AR~ 3 Bo+ )

-7 = 7B
B =1
Let we= - o in cquation (1)
°{ . ’)A 13 = 1( 11)+ Bl-1+ 1)
14 LA
2
1o
Ty Dy - 3y 204 v e )

Method 2: Equating coefficients.
2= 13= Mo~ 3)+ B2y + 1) Expand brackets and collect like terms.

2x =13 = ( A+ 28 - 34+ B Equate the coefficients of x and the constants.

Solve equations (2) and (3) simultancously.

Case 2: Proper fraction with repeated linear factor in the denominator

If the denominator has a repeated linear factor, the {raction can be split into partial {ractions
using the rule:

px+qg _ A B

(ax+ by  ux+h | (ax + h)*

Express —= _I—[; in partial fractions.
(x ~4)
Answer
Lt .'.._’,. 4 f’ Multiply throughout by (x — 4)2.

169
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Let x =4 mequation (1)
24) - = A4 i B
B =3
Let x = 0 inequation (1) .
20011 = MO -4y -3

Iy - 11 ! 3
{\~-i)3 v -4 [ 1)2

WORKED EXAMPLE 7.3

1-9x — 8a2
(x - 2)2x + 3)2

Express in partial fractions.

Answer

=¥ A4 B . C Multiply throughout by (x = 2)(2x + 3)*.
(x =224+ 3 v =2 2vi 3 (2a 43y

1= 9n — 8y = A(2x + 317 + By - 232

[
P
+
i
+
[
-
—
t
—
—

Let v = 2 inequabtion (1)

P 92) = 8(2)7 = A4+ 3) 4 B2~ 24+ 3+ (2 2)
~39 = 49.4
A =]

3.
et v =~ S equation (1):

3 IV e ol 3 Y e a3
19(2)8[ ;) = A3 43) l(q _3)( _3.3):({ 5 .z)

Let v = 0 inequation (1)

=94 =68 20" n-rmmrmemcnens e 2 Substitute 4 =1 and C =1 in equation (2).

=-2

o -9v -8 1 2, |
v =22N 3 v =2 2x+ 3 (24 3)




Chapter 7: Further algebra

Case 3: Proper fraction with a quadratic factor in the denominator that
cannot be factorised

In this syllabus you will only be asked questions where the quadratic factor is of the form

ex? +d.

If the denominator of a proper algebraic fraction has a quadratic factor of the form

¢x? + d that cannot be factorised, the fraction can be split into partial fractions using the
following rule.

L) KEVPOINT 7.5

pxtyq -4 Bx+C
(ax +lJ)(wc3 +d) ax+b ex*+d

. WORKED EXAMPLE 1.4

8+2x—2x% . . .

Express ———— in partial fractions.

Press S+ P
Answer

) . K E dv o Y .

82y N A Multiply throughout by (x — 1)(x? +2),
(v~ T} 4 2 AN N2 ’

S 2v = T AT 2 By - DOy =D e (D

et v b equation (4)

R 2D = (1) = A % 214 BO = 1)+ C(1— 1)

Let v = O cguation (1)

=6 (
2
Let v = 1 mcquation (v
594028 14
/3 4
2y 3 2 4y & 2
TSTTre BT g - e

Case 4: Improper fractions

If an algebraic fraction is improper we must first express it as the sum of a polynomial and
a proper fraction and then split the proper fraction into partial fractions.
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WORKED EXAMPLE 7.5

Express -Zi\——t—sl————;—] in partial fractions.
2+ 2x —

Answer

The fraction is improper. Hence tmust livst be written as the sum of a polynomiul and @ proper fraction.

2
7 op 2y
l}‘*'j‘ A 74 S
YU+ 2 -3 3
Sphit the proper fraction -, 1\ ) Seesinto partal fractions:
V4283
S ot RN N B Multiply throughout by (x +3)(x—1)
(x+ 3 -0 x+3 vl Py g y (et dfix=14)
NS5 Ay~ 1) By 3) - e (1
Let x =1 inequution (1) .
-4 =48
Bl
Let v o= -3 incguation (1)
X -4
A =2
ve S 2
v
S— l
3ooa |

Application of partial fractions

Partial fractions can be used to help evaluate the sum of some sequences.

WORKED EXAMPLE 7.6

Given that the algebraic fraction b can be written in partial fractions as 1_ ——l—— find the sum of the first
x(x+1) x x+1
n terms of the series 3 )12 + 3 l 3 + 3 )l( 3 + 7 )1( 3 +oenn . Hence, state the sum to infinity.
Answer
. ] { 1 [ 1 |
S, = t - + ol + —
Ix2 0 2x3 Axd 4xS (ism—l)s'/ ff(/:~+§}

(i-4)- (EE DL G )
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"The series in Worked example 7.6 is called a telescoping series, because its partial sums only have a
fixed number of terms after cancellation.

1 Express the following proper fractions as partial fractions.

_6x-2 Tx +12 ¢ 15x+13
(x =2)(x+3) 2x(x - 4) (x-1D3Bx+1)
x -1 e 6x% +5x -2 f Ilx +12
3x = 5)x~3) (v = 1D2x+1) (2x + 3)(x +2)(x—3)
2 Express the following proper fractions as partial fractions.
2x Jx? + 14x +5 x? 2
a '—'"‘7 b T -,,_‘,._.,._..7. C N _T
(x+2) (2x + D(x + 1)? y(x - 1)?
36x% +2x ~ 4 3 3x+4
d T e e f TS B
(2x - 3)(2x + 1)? (x +2)(x - 2)° (x+ 2)x - 1) 173
3 Express the following proper fractions as partial fractions.
2x? - 3x 42 Ax? +4x+17 ¢ 2 -6x-9 _ 6x? - 21x +50
x{x*+ 1) (Cx+1)(x2+35) (3x + 5)(2x7 + 1) (3x - 5)(2x* +5)
4 Express the following improper fractions as partial fractions.
2x +3x+4 x'+3 ¢ R2-17x+2l? -4y 4x% + X2 ~16x +7
(x = (x+2) x? -4 (x—=4)x*+1) 2x% —4x? + 2x
3042 .
5 Find the values of 4, B, C and D such that ua ,)\ flix -4 =4+ B + Q, + L .
x(2x - 1) X  x° 2x-=1

6 a Factorise 2x? — 3x? - 3x + 2 completely.
x2 - 13x~5
228 - 3x? - 3x + 2

b Hence express in partial fractions.

7 a Factorise 23" ~ [1x2 +12x + 9 completely.
24— x
2xt = 11x? +12x 4+ 9

b Hence express in partial fractions.

8 The polynomial p(x) = 2x? + 5x? + ax + b is exactly divisible by 2x + 1 and leaves a remainder of 9 when
divided by x + 2.

a Find the value of ¢ and the value of b.

b Factorise p{x) completely.

¢ Express 120 in partial fractions.
p(x)



Cambridge International AS & A Level Mathematics: Pure Mathematics 2 & 3

2
@ 9 a Express m in partial fractions.
b Find an expression for the sum of the first » terms of the series:
2 2 2 2 2

+
1x3 2><4+3><5+4><6+5><7+

¢ Find the sum to infinity of this series.

. . 1 1 1 1
10 Investigate wheth 3
@ nvestigate whe ertheserlcslx2x3+2x3x4+3x4x5+4x5x6+

telescoping series, find an expression for the sum of the first » terms and the sum to infinity.

EXPLORE 7.2

There is another method that can be used to decompose a proper algebraic fraction

where the denominator contains only distinct linear factors. This alternative method

is called Heaviside’s cover-up method. Find out more about this method and use it to
4x% +15x +29

express in partial fractions.
e S T G+ +3) P actions

Is a telescoping series. [fitisa

7.3 Binomial expansion of (1 + x)” for values of n that are not
positive integers

) REWND

In the Pure Mathematics 1 Coursebook, Chapter 6, we learnt that the binomial expansion of
(1 + x)", where n is a positive integer is:

(1+x)"=(8]+[ 'l'),w(g)\u( " ]++[J

and that this terminating series can also be written in the form:

(n-1) e n(n=1)n=-2) Myt

n :
A+ x)" =1+nx+ 5 a3 . ,

The general binomial theorem can be used for any rational value of n. It states that:

£ KEVPOINT 7.6

nin—-1) N aln—1)n-2) G p

(+x" =1+nv+ 5 3

.. where # is rational and | x] < 1

There are two very important.differences when n is not a positive integer. These are:
e the séries s infinite

e the expansion is only valid for | x| <1.

The proof of the general binomial thcorem is beyond the scope of this course.

Consider, however, the {ollowing two examples where » is not a positive integer

- =1
(n— 3andn—2)‘



P (s EU o S 5 DO o,

=1 -3x+06x2 10X+ 15yt

R XU+
2! kY 4

oot onn( 2 B IENER) L (D).

o Lo 1 3 5
—-1+2-.\'- g.z\ +{~g,\ ]2(\"‘

We can see that in each case the sequence of coefficients forms an infinite sequence.
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When | x| <1, the binomial series converges and has a sum to infinity (in a similar way to a

geometric series converging for |r| < 1, where r is the common ratio).

} DID YOU KNOW?

Expand (I - 3x)™? in ascending powers of x up to and including the term in 3, and
state the range of values of x for which the expansion is valid.

Answer

Use n = =2 and replace ¥ by -3y in the binomial formula:

(1=30)7 = 14 (=2)( 3y 4+ 12
=1 E 6N+ 2707 4 108

Expansion is vald for |-3v] |

Isaac Newton is
credited with the
generalised binomial
theorem for any
rational power. A

poet once wrote that
‘Newton’s Binomial

is as beautiful as the
Venus de Milo. The
truth is that few people
notice it.’

Find the first four terms in the expansion of (1 + 2x2 )™ and state the range of values
of x for which the expansion is valid.

Answer

Use n = 4 and replace v by 2.7 in the binomial formula:
b ())& 1ﬁl€ 2oy A :?)(_ii@_
F RN

+ A0t - 16040 1

233

(14230 o (2x7) + ..
I - 8x?

Expansion is valid for !2,\"

175
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WORKED EXAMPLE 7.9

x-5

Find the coefficient of x* in the expansion of r—
+2x

Answer

=5 .

A2 (v =5 20

[+ 2x

Use n = —1 and replace ¥ by 21 in the binomial formuka:

s (D21 .
([ + 2\) ! o ] 4 ( ["(?\) 4 £_ e ( \»}» )(,“,_).(,.m” (2\)‘ 4

= -2+ 4n -8
(x = S)(1+2x) = (= 51— 2v b 4 =807 )

N I RO R TS P18 I UN A ST R
L . 4

Term in v¥is a{4x?) + (~5)(-8x R E

- The coellicient of x'is 44,

1 Expand the following, in ascending powers of x, up to and including the term in x3. State the range of values
of x for which each expansion is valid.

a (1+x)72 b (1+3x)" ¢ (1-2x)*
L\
d (1+—;—) e JI¥2x f Yo ax
2 N | _lx
& A-ax) (15 2x) NI

2 Find the first 3 terms, in ascending powers of x, in the expansion of each of the following expressions.
State the range of values of x for which each expansion is valid.

a (1+x%)7 b Y- 2x2 ¢ (\/1—4x2)3

3 Find the first 5 terms, in ascending powers of x, in the expansion of ——21—\/_1%\—,_
— x“

4 Can the binomial expansion be used to expand each of these expressions?
a (3x-17 b J2x-1
Give reasons for your answers.

5 Expand (2x - 1) in ascending powers of x, up to and including the term in x>,

i
6 Show that the expansion of (1+ x)2 is not valid when x = 3.

3
@ 7 Given that (1-3x)™ = (1+2x)2 = 9x -+ kx> for small values of x, find the value of the constant k.

@ 8 Given that ——— + b

1 ) ~ -3+ 12x for small values of x, find the value of @ and the value of b.
- X X
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@ 9 When (I +ax)?, where « is a positive constant, is expanded the coefficients of x and x? are cqual.
a Find the value of a.

b When & has this value, obtain the first 5 terms in the expansion.
2
@ 10 When (3 - 2x)(1 + ax)3 is expanded the coefficient of x2 is —15. Find the two possible values of .

@ 11 The first 3 terms in the expansion of (1 + ax)” are 1~ 24x + 384x2.
a Find the value of ¢ and the value of 7.

b Hence find the term in x%

7.4 Binomial expansion of (a + x)” for values of n that are not
positive integers

To expand (a + x)”, where n is not a positive integer, we take « outside of the brackets:

2 n
X
(a+x)" =a" (l«r-—)
a

Hence the expression is:

D) Kev poInT 17

v RN _ oy d
(a+x)" =a" f'l+;l(l)+—————~—n(’l_~ l)(.‘.‘; ] +——~—————-—-—n(” Yn~2) ‘ i] +J for
. a La ) ki L a

2

177

WORKED EXAMPLE 7.10 -

Expand (2 + x)™ in ascending powers of x, up to and including the term in x* and state the range of values of x
for which the expansion is valid.

Answer
. : f vy
(24 0) = (230 14
\ 2
{ (AN DAY -5 x e
(2) ' I+ (3 2 IR ) H e _(M’)( ( ..~__’v{ i } i for | \{ o
‘ (N 2! V2 3 L2 |2
I [ 3 N I T
t RO \ 2y
SEREEES TR L
[ 3 3 5 o ;
- x? vy valid for | v]
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WORKED EXAMPLE 7.11

. . .. . -3y
Find the coefficient of x? in the expansion of -
P NEE

Answer

I
Factor the 4 out of {4~ x) 2.

i
Simplify (4)72 to

1] —

B ( 3 )
= i“ EASTRN (\ ; \)(\ ; )‘ LH}J;T'"? )( \1 }' ‘
! ]
- 4
=l mlui\ 1“8 . ]

]
Cocliicient of v s =

1 Expand the following, in ascending powers of x, up to and including the term in x? State the range of values
of x for which each expansion is valid.

a 2+x)7? b (5-2x)" ¢ J9—x
4 1+ 2x
3 N — [,
d J3x+8 e _—(3—.x)3 f (2x—5)3

2 Find the first 3 terms, in ascending powers of x, in the expansion of each of the following expressions.
State the range of values of x for which each expansion is valid.

' —=\S
a (2+x2)7 b ¥8-3x7 ¢ (V3-+7)
3 Expand (1 -2x)38- 7% in ascending powers of x, up to and including the term in x*.

4 a Expand (2- xytand (1+ 3x)"2 giving the first 3 terms in cach expansion.

b Use your answers to part a to find the first 3 terms in the expansion ol (2 - 3 M1+ 3x)72, stating the range
of values of x for which this expansion is valid.
x4+ bx?.

5 The first 3 terms in the expansion of (a - 5x)7% are —+

N
FNYR

Find the value of @, the value of 6 and the term in x3.

@ 6 Inthe expansion of Y3+ ax where a # 0, the coefficient of the term in x? is 3 times the coefficient of the term
in x3. Find the value of a.
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-1 X )
b Showmat(pr%) =X Ei(“;

x Y42 2
N\l
¢ Find the first 4 terms in the expansion of E’C(I + 7:) , where ﬁ‘ <.
d Explain why your expansions are different.
EXPLORE 7.3
1 Given that f(x) = N S discuss why f{.x) can be written in each of

(1+ x)(1+ 2x)’
the following ways:

[ GMraride2ot o J

{20207 -asg ]

proceaart

2 Use the binomial theorem to expand each of these three expressions in

ascending powers of x, up to the term in x>,

3 Discuss with your classmates which method you would prefer if you were
asked for:
a alinear approximation for f(x)
b aquadratic approximation for f(x)

¢ acubic approximation for f(x).

7.5 Partial fractions and binomial expansions

One of the most common reasons for splitting a fraction into partial fractions is so that
binomial expansions can be applied.

 WORKED EXAMPLE 7.12
. 10x + ] S e . . .
Given that f(x) = (m » express f(x) in partial fractions and hence obtain the expansion of f(x) in

ascending powers of x, up to and including the term in 2%, Statc the range of values of x for which the expansion is
valid.

Answer
v+l A4 B iply thr '
(a0 1=y T Multiply throughout by (1~ 2x)(1 + x).

104 = T AL Xy + B - 200 - (1)
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Let v = —1 meguution (1)

-9 =3B

'

Let x = 5 in cqguation (1)

3
(I = '
| = 4

Piler

(i - 2X TN
Expunding (1
D Pyt {2 3
IR IS IYRE O hatd | SELIE TS S Y AR
2 3
Py 20w dns 8y’ 4 vihid for ;»a:\l I - X A
2 2
Expanding (1+ 237 gives
- (- D233
(142! =10 s S LS. N e vt
Al
N IR R valdtor (a1 e ~1T<x s
10y + 1 \ . . .
A 2 At e 8 e =3 T T e )

TS TS
T T L TR & R

Che expansion is valid for the rapge o values o v satistyiog both — = = x "  and =1 <ty 7

I e —— mm— :
) 2
T 1 T ¥ T
-1 L 0 b 1
2 2
o . P
Hence, the expansion is valid tor - -0 =0

1 a Express ('1"—_—”7\;(1—?135 in partial fractions.
b Hence obtain the expansion of _Tx=l in ascending powers of x, up to and including the term in x
(1-x)1+2x)

5x% 4+ x

m in partial fractions.

2 a Express

5x% + x
(1-x)*(1-3x)

3

b Hence obtain the expansion of in ascending powers of x, up to and including the term in x°.

3
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3 a Express (17—%;%;:7%7 1n partial fractions.

TxX+4x+4

- -\’)m in ascending powers of x, up to and including the term in x?.

b Hence obtain the expansion of

T 2
4 a Express Hz_—%—() in partial fractions.
O Ty e 612
b Hence obtain the coefficient of x2 in the expansion of éiTZ)I?T%\S
5 a Express 2 in partial fractions
PIESS (X a)x + 3y 'mparte '
24

b Hence obtain the expansion of in ascending powers of x, up to and including the term in x2.

(x—4)x+3)

i 2 _ Y+
6 a Express ?—\\;T)‘E%\:%l); in partial fractions.
6x% - 24x + 15

(———:~])(——-2—)-Z— in ascending powers of v, up to and including the term in x2.
X X -

b Hence obtain the expansion of -

Partial fractions

® Case I: If the denommator of a proper algebraic fraction has two distinct linear [actors. the
- px+gq __ 4 + B
(ax+h)cx+d)  av+b
Case 2: If the denominator of a proper algebraic fraction has a repeated linear factor, the
px+qg A4 B
le (ax + b)Y ax+b  (av+ by
Case 3: If the denominator of a proper algebraic fraction has a quadratic factor of the form

ex? +d that cannot be factorised, the fraction can be split into partial fractions using the rule
pPx+yg 4 By +C

(ax + bYex? + ) T ax +h x4

fraction can be split into partial fractions using the rule

fraction can be split into partial fractions using the ru

Case 4: 1 an algebraic fraction 1s improper we must first expiess it as the sum of a polynomial
and a proper fraction and then split the proper fraction into paruial fractions

Binomial expansion of (1 + x)" for values of  that are not positive integers
an=1) + n-Dn=-2) ,

s (Q+x)' =T+nv+ TR X'+ for |x] 7 L

kY
Binomial expansion of (2 + x)" for values of # that are not positive integers
v PN Y £ N3 .
. (u+x)” = " [1 + H(i)'{' .”(l_.ﬂ( }.J + Ern_ll(i.;)(l) + J for _ll L
a

a 2! L a 3t u
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END-OF-CHAPTER REVIEW EXERCISE 7

1 Expand (1-2x)™ in ascending powers of x, up to and including the term in x?, simplifying the coefficients. [4]

2 Expand 3T (6x) in ascending powers of x up to and including the term in x?, simplifying the coefficients. [4]

Cambridge International A Level Mathematics 9709 Paper 31 Q1 June 2011
3

@ 3  Expand (2 -x)(1+ 2x)m>2 in ascending powers of x, up to and including the term in X2,
simplifying the coefficients. (4]

Cambridge International A Level Mathematics 9709 Paper 31 Q2 November 2016
4 Expand ——(%%S in ascending powers of x up to and including the term in x?, simplifying the coefficients. [4]
Cambridge International A Level Mathematics 9709 Paper 31 Q2 June 2013

5 Expand 71-%; in ascending powers of x, up to and including the term in x*, simplifying the coefficients.  [4]

6 Expand (5-—-—*)—2* in ascending powers of x, up to and including the term in x7, simplifying the coefficients.  [4]
2-x
7 Expand 75%—_5_7 in ascending powers of x, up to and including the term in x2, simplifying the coefficients.  [4]
12 . A B C
8 Express ————— inthe form — + — + —. 4
*Pr x2(2x - 3) o x x* 2x-3 4
82 8x2+4x+21 . A  Bx+C
9 Express ——————— in the form —— + ———. 4
XPIeSS T )2+ 5) e o e T s i
2 _ 3y 47
10 Express _”Z_wc___zg_x_j__ in partial fractions. I54
x(x2 +1)
Cambridge International A Level Mathematics 9709 Paper 31 Q3 June 2013
3 11y . .
11 Given that o ,Hx +8v-4 =4+ B + E,— + 7—2——, find the values of 4, B, C and D. 15]
: x*(3x—2) x  x* 3x-2
4x? - 5. . . ‘
12 Express AT ZSx 43 in partial fractions. (51

(x'+ 2)(2x~1)

13 Show that for small values of x2, (1 —2x2)2 = (1 + 6x2 33 = kx*, where the value of the constant &
is to be determined. 16}

Cumbridge International A Level Mathematics 9709 Paper 31 03 June 2015

4x? +12
14 Let f(x) = —————=5.
@ R E e S R
i  Express f(x) in partial fractions. 51
i Hence obtain the expansion of f(x) in ascending powers of x, up to and including the term in x7. I51

Cambridge International A Level Muthematics 9709 Paper 31 Q8 June 2016
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©

2x? —7x -1

15 Let f(x) = =2 1270

) = T+
i Express f(x) in partial fractions. ‘ IS)
i Hence obtain the expansion of f{x) in ascending powers of x, up to and including the term in x2. I51
Cambridge International 4 Level Mathematics 9709 Paper 31 Q7 November 2013

3x

16 Let f(x) = —

= T o
i Express f(x) in partial fractions. 151
i Hence obtain the expansion of f(x) in ascending powers of x, up to and including the term in x>, (5}

Cambridge International A Level Mathematics 9709 Paper 31 Q8 November 2010

183
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Further calculus

(%) This chapter is for Pure Mathematics 3 students only.
in this chapter you will learn how to:
® use the derivative of tan™' x J
m extend the ideas of ‘reverse differentiation’ to include the mtegration of —
Kkf(x)
f(x)
m use a given substitution to simplify and evaluate either a definite or an indefinite integral
m integrate rational functions by means of decomposition into partial fractions
m recognise when an integrand can uselully be regarded as a product, and use integration by parts.

m recognise an integrand of the form , and integrate such functions

77

A

7

Z
Z
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PREREQUISITE KNOWLEDGE.

N ', Where it comes from | What you should be able to do

. Check your skills
| Chapter 4 , Differentiate ¢, Inx, sir x, cos x and tan x. e 1 Differentiate with respect to x.
i L@ sindx
f : b ex'tl
!
| i ¢ In(5x-3)
i

! ; d tan2x-—5cosx

Chapter 5 ; Integrate e b . singax + b), i 2 Find each of these integrals.
l ax + b ; a J' o3+ gy
. cos(ax + b) and sec’(ax + b) and use
trigonometrical rclationships in carrying

out integration.

b J- sin? 2xdx

S
dx
J‘ Ix-2
i
Cood J sec?(3x)dx
Chapter 7 Express rational functions as partial fractions. | 3 Express in partial fractions.
2x
(x-D(x+3)
] 4x2 - ¢ 185
| b ———
. x(x* +2)
| . S
x(x~—1)°
d 3\: ~-3x-3
X —x=2
Why do we study calculus?
This chapter will further extend your knowledge and skills in differentiation and
integration.
in particular, we will learn about integration by substitution and integration by parts,
which can be considered as the ‘reverse process’ of the chain rule and the product rule for iy
differentiation that we learnt about earlicr in this course. These new rules will enable you e
Lo integrate many more functions than you could previously. Explore the Chain rule

and integration by
substitution and

the Product rule

and integration by
parts stations on

the Underground
Mathematics website.

The skills that we learn in this chapter will be very important when studying
Chapter 10. Chapter 10 is about solving differential equations, many of which model
real-life situations.

[ntegration by parts plays a major role in engineering and its application is often found in
problems including electric circuits, heat transfer, vibrations, structures, fluid mechanics,
air pollution, electromagnetics and digital signal processing.
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8.1 Derivative of tan—1x

The function y = tan™ x can be written as:

tany = x Differentiate both sides with respect to x.
2 d)’
sec” y — = |

Y dx
b _ 12 Use sec’ y = 1+ tan? y.
dx secty
dl=__LTW Use tany = x.
dx l+tan”y
dy _ 1
dx  1+x2

DO} KEY POINT 8.1

WORKED EXAMPLE 8.1

Differentiate with respect to x.

“lq,
a tan” 3x

b tan'Jx
X
14 "l ettt
¢ tan ( ) )
Answer
d i ) X :
2tan™ 3y ) = ——— X 3 Chain rule.
a e {tan ) e+ 1
9x7 |
d - 1 (R .
b —~(um Y ) g 2 Y Chain rule.
dy (V) +1 -
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1 o x : . .
¢ “—lan [ - ) e O ‘ Chain rule and quotient rule.
dy X2/ : v\ x—-2)
= 20D - (x)h) Simplify.
(x-2) ’
1 Differentiate with respect to x.
a tan~'2x b tan'Sx c tan"%
2
d tan"l(x-1) e tan!x? f tan"( al )
x+1
2 Differentiate with respect to x.
tan"! 2x

a xtan'ly b = ¢ e‘tan'x

x
. . . X .
3 Find the equation of the tangent o the curve y = tan“( ;)—) at the point where x = 2.

@ 4 Show that the tangent to the curve y = tan™! x at the point where x = ~1 is perpendicular to the normal to
the curve at the point where x = 1. Find the x-coordinate of the point where this tangent and normal intersect.

8.2 Integration of ~<—,m1~—_2—
X*+a

Since integration is the reverse process of differentiation we can say that:

) KeY POINT 8.2 ) peliing.

>
j bl et tvae ! In Section 8.1 we |
x4+ ¢ learnt that i
This can be extended to: ; 4 (tan! x) = ,1 o
1 1 ¢ Pdx Xl
.“ﬁ——“;tﬁ\':—lan”"—+c ‘ !
x* +a? a a

 WORKED EXAMPLE 8.2

Find J. “:,““1“— dx.
x°+25

Answer

i | | I S
R Rl LAVECIEENE F7)3 LR N
LT S D 5
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WORKED EXAMPLE 8.3

. 1
F dj-1—d'.
m( T3 ¥

Answer

NPT
——)\j§ wn {\”3\}*(
WORKED EXAMPLE 8,4 ‘
2
Find the exact value of 5 dx.
0 xX“+4

Answer

1 Find the following integrals.

1 1 J’ 1
—— dx d> c ez (]
2 J‘«\'2+9dx b .’.16+,’<2 ¥ At "
] 1 1
dx ——dx f j-_d
d J9,€+16 * ¢ J4x2+3 * 2raxt
2 Find the exact value of each of these integrals.
[ ise A ¢ [0 e
0o X2 +9 * o 4x*+1 E3xT 42

iy
3 The diagram shows part of the curve y = T—%z:;l Find the exact value
x°+

\
/

of the volume of the solid formed when the shaded region is rotated
completely about the x-axis.

[SOY Fipp——

M 4
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8.3 Integration of ~_ 3

Since integration is the reverse process of differentiation and In x only exists for x> 0, we
can say that:

) R
£) KEY POINTE.3 | ) REWIND.

1. i n Chapter 4, we

j t;(:)) dx=1In I f(x)‘ te ¢ learnt that §

) i d M

This can be extended to e [In o)) = N é

KO , ’ |

mf(x) dx-—/(,ln[f(x)]+( " . . o

Answer

v )= 27+ 2 then 1v) = D

189

Find J tan3xdx.

Answer
Ay
J tan3xvdy = j e (L
cos 3y
I fle) = cos 3y then () = -3sin 3y,

J tanIvdy = — -

| .
=y lnfcm&,\{ e
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WORKED EXAMPLE 8.7

3x2 +5x
2x3 + 5x?

Find dx.

WORKED EXAMPLE 8.8

I aax
e’
Find

o 1+

Answer

I flv) = 1+et then fx) = et

[ PR H N
e . w
j’ S dy = vJ S dy
TREES g b+l

. l 2 lnil +4 c“ } Substitute limits.

1)

190

s 2 Il +0) -2 I 2 Simplify the logarithms.

)

L S

1 Find the following integrals.

6x2 ' Cos X J 4x - 10
———dx e X C — d
a J‘x]—ld)~ b J‘Hsm,\ X2 —5x+1 *
X sec? x
d J. cot xdx e —=—5 dx =
2~ x? ‘ 1+ tanx
2 Find the exact value of each of these integrals.
%7: 2 .2 In2 2y
a J tanx dx b j ~%\--:dx 4 J. d 57 dx
in 0 X°+2 o l+e”t
ln | )
d J‘ x+l Y e J.4 cotxdx f j =X JL—3~—~d,\‘
x2 +2\—l -%n o (x+1Xx+2)

et +e™

3 Show that J E—;——g«;d:f =In(l-e*¥)-x+c

4 Show that j*" sinxcosx o Ly
Jn -2 cos2x 8
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]
]
'
]
|
] >
o Id ¥
The diagram shows part of the curve y = T‘iﬂl' Find the exact value of p for which the shaded region has
X+

an area ol 4.

8.4 Integration by substitution

Integration by substitution can be considered as the reverse process of differentiation by the 5 T
chain rule . In the Pure i
: : . i
. Mathematics 1 i
This method is used when a simple substitution can be applied that will transform a . Coursebook Chapter 7, |
difficult integral into an easier integral. The integral must be completely rewritten in terms i we learnt the chain rule %
of the new variable. . for differentiation: !
‘ oAy _dv dw
? dx  du’ dx i
WORKED EXAMPLE 8.9 -
. I 191
Use the substitution «# = 2x + ] to find J4xﬁx +1 dx.
Answer
o |
O JEVAIIS SRS,
= 2 R ] e 5
diw du
A A R
dx 2
[ e Car Y e du . . . . . ,
_;b dv2v L dw = 4 4 [ T /\ e Rewrite the integral in terms of  and simplify.
I 3 i \
- f wd e Ldu Integrate with respect to u.
\ )
“ N 5 3 ) !
= ut et e Rewrite in terms of x.
2. L2 :
== (2\ s U; o (2\ 4 “ s
bl 3




WORKED EXAMPLE 8.10
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Use the substitution x = 2tanwu to find j 8

Answer

Xo= Qlany => 80 = 4tan’ o

dy » . 2
A= 2ann = - = 2seem u e da o= 2sec” udu
du

8 \ 3
dy = j SER—— e 1 e wdn
dtan” i+ 4/’

J5

-]

S [ L

o

= dy b

= duin : [

‘\Fu
Jre

1o

x2+4

dx.

Rewrite the integral in terms of v and simplify.

Use tanu + | = sec? u,

Simplify.

Integrate with respect to .

Rewrite in terms of x.

WORKED EXAMPLE 8.11

Answer
; 5. , )
W= sinA = smt 20 = (281 v Cos x )T

L »
= e ST N COST Y

= du (] - )’

. dut Y
Y= SHT X = ez COS Y m ) s e
da CON N
o
J';?q M,~...J-?)w..d“'
SIN7 20008 vddy = oS 2N COs N - e
COs Y

~

= J sin? 2y du

= J‘Hul ~ At ydi
4 5 4 3

e RN
3
4 4
Tinty- sint v e
3 5

Use the substitution « = sinx to find J. sin® 2x cos x dx.

du

Replace dx b
eplace dx by — =

and simplify.

Replace sin®2x by 4u® — 4u*.
Integrate with respect to u.

Rewrite in terms of x.

When using :
substitution in definite .
integrals you must also  :
remember to convert .
the limits to limits for u. :
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3 .
Use the substitution # = x + 1 to find X dx.
o Vx+1

Answer
TN S N T
o= ke =

=y da = du

Find the new limits for
= 34 P d

N0 =041

i v
j ey = j " I dr Write the integral in terms of v and simplify.
vatl \/-V +1 wel o N

Integrate with respect to u.

Evaluate the function at the limits.

—\}7 du.

. X L. N I
1 Giventhat I = J ——====dx, use the substitution # = x> - 3 to show that J = —J
Vx? =3 2

Hence find 7.

2 Find these integrals, using the given substitution.

Z:mdx,ll=x+2

b fx\/l = 2xt dx =1~ 2x2

c J cosxsin® x dx, u = sin x

d J-e"'\je"‘ +2dx,u=e*+2

_5X_ dx,u=5x+1 f J‘.W3x —ldx,u=3x~1
S5x +1
1 xZ %n
3 Giventhat I = f ~\-ﬁ—;7—dx use the substitution x = sin 0 to show that 7 = J' sin0de.
01— x?* 0
Hence find the exact value of /.
4 Find the cxact value of each of these integrals.
I
F N 4 \/;
“ ‘, -
a cos” x dx, u = sin . b J = dx, u = 3~ Jx
J.o u=sinx G3m\/;vu3ﬁ

X
0 4

2 3 N 2 2
J‘I ;(E:T{jdx u=+x d 2xcos(%«)dx S U= cos( : )
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{—n 2 5
e J sec? ytan®xdx, u =tan x f J —
tu ...g(_\.2 +4)

5 da, x = 2 tan 7]

1 2 2
X L p— S
g J.()__-T—?’ x=2cos8 ‘ h \ Jx(2 - x)dx, x =2sin” 6

. 2
eyt 2 4
5 Use the substitution u = x — 2 to find the exact value of J —————5 du
P+ {(x=2)°
6 The diagram shows part of the curve y = 2 sin x cos’ x. Using the i\
substitution u = sin x, find the exact arca of the shaded region.

=Y

<
u];a

7 The diagram shows part of the curve y = lnTv . Using the substitution YA
X

w = In x, find the exact value of the volume of the solid formed when
the shaded region is rotated completely about the x-axis.

O rm———————

0 %
8 The diagram shows part of the curve y = 3e°*“sinx. The curve ¥
has rotational symmetry of order 2 about the origin. Using
the substitution u = cos x, find the exact value of the total area
bounded by the curve and the x-axis between x = —T and x = T. o 2] pal

8.5 The use of partial fractions in integration

EXPLORE 8.1

2
x? -1
Try using some of the integration techniques that you have learnt so far to find this
integral and discuss what happens with your classmates.

dx.

Consider J.

In the integral J‘ dx, the denominator x? — 1 can be factorised to (x - Dix +1).

xr -1

. 2 - . .
Hence the fraction — 7 ¢an be split into partial fractions.
2=

2 _. 4 B Multiply throughout by (x = 1)(x + 1).
21 x=1 x+1
2= A(x+ 1)+ Bx-1)------ i

Let x = 1 inequation (1):
2=24
A=1



Let x = —[ inequation 11}

2=-28
B =-1
L2 _ 1 1
Txt -l a1 x4+l
2 1 1
Hence | ———dx = e o e |
x- =1 x-1 x+1
=In|x=1-Infx+1+c
S Bl
X + |

 WORKED EXAMPLE 8.13

Chapter 8: Further calculus

. 3-x
Find J (\+[)(\ +q) — dx

Answer
First split into partial ractions.
3 oA B

W

TR Y
3oz F3) 4 By(xoe Db Cly 1)
Let x =1 4=44 = A ]

et v = 0 RIS wiy (o )

Multiply throughout by (x + 1)}x? + 3).

WORKED EXAMPLE 8.14

Fde.(xi—")(\ )2 dx

Answer
First split into partial {fractions,

LB ¢
N R e N C O I

G= Ay =D 4 By b2y =4y 42

Multiply throughout by (x +2)(x — 1)%.

195
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Lot i DRS¢ v L = 3
Ler v o= 2 9= YA >
Let v =0 G= A28+ 2 B !
i 8} { t %
[ —— SR
(v 20 - v vl (v
A 1
~j v - b
RN J
[ICR N I i 3y IR
IR 3
i g
Py N

1 Find each of these integrals.

J x(2 I—T) dv

x4+ 2x =5
(x =32+ 1)

2 Evaluate each of these integrals.

r Sx+13 4.

P (x+2)x+3)
,\’+\

d Jl(,x- 2an

J‘"]—\— x? dy
& M-x) =

3 By first dividing the numerator by the denominator, evaluate each of these integrals.
3 2
P 2x7 + 5y + 1

J 2x° + 5x dx

j-‘ X2 +2x+3
(x -1} (x+2)

L2
4 Show that J X 1; 32
23 xt -2

in
S Show that J‘ —
0 9-sin” x

ax

o2 e
6 Showthat-[ -
0

S dx=-
(Ire2e" +D)

—dx = In3.

cos X dx:~1-

_2;‘_1;5,,*(1.‘-
(x+2)x=1)

6\'“ ~19x + 7()

(\+1)(‘<

k]

J‘“_ dx+5
0 Cx+D)x+2)
1 2 0 v
J X° X +~2 dx
o (a+ DI+ x%)

! -2y
j NS Bt SER i
0 2y + D(x +1)?

P (v + D+ 2)

2(4x - 9)

(2x + 1) \~~'§)

44y =21
J \4)(’:’74“)‘*

j‘z_ﬁ_‘i'_”}"“ dx
1 (2x - Dx+2)

Low
e (| X
(7~\)(4+\)

8\ —3x-2
1 4\ - 3x+ 1

5

j‘_“.‘,_j_l—i
1 (v+D(2x - 1)

RY
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8.6 Integration by parts

" ln Chapter 4, we learnt |

i

. the product rule for

Consider | xe¥dx. The function to be integrated is clearly the product of two simpler

functions x and ¢2*. If we try using a substitution to simplify the integral we will find that

it does not help. To integrate this function we require a new technique. | differentiation: i
- d dv du |
. . , . Lo . —_— — Y — ]
Integrating both sides of the equation for the product rule for differentiation with respect to Cdx () = u dx ' dx |
x and using the fact that integration is the reverse process of differentiation we can say that: ( ;
iv
uv'—*J.ui—Ld J\ ~ﬁ~d
dx
Rearranging gives the formula for integration by parts:
L) KEYPOINT 8.4
{ Ju—d—LdX—u\ ‘[vﬂy—d.\‘
dx
The following Worked examples show how to use this formula.
“WORKED EXAMPLE 8.15
Find j\ e?vdx.
. 197
Answer
o= v > i |

. . dv :
It is important to choose our values for » and ix carefully.
X

Consider trying to find § vInx dx. If welet u = x and %‘i = Inx, then finding 3—’1 is
x

easy but we do not know how to integrate In x to find v. Hence we mustIct # = Inx and

d v

o x. This is demonstrated in Worked example 8.16.
X
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WORKED EXAMPLE 8.16

Find Jxln xdx.

Answer

A 1
i = Iny = =

dy A
dv . | 2
— Y = P o v
dy 2

. . dy { du
Substitute mto Ju el gy~ j P (L

dy dx
J xhivdy = 1 Y lox - J ! X v}" da
2 2 N
= ql,\' m.\"—J‘ -};, dx
[ T,
ot Iy - AT
e At

WORKED EXAMPLE 8.17

hos Find J Inxdx.

Answer

First write j‘ Inxdyas JI Slnvdy

des 1
= Iny = o

d Ay AN
oy, .
dv .

v . dv [ du
Substitute into J.u e AUETI It J po
I d

da
jln vy viny - J- 1 xdx
X
=y - J. Fdy

=l - v
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Sometimes we might nced o use integration by parts more than once to integrate a function.

WORKED EXAMPLE 8.18"

Find J xlsinxdx.

Answer
5 drr
= % pomd ez D
da
dy .
S SN e 1 = COS Y
dy
I . dv ait
Substitnie mto ju dv o e - J\' -y
dv dy

J"\ Tain vy s e oS v j - 2aveosvdy

B " \
rreos vk p2veosvdy ---- ()

Lise integration by parts a second time to find }”J veos vdy

i
o= X sy ez )
dy
dr .
e L2 CORY 2D VT STV
dx 199

. . . dr du
Substitute inte Ju Rt A AU J.\' dy
i dv

(SR Y
J‘.?_\' cosvdy = 2ysiny - J?sin vy
= 2SI S D Conx b
Substituting in {1) grves

J"\’" Sin v Ay = T COSN R 2SN 4 2CosN b e

) In: . .
Given that [ = J —P{—C— dx, use integration by parts to show that 7 = é(ln P+

Answer
i 1
VS T y e =
dy y
dv t
— =y o= ny
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. . dy i
Substitute mio Ju N Ao gy - jr S

da dv
. LIS
[ o=y - J dy Rearrange.
2= () b Divide both sides by 2.
sk
I = —i iy 5
L= ney o
o= :;(n,\,) to¢

WORKED EXAMPLE 8.20

Lx
. 2 .
Find the exact value of 4xsin2xdx.
0
Answer
i
=4y = e
oy
dy _ .
= ESHI2N == e o o Dy
dx
. . . dy £ du
Substitute o J.u Sl sy J poee
da dx
J dysin2vdy = 2ycos v+ J 2eos2udy
2acos2a o sin 2N o+ ¢
;i"l P C i:n
" f dysm2ady = {2 cos 2y b osin 2y }{-l
G .
{0 COS JT R Sy = (0 4 sin )
- I

1 Find each of these integrals.

a j3xe"’ dx b J..\* cos xdx C J',\‘ In2xdx
1 X
d J‘x sin2xdx e J..\’3 Inx dx f LIV
Jx
2 Evaluate each of these integrals.
in 2 i
r3 . L2 .
a '[ x cos3xdx . b J xIn2xdx c J. xe=tdx
0 ' 0

-

I

! ~
(2= x)™7Vdy

0

]

\ .
J- L (1~ 3xe)dx

3
d J Inxdx
I 5
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3 Use integration by parts twice to find the exact value of each of these integrals.

2 r‘%n n
‘ ol .
a J (Inx)? dx b x?cos2xdx c J xZsinxdx
1 0 0
e o L
d x(lnx)2 dx e J- xevdx f I e¥sinxdx
0 — )]
4 Find the exact value of the area for each of these shaded regions.
a rA b raA
¥ oasiny
0 Y >
Ie) T X
VA
¢ _ oy d
= i
N X
0 / 3 "X

(9

2\

The diagram shows the curve y = e™¥J/x + 2. Find the exact value of the volume of the solid formed when the
shaded region is rotated completely about the x-axis.

8.7 Further integration
Some integrals can be found using different integration techniques.

The activities in Explore 8.2 look at why our answers to an indefinite integral might ‘appear’
to be different when using different integration techniques when they are actually equivalent.

EXPLORES.2 |

1 Nadia and Richard are asked to find jx(,\‘ ~2¥ dx.
Nadia uses the substitution © = x -2 and her answer is: -é (x-2)°+ % (x-2%+¢

Richard uses integration by parts and his answer is: é x{x -2)® - —7—15 {(x-2) +¢

Use each of their methods to show that they are both correct and then use algebra to explain why their answers
are equivalent.

201
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4x +1

2 a Fmdf
2x7 4 x

d\ using:

i the SUbSlllullOl’l u=2x*+x-1
i partial fractions.

4x +1
-1
¢ Use algebra to show that your two answers to part a are equivalent.

b Suggest another method for finding J‘ 532

Explore 8.3 is designed to make you think about the different integration techniques that
might be available to you for a particular integral.

This activity expects you to be able to recognise the appropriate substitution to use when
integrating by substitution.

EXPLORE 8.3

Discuss with your classmates which integration methods can be used to find each of these integrals.

(L:ztaad) (g ) (m ) (

\+S

(Jeee ) (e ) (g ) (o

d
2x+3 )
( .[.x2~i-3x~-_|()d"‘) ( J.cos xsinxdx ) ( jxsm4vdx ) ( J‘3

sin.x
+ COs \

NN AN

Find each integral.

Checklist of learning and understanding

kf’(x)

Integrating f(x)

kf
- J. f((i) dx = klnlf(x)| + ¢

Integration by substitution

& Substitutions can sometimes be used to simplify the form of a function so that its integral can
be easily recognised. When using a substitution, we must ensure that the integral is completely
rewritten m terms of the new variable before integrating.

Integrating rational functions
@ Some rational functions can be split into partial fractions that can then be integrated.

Integration by parts

dv du
'Y —— dx = yy — =
Ju e dx = uv J.v o dx
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Chapter 8: Further calculus

Find the cxact value of |~ xe?" dx. 15
0
Cumbridge International A Level Mathematics 9709 Paper 31 Q2 June 2016
4
] In x
Find the exact value of J- =dx. IS
IRVA

Cambridge International A Level Mathematics 9709 Paper 31 Q3 November 2013

i J+3tanx)

NIEEITEN s
0 COsS™ X

Cambridge International A Level Mathematics 9709 Paper 31 Q2 June 2014

Use the substitution # = 1+ 3tanx to find the exact value of

i Prove that cot @ +tan 8 = 2 cosec26. 31

1
an !
ii Hence show that L cosec 26 d0 = 5 In 3. [4]

61!

Cambridge International A Level Mathenatics 9709 Paper 31 Q5 November 2013

1 YZ
teu 1= [ o= —dv.
0 J(4-x?) .

T
i  Using the substitution x = 2 sin 8, show that [ = J‘{‘ 4 sin? 9de. 131
0

ii Hence find the exact value of 1. [4]

Cambridge International A Level Mathematics 9709 Paper 31 Q5 November 2010

2
The integral / is defined by 1 = f 473 In(e? + D dr.
0
5
i Use the substitution x = 7> +1 to show that [ = j (Zx -2)Inxdx. 13i
1

ii  Hence find the exact value of 1. {51

Cambridge International A Level Mathematics 9709 Paper 31 Q7 June 2011

i  Express r\-:_]—)i—wr_j) in partial fractions. 12]

£ 2

" . ) . 2 _ | | 1 1

it Using your answer to part i, show that( v+ D1 3) J =T iy T + T3 + T 12]
1 .

iti Hence show that j f————;i—~——7 dx = A In 1 151
o (x+ D*(x+3) 12 )

Cumbridge International A Level Mathematics 9709 Paper 31 Q8 June 2010
a Find j (4 + tan® 2x) dx. K

N AN
®sin x4+ 4T
6
~————( - )d,\: 151
x sin x

Cambridge International A Level Mathematics 9709 Paper 31 Q5 June 2015

l
b Tind the exact value of J.é‘

203
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9 i Provetheidentity tan26 - tan@ = tun 0 sec 26. 4]
g .
it Hence show that J‘é tan @ sec 20d6 = —;— In % C 4]
0 2

Cambridge International A Level Mathematics 9709 Paper 31 Q5 November 2016

10 YA

M

0 z\ x
1
The diagram shows part of the curve y = (2x — x2)e? " and its maximum point M.
i Find the exact x-coordinate of M . ' [E]]
i Find the exact value of the area of the shaded region bounded by the curve and the positive x-axis. 151

Cambridge International A Level Mathematics 9709 Paper 31 ()7 November 2016

2 4ax? 4 .
@ 11 By first expressing 4’“’4*5)”_2 in partial fractions, show that J- fz’ﬁ,ri Sxt3 dx=8-1In9. [10]
2x° +5x 42 0 2x7 +5x+2

Cambridge International A Level Muthematics 9709 Paper 31 Q9 June 2012

=Y

ol e 2
M

The diagram shows the curve y = x* In x and its minimum point M .
i Find the exact coordinates of M. 151

i Find the exact area of the shaded region bounded by the curyve, the x-axis and the line x = 2. [51

Cambridge Internationul A Level Mathematics 9709 Paper 31 Q9 November 2010

13 v

M

ol ] » x
. X2 .
The diagram shows the curve y = 70 for x = 0, and its maximum point M. The shaded region R is
+ X

enclosed by the curve, the x-axis and the lines x =1 and x = p.

i  Find the exact value of the x-coordinate of M. 4]
i Calculate the value of p for which the area of R is equal to §. Give your answer correct
to 3 significant figures. ]

Cainbridge International A Level Mathematics 9709 Paper 31 Q10 November 2015



Cross-topic review exercise 3

1

This exercise is for Pure Mathematics 3 students only.

Expand (1 - 3v)™ in ascending powers of x, up to and including the term in X3, 13]
'
Evaluate I . I3}
0 3x*+1
X _ 2 . . . . .3
Expand Ty in ascendiag powers of x, up to and including the term in x”. (4]
X - -
Expand —a—._l—_i—: in ascending powers of x, up to and including the term in X2 (4]
- 2X
i
PR
Evaluate J. x“sin xdx. I5}
0
1+2x . . . . .
Expand T in ascending powers of x, up to anq including the term in x°, {51
Show that jl (x+2)k 2 dx = 3. —7— N 1
0 4 46)'
i Expand W—I—LTT in ascending powers of x, up to and including the term in x2, simplifying
- 4x
the coefficients. 131

_1+2x 2]
J(4-16%)

Cambridge International A Level Mathematics 9709 Paper 31 Q2 June 2012

i Hence find the coefficient of x? in the expansion of

When (1 + ax)™?, where « is a positive constant, is expanded in ascending powers of x,
the coefficients of x and x? are equal.

i Fiud the exact value of a. 4
i When « has this value, obtain the expansion up to and including the term in 12,
simplifying the coefficicnts. 13}

Cambridge International A Level Mathematics 9709 Paper 31 Q4 November 2012

=
=3
m—————
- ¥

. .1 1 . .
The diagram shows the curve v = & sin - x —tan - x for 0 < x < n. The x-coordinate of the maximum
point is & and the shaded region is enclosed by the curve and the lines x = & and y = 0.

"
i Showthat a = %n. {3
i Find the exact value of the area of the shaded region. 4]

Cambridge International A Level Mathematics 9709 Paper 31 Q5 June 2012
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5 -
11 Showthatjl > = 3x

4
_273%  gv=4mi
0 (e DGxan YT

—~—-—4x2 dx

1
12 Let /= _[2
0 3
a Using the substitution x = sin 6, show that / = j 4 sin? 9 d6.
0

b Hence show that I =

~l%

wix

13 TItis given that J. x Inxdx = 30. where a > 1.
]

-
2Ina -1

. ] 11 .
b Use the iterative formula a,,, = ,)1—91 to determine the value of @ correct to
\f,. na, -

2 decimal places. Give the result of each iteration correct to 4 decimal places.

14 YA

a Show that a =

M

P 4

0
The diagram shows the curve y = x2¢2™* and its maximum point M.

i Show that the x-coordinate of M is 2.

2
ii  Find the exact value of J. x2e?"¥dx.
0

71

131
[4]

151

131
16

Cambridge International A Level Mathematics 9709 Paper 31 Q9 June 2015

. 12 4+ 8x — x?
® 15 Let f(.r)—m'

i - Express f{x) in the form 3 A Bx+ ¢

L o
-x 4+ x?

- ! 25
it Show that J‘ f(x)dx =In )
0

2

151

Cambridge International A Level Mathematics 9709 Paper 31 08 November 2011

u
@ 16 It is given that J. In(2x)dx =1, where a > 1.
1

i Showthat a = % exp (I + l—n;z) , where exp(x) denotes e*.
ii  Use the iterative formula «,,, = % exp ( I+ }_11__2_) to determine the value of ¢ correct to
4,

2 decimal places. Give the result of each iteration to 4 decimal places.

]

13

Cambridge International A Level Mathematics 9709 Paper 31 Q6 November 2014
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19

20

© n

Cross-topic review exercise 3

4+12x +x7 . .
i [xpress —————————= in partial fractions. S
s . B
a2
ii  Hence obtain the expansion of —:4—22—\-—7:—‘—7 in ascending powers of x, up to and
(3 - x)(1+2x)
including the term in x2. (51
Cambridge International A Level Mathematics 9709 Paper 31 Q9 June 2014
x* —8x+9
Let flv) = ——F—>.
=N
i - Express f{x) in partial fractions. 51
i Hence obtain the expansion of {{x) in ascending powers of x, up to and including the term in x2. IS]
Cambridge International A Level Mathematics 9709 Paper 31 Q9 November 2014
N Sx ~2
Let (x) = ——F5—.
(x) (x-D2x* -1
a Express [(x) in partial fractions. 51
b Hence obtain the expansion of f(x) in ascending powers of x, up to and including the term in x% {51
3
a Given that —;'\——»mz-m = A+ B + ~C7~ + -—«1—‘)——~, find the values of the constants A, B, C and D. 18]
x=(2x - 1) : o 2x -1
2 3
coxm =2 3 9 1
b Hence show that J A S dy=2-2InZ+—In3, 5
c L x2x -1 2 . 4 4 51
A
B CRE

The diagram shows the curve y = x% Inx and its minimum point M.
i  Find the exact values of the coordinates of M. 15}

i Find the exact value of the area of the shaded region bounded by the curve, the x-axis
and the line x = e. 151

Cambridge International A Level Mathematics 9709 Paper 31 Q9 November 2011

4
i  Show that J 4xInxdx = 56In2-12. I5]

1
—T
il Use the substitution u = sin 4x to find the exact value of J." cos® 4xdux. 151
0

Cambridge International A Level Mathematics 9709 Paper 31 Q8 June 2013
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Express 4 cos 8+ 3sin € in the form R cos(f — &), where R>0 and 0 < @ < %—n. Give

the value of & correct to 4 decimal places. 3]
Hence
a solve the equation 4cos 8 +3sin 8 = 2 for 0 <6 < 2n, [4}

50
fi dj S
b fin (4 cos 8 + 3 sin 8)?

Cambridge International A Level Mathematics 9709 Paper 31 Q9 June 2013

8. 131




Vectors

This chapter is for Pure Mathematics 3 students only.

In this chapter you will learn how to:

use standard notations for vectors, in two dimensions and three dimensions

add and subtract vectors, multiply a vector by a scalar and interpret these operations
geometrically

calculate the magnitude of a vector and find and use unit vectors
use displacement vectors and position vectors

find the vector equation of a line

find whether two lines are parallel, intersect or are skew

find the common point of two intersecting lines

find and use the scalar product of two vectors.
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PREREQUISITE KNOWLEDGE

bR

! Where it comes from What you should be able to do | Check your skills

4 IGCSE/ O Level Recall and apply: 1 The diagram shows a cuboid with CD = 5cm,

; Mathematics ; ~ 6o of 2 QRN YN

4 e Pythagoras’ theorem DH = 6cm and EH = 3em.
e simple trigonometry )
to solve problems in two and

three dimensions.

b 6em

Find the angle between AG and AH.

IGCSE /O Level Show familiarity with the 2 Three points 4, B and C are such that A4(1, 7),
| Mathematics following areas of coordinate B(7,3) and C(0, -6).

{ Pure Mathematics 1 geometry in two dimensions:
Coursebook, Chapter 3

a Find the equation of the perpendicular
o Use and apply the general bisector of the line AB. Give your answer in
equation of a straight line ! the form y = mx +c.

in gradient/intercept form. - Write down the equation of the line parallel

Calculate the coordinates to AB that passes through the point C.
of the midpoint of a line.

Find and interpret the

gradients of parallel and

perpendicular lines.

IGCSE /O Level Divide a quantity in a given The diagram shows a cuboid with CD = 5cm,
Mathematics ratio. DH =6cm and EH = 3c¢m.

Recall and apply properties
of prisms, other solids

and plane shapes, such as
trapezia and parallelograms.

The point M lies on DH such that
DM :MH =1:2.

The point N is the midpoint of EF.
a Write down the length of MH.
b .Find the exact length of NH.

IGCSE/ O Level Translate points in The point P has coordinates (3, 9). The vector
Mathematics 2-dimensional space using

-1
column vectors. t PO= [ 3 ]

Write down the coordinates of the point Q.
—




Why are vectors important?

Vectors are used to model many situations in the world around us. They are used by
engineers to ensure that buildings are designed safely. They are used in navigation to
ensure that planes and boats, for example, arrive at their destinations in differing winds or
water currents. There are countless examples of the use of vectors to model the movement
of objects in mathematics and physics. Displacement, velocity and acceleration arc all
examples of vector quantities. Vectors are essential to describing the position and location
of objccts. A boat lost at sea can be found if its bearing and distance from each of two
fixed points is known. These are just a few examples. Our world is 3-dimensional, as far as
we know, and in this chapter we will be studying vectors in two and three dimensions.

As the mathematics of vectors can be applied to all vectors, the study of vector geometry
and algebra in general is important.

It is helpful if you have a good understanding of simple coordinate geometry before you
start working with vectors because you will be able to make comparisons between the
coordinate geometry that you have previously studied and the vector geometry introduced
in this chapter.

Recall that a vector has both magnitude (size) and direction,

You should have some knowledge of how to work with vectors in 2-dimensional space
from your previous studies. You will be reminded of this here, before being introduced to
vectors in 3-dimensional space.

9.1 Displacement or translation vectors

A movement through a certain distance and in a given direction is called a displacement or
a translation. The magnitude or length of a displacement represents the distance moved.
Examples of displacement or translation vectors

® Sami walks 100 m in a straight line on a bearing of 045° from place 4 to place B. Jan is
also standing at place A. Jan walks directly to Sami. Jan therefore also walks for 100 m on
a bearing of 045° from place A. Jan follows the same displacement vector as Sami.

# The diagram shows two arrows.

> A

M

[89)

L

Chapter 9: Vectors

Explore the Vector
geometry station on
the Underground
Mathemalics website.

211
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The arrow from L to M is the same length and has been drawn 1n the same direction as the
arrow from P 10 Q.

This means that the points L and P have been displaced or translated by the same vector to
M and Q, respectively.

The arrow LM and the arrow P represent the same displacement.

Notation using upper case

A displacement from L to M is written as LM. B
o — . * In some books LM is
The order of the letters is important as M7 would represent a displacement from M to L. used for LM .

The arrow above the upper case letters always goes from left to right. Reverse the letters to
show the opposite direction.

In the previous diagram, LM = 7’@ Even though the arrows are drawn on different parts

of the page, the displacement shown by cach is the same. When you write your
vectors using the
Components of a displacement in two dimensions . correct notation, you
Any displacement can be represented by the displacement in the x-direction followed by the | areless likely to make
¢ CIrors.
displacement in the p-direction. These are called the components of the displacement. !
In the following example, the displacement vector AB = ( 31 }
YA . . .
2 3is the x-component and | is the y-component of the
B displacement. As 3 and | are both positive, the movement is
24 . to the right and up, respectively.
0/1:
A
T T T T :
3 2 491 1 2 F
Components of a displacement in three dimensions
In a 3-dimensional system of coordinates, a point P is located using three coordinates,
(x, v, z). The axis for the third coordinate, the z-coordinate, intersccts with the x- and
y-axes at the origin and the three axes are perpendicular to each other. The axes may be
rotated, as shown.
¥ A A
zA
P(x,y.z)
- *
Pl | t
T i
o ® Py, 2 )
Py, ) | P2 :
5 . | |
ey : > -~
x /__,_4 o ¥ >\
z X

A displacement vector in a 3-dimensional system needs to have three components.
For example, the point £(1, 3, 7) translates to the point Q(5, 3, 8) by the displacement

4
vector PO =| 0
1
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Notation using lower case

Sometimes lower case letters are used tor vectors. In text, these are in bold type.
For example, a or b.

When written with a pen or pencil, they should be underlined with a bar or a short, wavy line
instead. For example, a or b. Sometimes the bar or wavy line is written over the top of the
fower case letter.

This diagram shows three vectors, a, b and ¢.

e
Ed
o 2 b c

The vectors a and b have the same direction but niot the same magnitude or length. Vectors
a and b are parallel but not equal. In fact, a is half the length of b. When the length of a

is doubled, the vectors are equal. In other words b = 2a. When a is scaled so that it is the
same length as b, then the vectors are equal.

Vector ¢ is -[31 of the length of vector b, but it has opposite direction. 213

%
In other words ¢ = — j b.

This may also
A quantity (usually a number) used to scale a vector is called a scalar. So in ‘2a’ the vector a - be written, for i
is being multiplied by the scalar 2. | example, as :

-~ de = -3b.

Paraliel vectors '
; Can you write an

i . .
. expression for b in
' terms of ¢?

Two vectors are therefore parallel provided that one is a scalar multiple of the other.
For example, when a = Ab, where A is some scalar, then a and b are parallel.

Combining displacements (adding and subtracting)

Starting at point 4, make the displacement AB = [ 4 ] followed by the displacement

<)

What is the result?

The overall displacement shown by AC, is ( ; J This is usually called the
vesultant vector, |

¢ The x-component of the resultant vector is easily found by adding the
x-components of A8 and BC. B
® The y-component of the resultant vector is easily found by adding the
. —-
y-components of AB and BC. A
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This operation is called vector addition,

O kevPoOINT 9.1

The formula for vector addition:

AB+BC =AC

The displacement AC followed by the displacement CA must return you to point A.

In other words AC + CA = ( 8 ] as there is no overall displacement.

()55

As —7 and -9 are both negative, the movement is to the left and down, respectively.

Alternatively, we may write [; ) - ( ; j: { 8 ] In other words AC — AC = ( 8 ]

Tt is reasonable, therefore, to state that CA = —~A4C.

CA=-4C is always true.

Taking the negative of a vector changes the direction of the vector and does not change
its length.

Vectors AC and CA have opposite direction.

As a—b is the same as a + —b, vector subtraction is defined as the addition of the negative
of a vector. The displacement a ~ b is therefore the displacement a followed by the
displacement -b.

EXPLORE 9.1

a, b and ¢ are displacement vectors such that ¢ = a + b.

Using diagrams to help you, show that a = ¢-b and that a+b = b +a.

£ KEY POINT 9.3

a+ b = b+ a means that the addition of vectors is commutative.
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P b S

PQRS is a quadrilateral. M is the midpoint of RS.
mza, PS = bandW:%(2a+5b),

. . —
a Find an expression in terms of a and b for SM.
Give your answer in its simplest form.

b Find an expression for @T?

¢ Describe quadrilateral PQRS, justifying your answer,

Answer - ) .

a S = SPa Pl Substitute SP = -P3.
SV - - PS e PV oor PAT PR Substitute given vectors in a and b.
........... i ; ) ) )
SM - g (Pa + 5y b Expand and simplify.
SAf = ,‘ ai b obe ! a4 ! b

L E

b OR= 0P+ PS5+ 51 Use SR = 25M and QP = -PO.
OR = PO+ PS + 2853 Substitute known vectors in a and b.
OR = —a+bq “( % a4 i b ] Expand and simplify.
SR S ‘

¢ QR =SS5 s0 the lines QR and PS5 are parallel and

PORS 1s a trapezium.

Magnitude of a vector

The magnitude of a vector is the Jength of the line segment representing the vector. This is

found using the components of the displacement and Pythagoras’ theorem. .
g P p ythag . A diagram can often

i .
. be useful in vector

Notation: The magnitude of a vector p is written as ] p [ This is also known as the modulus ,,
| questions.

of the vector.

¢

215
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WORKED EXAMPLE 9.2

a Find the magnitude of each of the vectors a = ( g ], b= { »i' ) and a — b.
5 -1
b p=| 0 {and q=| 8 | Find the magnitude of the vector p + q.
8 -3
Answer
a Draw a diagram showing the x- and
y-components.
a 3
4
[a] = Va7 + 30 = /25 = 5 Apply Pythagoras’ theorem.
Again, draw a diagram to show the x- and
y-components.
b .
41
3
[b] = J(-3) +47 = 35 =5 Apply Pythagoras’ theorem.
The diagram has been given to help you to see
the components of the vector a —b.
a
fa~ },[ ( 7 J - \/T’T(U‘ = J4Y+ 1= J30 = 542 Apply Pythagoras’ theorem. (Notice that
L |2 —b]is not the same as |a| - | b])
{5 | (4
b p+q=| 0 |+ 8 1= % | and It is not a good idea to try to draw a diagram
8 i 3 \ S here.
4 oAt ere I .
8 || = a2+ 87+ 5 = 05 Apply Pythagoras’ theorem in 3 dimensions.
5 .
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Unit vectors

A unit vector is any vector of magnitude or length 1.
Notation: & (read as a hat) is the unit vector in the direction of a.
To find a unit displacement vector in a particular direction:

» {ind the magnitude of the displacement

e then divide the components of the vector by the magnitude. n
o]
14 p
This means that, for a vectorp p =| p, |, the corresponding unit vector is p = |‘p2|
3
3
e
WORKED EXAMPLE9.3"
Find the unit vector in the direction ( ‘/—i ]
Answer
The diagram shows that, geometrically, we
are finding lengths of similar triangles when 237
2 finding components of unit vectors.
T2 = U0 =2 Apply Pythagoras' theorem to find the
magnitude of the given vector,
: Vs
, . U V.S I . .
Unit vector in th direction L I Divide each component by the magnitude.
E
. 3 't
Points A4, B and C are such that 4B =| 4 |and BC =| =2
1 -1
Find the unit displacement vector in the direction AC.
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Answer
B i
> c AC is the resultant vector formed from
4B + BC.
A
4C =k BC
3 1 14 !
A = 4 |+] -2 ) Substitute column vectors and sum components.
1 - 0
A0 = J14T 127507 = 300 = 102 Now find the magnitude by applying
Pythagoras’ theorem.
Unit displacement vector in the direction of A€ 1 Divide each component by the magnitude of
" AC.
1 2
b4
1042 0

1 The diagram shows the vectors A
4B and BC on | centimetre
squared paper.
Using lem as | unit of displacement:

a writc AB and BC as column
vectors

b write down the column vector AC. B

2 The diagram shows the vectors DE and DF on 1 centimetre squared paper.

F

D
Using 1cm as 1 unit of displacement:
a find the column vector EF

b show that DF - DE = EF.
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P
Justify the statement OR = PR — PQ.

o 4 Intriangle ABC, X and Y are the midpoints of AB and AC,

respectively. A
AX =aand AY =b. /\
X Y
a Use a vector method to prove that BC is parallel to X'Y. \
b |X¥|=«|BC 5 c
Write down the value of the constant k.
@ 5 The diagram shows a cuboid, ABCDEFGH .
F N G
ZA ;
t
Ve E { H
[),:» ————————————————————————————— C
e M
4 B 219
A ¥
M is the midpoint of BC and the point A is on FG such that FN: NG is1:3.
. 12
Given that AG =| 4 |, find the displacement vector:
2
a AM b 4N. 4 P p
q
6 ABCDEFGH is a regular octagon. AB =p, AH =q, HG =r and HC =s. /—’_—\
H > &
a Using the vectors p, q, r and s, write down expressions for: s
— T
i BC i EB.
b Explain why s = kp and find the exact value of k. ¢ b
F E

9 7 Use a vector method to show that, when the diagonals of a quadrilateral bisect one another, then the opposite
sides are parallel and equalin length.
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9.2 Position vectors

A position vector is simply a means of locating a point in space relative to an origin,
usually O. This means a position vector is fixed in space. Position vectors arc sometimes
called location vectors.

Up to this point, the displacement vectors we have been working with have been free
vectors. This means they are not fixed to any particular starting point or origin. Many free
vectors can represent the same displacement.

Position vectors are different because they start at a given point or origin. This fixed

starting point means there is only one arrow that represents each vector. . Look buck at vectors
i : . TM and PQ at the
Since we can apply the same mathematics to all vectors, the results derived for start of this chapter.

displacement vectors (free vectors) also apply to position vectors.

The fixed starting point is often called O, as in the origin of a system of Cartesian
coordinates.

PO —

So a point with coordinates A(1, 2, 3) can be represented by the position vector OA =

(OS]

Position vector of any pointin a plane

Consider this case in 2-dimensional space.

Given that a and b are position vectors relative to the origin O and that P is any other point
in the same plane as a and b, then the position vector of P can be written using a and b,

This is because OP is some scalar multiple of a plus some scalar multiple of b:
—
OP = ma + nb, where i and r are scalars.

All the other vectors in this plane can be written using combinations of the vectors a and b.

Cartesian components
When the vectors a and b are

e perpendicular to each other
and
® unit vectors

the plane looks like the usual set of x- and y-axes (called the Oxy plane) we use for
Cartesian coordinates.

In this case, the unit vector in the x-direction is called i and the unit vector in the
y-direction is called j.
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YA
P(x, v)
PA
L S
o0 i X
[ ]

OP = xi+ »j, where x and y are scalars.
In this case, OP is some scalar multiple of i plus some scalar multiple of j:

The point P with coordinates (4, 5) has position vector ( 2 ) which can also be written as
4i + 5j. )

This can be extended to three dimensions.

The unit vector in the z-direction is called k.

ZA
Q(x, y. 2)

T ———

221

-~

-
. P 3
>
X

(o} 1

In this case, (TQ is some scalar multiple of i plus some scalar multiple of j plus some scalar
multiple of k:

()Q = xi+ yj+ zk, where x, y and z are scalars.

4
The point @ with coordinates (4, 2, 3) has position vector [ 2 |, which can also be written
as 4i + 2j + 3k. 3

. WORKED EXAMPLE 9.5

The position vectors of the points A, B and C are given by a, b and ¢, respectively, where

2 0 -4
a= 5,b=|4ande=] 2
-3 6 24

a Writca, b and ¢ in terms of i, j and k.

b Giving your answers in terms of i, j and k, find the vectors representing:
i AB i AC

¢ Describe the relationship between the points 4, B and C. justifying your answer.
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Answer

a 4= 2i455-3k, b=djs 6k and ¢ = -dit2j+ 24k,

b i A simple sketch should help vou to caleulaie the
answer correctly, A
e
0

AR = 40+ 0B = 0B~ 01 Substitute the Cartesian form.
AB =b—u = 4j+ 6k - (20 + 5]~ 3k) Expand and simplify.
AB = =21 1§+ 9k

i AC = 40 + 0 =00 -04 Substitute the Cartesian form.
AC = ¢~ a = —die 251 24Kk (i 5 - 3k) Expand and simplify.

AC = 6i = 3j 127k

¢ AC = 348 and so these vectow are parallel. Since the vectors also have pornt < i conunon, then A 4 and

Cmust be collinear (oo they e on the same stralpht hine)

WORKED EXAMPLE 9.6

The diagram shows a cube OABCDEFG with sides of length 4cm. Unit vectors i, §
and k are parallel to OC, O4 and 0D, respectively. The point M lies on B such that
FM =1cm, N is the midpoint of OC and P is the centre of the square face DEFG.

Express each of the vectors NP and MP in terms of i, jand k.

E F .
T re The cube is of side 4cm and P’ is the centre of
D i ¢ M the square AQCB. NP is parallel to the
! y-direction and so the first part of the vector NP
E 1s 2j.
]
Wl Al eee -8 P is directly above this point P’ and so the
1 _ second component P’P is parallel to the
o7 N ¢ z-direction and is +4k.
Answer

Using the displacement of 2 from N and M:

NP =2j+ 4k

E F
[}
I Pe
}
D . ; G M
! i
LA
H 1
b
K { I'f‘/""'"r""‘ --=J B
A ) p’
P P




NP

or

NP -
NP = OP

- or

NP e i i+ K
E F
[]
| pe
Ly oofegm
D v 173
' !
I
i
]
1
i
Al
Afemme e -==-JB
k k/’(/
o ’| N C

Or we can use position veerong:

aon

204254 dk oand ON = 2i

or

AR
2

TP = 2

CON = 28 =274 Ak - 2i
Ik

OF = 2i 4 2i v 4k and OAT = 4i + 4+ 3k

SO =20 210 Ak (4 dj e 3K
2+ k
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Starting with the x-direction, move 2i left. This
is the opposite to the positive direction indicated
by the red arrow. so the first component is ~2i.

[n the y-direction, again we are moving in the
negative direction. so the second component is —2j.

1n the z-direction. we must move a distance
cqual to MF . This is I unit and so the third
component is +k.

OP is 2 units in x-direction, 2 units in
y-direction and 4 units in the z-direction and
ON 18 2 units 1n x-direction.

Subtract vectors.

Simplify.

—— s Pl . . I . -

OM is 4 units in x-direction, 4 units in

y-direction and 3 units in z-direction.

Subtract vectors.

Expand and simplify.

®

1 Relative to an origin O, the position vectors of the points 4 and B are given by OA = 5i+3jand
OB =51+ Aj+ uk.

a Inthe casc where A = 0 and u = 7, find the unit vector in the direction of 4B.

b Given that triangle OAB is right-angled with area 5¥34 and u = 10, find the value of 4.

2 The diagram shows a cuboid OABCDEFG with a horizontal base G 6cm N F
OABC. The cuboid has a length O4 of 8cm, a width AB of 4cm :
and a height BF of d cm. The point M is the midpoint of CE and  p : . dem
the point N is the point on GF such that GN = 6cm. The unit I =y -—--)B
vectors i, j and k are parallel to 04, OC and OD, respectively. kli g’ M hom
1t is given that OM = 4i +2j+k. 0“x Tom A

a
b

C

Write down the height of the cuboid.
Find ON.

Find the unit vector in the direction MN.
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2 13 5 -6
a=}2 4Lb=] 5 L,e=] 3 |andd=| -6
0 4 4 0

a i Find|4D| |BC||4B|and |DC|
i Deduce that 4BCD is a paraliclogram.

b Find the coordinates of
i the point M, the midpoint of the line 48
it the point P such that !fi_ﬁl = %IFI-S!

4 Relative to an origin 0, the position vector of 4 is i - 2j + 5k and the position vector of B is 3i + 4j + k.
a Find the magnitude of AB.
b Use Pythagoras’ theorem to show that 048 is a right-angled triangle.

¢ Find the exact area of triangle OA4B.

@ 5 The position vectors of the points 4, B and C are given by -
a=5+j+2k,b=7i+4j-k and ¢ =i+ j+gk,
Given that the length of 48 is equal to the length of AC, find the exact possible values of the constant q.

6 The diagram shows a triangular prism, O4ABCDE . The
uniform cross-section of the prism, OA4E, is a right-angled
triangle with base 24 cm and height 7cm. The length, 48, of
the prism is 20cm. The unit vectors i, j and k are parallel
to OA, OC and OF, respectively. The point N divides the
length of the line DB in the ratio 2:3.

a Find the magnitude of DB.
b Find ON.

@ 7 Three points O, P and Q are such that OP = 2i + 5§+ ¢k and D—Q' =i+ (1+a)j-3k.

Given that the magnitude of OP is equal to the magnitude of O_'Q find the value of the constant a.

@ 8 Relative to an origin O, the position vectors of the points P and Q are given by

-6k 2k +13
OPF = -2 and O_Q = -8
8(1+ k) -32k

Given that OPQ is a straight line:
a find the value of the constant k
b write each of OF and OQ in the form xi + yj+ zk

¢ find the magnitude of the vector PQ.
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@ 9 An ant has an in-built vector navigation system! It is able to go on complex journeys to find food and then
return directly home (to its starting point) by the shortest route.

An ant leaves home and its journey is represented by the lollowing list of displacements:

1 -3
i+ 3j+ 6k 6 10i -1 4i-k
0 -5
The ant finds food at this point. . .

What single displacement takes the ant home?
One unit of displacement is 10cm.

What is the shortest distance home from the point where the ant finds food?

EXPLORE 9.2

A system of objects with the properties:

« can be represented by a column of numbers
« can be combined using addition
«+ can be multiplicd by a number to give another object in the same system

is called a vector space.

Do quadratic expressions of the form ax? + bx + ¢, where a. b and ¢ are real constants, form a vector space?
Explain your answer.

9.3 The scalar product

We have seen how to add and subtract vectors and also how to multiply a vector by

a scalar. Tt is also possible to multiply two vectors. It is possible to find two different
products by multiplying a pair of vectors. The first product gives an answer that is a vector.
This is called the vector product or cross product (for example, the cross product of

the vectors a and b is a x b). The cross product is not required for Pure Mathematics 3.
The second product gives an answer that is a scalar. This is called the scalar product or dot
product (the dot product of the vectors a and b, for example. is a-b).

Introductory ideas
The angle between two vectors is defined to be the angle made

& cither when the direction of each vector is away from a point
e or when the direction of each vector is towards a point.

N

ey Q

I»

Directions both away from a point. Directions both towards a point.

As vectors have magnitude and direction we can think of the scalar product as being
multiplication in relation to a particular direction.
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A useful way to understand this is to think about the work done by a person when they
pull an object along a flat surface using a rope:

work done by the person = force needed to pull the object x distance the object moves

Direction of pull a

The diagram shows vector a representing the pull and vector b representing the
displacement of the object.

a

»>
Displacement of object b

The direction of the pull is not in the same as the direction of the displacement. This means
that only some of the force the person uses to pull the object makes it move. In fact, only
the x-component of the pull is in the direction of the displacement.

|a | is the magnitude of the pull. Using the angle made between the two directions, we can
see that the magnitude of the x-component of the pullis x = ]a] cos 6.

|b] is the magnitude of the displacement, which is a measure of the distance moved.
Applying this information to the formula, we can see that the
work done by the person = (]al c059)| b|.

Finding the scalar (number) that is work done by the person is one application of the scalar
product.

£ ) KEY POINT 9.4

In general, the geometric definition of the scalar product of two vectors is:
a-b=]|a||b|cosd

This formula allows us to calculate the value that represents the impact of one vector on
the other, taking accouat of direction.

WORKED EXAMPLE 9.7 v

8 4
P=]| -6 |, q=| -3 | andtheangle, 6, between the two vectors is 45°. Find the value of the scalar product, pq.
-10 0
Answer

pq = | p”q[ cos @

=

Ip| = 87+ (6 + (-10)7
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Special case 1: Parallel vectors

a
When two parallel vectors, a and b, have the same direction (not opposite directions), /
9 = 0° or 0 radians. ,//b/

Therefore a-b=|a||b|cos0

a-b =[a[|b]
This also means that, for example: a-a =|a||a|or] a|2
a
Special case 2: Perpendicular vectors
When two vectors, a and b, are perpendicular, 8 = 90° or-72E radians. b -
a-b =|a||b] cos 90°
a-b=0
£) KEYPOINT 9.5
This is very important. When two vectors are perpendicular, their scalar product is zero. It is also
true that when the scalar product is zero, the two vectors are perpendicular.
EXPLORE 9.3
Show that the scalar product has the following properties: 227

a-b=b-a

a-mmb = ma-b = m(a-b), where m is a scalar
a-(b+c)=ab+ac
(a+b)(c+d)=ac+ad+bc+bd

Scalar product for component form
When we write a = aji + ayj + a;k and b = Bji + byj + b3k the properties of the scalar
product give an algebraic method of finding the same value that we found using
[al|b] cos 6.
a-b = (q)i + arj + ask)(byi + Daj + byk)
= (lli(b]i + sz + b]k) + (lzj(bli + sz + b}k) + Q}k(b]i + 172j + f)gk)
= a[bli it {I]’]zi . _i + (llb:qi -k
+ (J:)_blj A+ azl)zj j + 612[73j -k
+ Clj[)]k i+ Ll3b2k j + Clv;b}k 'k
However, as i is parallel to i, j is parallel to j and k is parallel to k then:
fi=ji=k k=1

Also, as i, j and k are perpendicular to each other, scalar products such as i-§, j-k, etc. are
all 0.

a-b=ahii +c/qb21/j( +911)—yl/ﬁ
4 g o+ bR
+93b1k1 + M i 1?_‘,‘1\'_:‘\ -k
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} KEY POINT 9,6

In general. the algebraic definition of the scalar product of two vectors is:

a-b = ab + asby + wzby

a bl
When written in column form, a =| «; |and b=| b, |, soitis perfectly valid to
a3 by

use the components of column vectors in the algebraic form of the scalar product
a-b=ab + aby) + w3bs.

We now have a way to find the dot product when we do not know the angle between the
two vectors.

Sometimes the two versions of the scalar product are written together like this:
a-b = aby + ayb, + azhy =|a|[b| cosb

This can be useful as it allows us to find the angle between the two vectors when we know
the components of the vectors.

WORKED EXAMPLE 9.8 -

p=8i-6j—10k and q = 4i - 3j

Show that the angle, 8, between the two vectors is 45°.

Answer
P = Pyt ot e Find the value of the scalar product pq.
P = 8(4) 4 (-0)(-3) -+ (10N 0) = 32 + 18 = 50 Find the magnitude of p and of q using

Pythagoras’ theorem,
Ipl = 87+ (67 (=10) =102

lql = 474 (-3)7 4 07 =5 Use p-q =|p||q| cosé.
50 = (1032 ) (3) cos0 Make cos @ the subject.
- 50,: = eos g Solve for 9.
50-/2

G = cos! ( - !.—-" ) = 45°




Relative to the origin O, the position vectors of the points 4 and B are given by

5 -1
OA=| -2 |and OB =| 3

4 -1
Find angle OB84.
Answer

A
\
*
\
O

B

Tind OB - 4B

) -1 5 G
AB-0B-01 -] 3|-| -2 5
-] J 4 .5
OB- AR = (-1 6) = (D(5)+ (- D{-5) = 26
- ( 6 ) - ——— -
ABl =] s JU oy 5T (-5) = R0
S 7
3 —
|OR| N D A S
|

26 = JROJIT cosOBA

RIS
= cosOBA

JE6J1

Angle OBA = 323~

—_— ) i
OB and AD are the two directions
towards the point B, so these are the
vectors we need to use.

First of all, find the column vector AB.
. -1
Using the given vector OB=| 3 |,
~1
find the value of OB AB.

Find the magnitude of OB and of
AB using Pythagoras’ theorem.

Use 0B- A% =|0B|| 7Bl cos 0B

Make cos OBA the subject.

Solve for angle OBA.

X

Chapter 9: Vectors

| A sketch will help

| you to make sure

| you choose a correct
E pair of directions

i for your scalar
product.

1
]

!
;
|
!
i
!
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1 Find which of the following pairs of position vectors are perpendicular to one another.

For any position vectors that are not perpendicular, find the acute angle between them.

2 7 5 -3 4 -
a a=| 8|, b= -] b c¢c=| 121 d=| -} c e=| 9|, f=] 2
-2 3 13 3 -2 1
B -5 1
2 Relative to the origin O, the position vectors of the points Aand Baregivenby Od=| 0 | and OB =] 7
. : 3 : 2
Find angle BOA.
3 Given that the vectors 6i - 2j + 5k and ai + 4j - 2k are perpendicular, find the value of the constant a.
4 Relative to the origin O, the position vectors of the points P and Q are given by
Sk k
OP=| -3 |, 00=| k+2 | where k is a constant.
Tk +9 -1
a Find the values of & for which OP and 00 are perpendicular to one another.
b Given that & = 2, find the angle, g, between 0P and 00.
p30 5 The diagram shows a cuboid OABCDEFG in which OC = 6cm, E F
0OA = 4cmand OD = 3cm. Unit vectors i, jand k are parallel to OC, 04 g »
and OD respectively. The point M lies on FB such that FM = lem, N is H v
the midpoint of OC and P is the centre of the rectangular face DEFG. D 5 G
A
Using a scalar product, find angle NPM. . /’ """"""""" 17777 B
i
0 N ¢
6 The position vector a is such that a = 4i - 8j + k. Find a-j and hence v
find the angle that a makes with the positive y-axis. G ) F
7 Explain why a-b-¢ has no meaning. b /

8 The diagram shows a cube O4 BCDEFG with side length 4 units. The unit
vectors i, j and k are parallel to OA, OC and oD, respectively. The point M is
the midpoint of GF and AN :NB is 1:3.

a Find each of the vectors OM and NG.
b Find the angle between the directions OM and NG,

@ 9 The diagram shows a triangular prism, O4ABCDE.
The uniform cross-section of the prism, OAE, is a right-
angled triangle with base 77 cm and height 36cm. The
length, AB, of the prism is 60 cm. The unit vectors i, jand
k are parallel to O4, OC and OE, respectively. The point
N divides the length of the line DB in the ratio 4:1 and M
is the midpoint of DE.

Use a scalar product to find angle MAN .
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@ 10 The diagram shows a pyramid VOABC. The base of the pyramid, O4BC,
is a rectangle. The unit vectors i, j and k are parallel to 04, OC and OV,
respectively. The position vectors of the points 4, B, C and V are given by

O/ = 6i, OC = 3j and OF = 9k.
The points M and A are the midpoints of AB and BV, respectively.

a Tind the angle between the directions of AN and ocC.

b Find the vector MN.

¢ The point P lies on OV and is such that PNM is a right angle. Find the
position vector of the point P.

9.4 The vector equation of a line

We already know that, in 2-dimensional space, a line can be represented by an equation
of the form y = mx + ¢ or ax + by = c¢. In 3-dimensional space, we need a new approach
because introducing the third dimension gives an equation of the form ax + by + cz = d,
which is actually the Cartesian equation of a plane. One way around this problem is to
write the equation of the line using vectors.

The equation of a line in vector form is valid in both 2- and 3-dimensional space.
So what information do we need to be able to do this?
When a line passes through a fixed given point and continues in a known direction then it

is uniquely positioned in space. -

Therefore, to form the vector equation of a straight line, we need:

by
® a point on the line, A(ay, a», a3), and a direction vector, b =| b, [, thatis parallel to
the line. by
e

by

A(ay, ay, az) R(vy.2) b= Zz

/ 3

//,

00,0,0)

R is any point on the linc and so OR represents the position vector of any point on the
line.

To reach R, starting at O, take the path OR = 04 + AR.

OA is a vector we know. To move from A4 to R, we need to travel in the direction of b.

Multiplying b by different scalars changes the position of R on the line, so simply gives Sometimes Greek

us different points on the line. Using the parameter ¢ to represent the variable scalar letters such as 1 and
e s are used as parameters.
OR =04+1b P
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D) Ky POINTO,7

Using lower case notation for vectors, the vector equation of the line is:

r=a+1b

e Or two points on the line, 4(q), @, a3) and C(c;, ¢2, ¢3). One can be used as the fixed
given point and the direction can be found from the displacement between the two points.

Clep, 09 03) Rix, y, z)

A (ay, a5, a3)

0(0.0,0)

The situation is almost the same. In this case, however, we do not know the direction of

the line. We can find the direction using the position vectors of the points 4 and C.

Using the parameter ¢ as before,

OR =04+ 1AC.

) KEYPOINT9.8

Using lower case notation for vectors, the vector equation of a lme 1s:

r=a+t(c—a)

In each case, the structure is: .

general point on line = position of known point + some way along a known direction

Parametric form
R(x, y, z) represents any point on the line.

The position vector of this point can be writtenas r=| y | or r = xi + yj + zk.

P

In the equation r = a + th, using the position vectors in component form:

x a b
yi=| @ |+t] by [or xi+yj+zk=aji+aj+ak+ b+ b+ bik)
z 145 [73

Simplifying the right-hand side of this:

: ay + th
* P Xi+ yj+ 2k = aji + thi + ayj + thyj + ask + thyk
y|={ e+t jor = T , . .
xi+ pi+zk = (g + h)i+ (0, +1h)j+ (a3 + thi))k
z as +thy

Comparing the components:

X =a +th
Y=yt ity
z=ay+ 1

These three equations are called the parametric equations of the line.

Any known point can
be used for the position
veetor, so you could

also use

OR = OC +(aC



- WORKED EXAMPLE 9.10

Chapter 9: Vectors

Find:
a the vector equation of the line

b the parametric equations of the line.

Answer

Using 7 as the parameter:
a General point -~ 1
Kunown point = 34 2+ 1k

Known direction = i+ K

3 ]
v RN !
1 {
3 ]
b or—1 -2 teel -1 lorr=23 2j+dk+Ki=j+k)
4 |
PN .
Ay 341
yoi=1 =21 for
- 44y
). /

st k= 3 ni+ 2 0j 40k

=340 p=-2ei c=d44d

A line passes through the point with position vector 3i - 2j+ 4k and is parallel to the vector i - j+ k.

General point on line =
position of known point

+ some way along a known direction.

Write r as a column vector and collect
together the x-, y- and z-components of the
right-hand side.

Compare components. .

worke AL

The position vectors of the points A and B are given by
a=3i+2]-7k and b =i - 4j + 8Kk,
respectively.
a Write down the vector AB.

b Find the vector equation of the line 4B.

Answer
a Al =b-a
Al =i - dj 8k (3 + 2§~ Tk

JE—

AR = =21 6]+ 15k

Substitute for a and b.

Expand and simplify.

233
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part a as the known direction:
General point =1

Known point = 3i +4j-- 7k
Known direction = -2i - 6j + 15k

r=3i+2j- Tk +rAB
o= 34 2) = TR+ (=20 - 6f + 15K)

b Using a = 3i+4j -7k us the known
poud, r as the parameter and 4B (rom

General point on line =

position of known point

+ some way along a known direction.

- Recall, you could also
use b=i-4j+8k as

D) KEYPOINT 9.9

The angle between two lines is the angle between the two direction vectors of the lines,

WORKED EXAMPLE 9.12

i

! the known point.

The vector equation of the line Ly 1s ¥ = 3i +j—k + A(i — 8j + 5k).

a The line L, is parallel to the line L; and passes through the point 4(0, 2, 5).

Write down the vector equation of the line Z,.

b Find the angle between the line L; and the line r = 4i+3j -2k + u(5i — j + 2k).

Answer
a Using g as the parameter,

General pointisr

Known pointis 2§+ 5k

The direction of the line £, i3 1 — 8§+ Sk

The line 515 therefore
r=2j+ 5k 4 ali - 8j+ 5k)

b Find the angie between
d) =0 8+ 5k and o, =51 j+ 2k,

dyd, = (D) + 830-1) + 5(2) = 23
o - JETCSTER - o

[dy] = 52 (1) ¢ 27 = 30

y ( 23
SO8 e
‘ 310730

) = 03727 .7 = 637°

General point on line =
position of known point

+ some way along a known direction point.

Find the scalar product d, -d-

Now find the magnitude of d; and d» using

Pythagoras’ theorem

Use d] d: =ld|”d2ICOSG.

Make cos € the subject.

Solve for 6.
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1 Write down the vector equation for the line through the point A4 that is parallel to vector b when:
a A0,-1,5)and b=2i+6j-k
b A4(0,0,0) and b=7i-j-k
¢ A(7,2,-3)and b = 3i - 4k.

2 Write each of your answers to question 1 in parametric form.

3 Show that the line through the points with position vectors 9i +2j -- Sk and i+ 7j + k is parallel to the line
r = A(16i — 10§ - 12k).
4 Find the parametric equations of each of the lines.
a r=2i+13j+k+1(i+j—-k)
b r=10j+12(2i +5j)
¢ r=i-3j+¢2i+3j+4k)
5 a Find the parametric cquations of the line L through the points 4(0, 4,-2) and B(l, |, 6).
b Hence find the coordinates of the point where the line L crosses the Oxy plane.

@ 6 The line L; has vector equation r = 2i - 3j+ k + A(6i + j + 3k) and the line L, has parametric equations

x=p+4, p=p-7, z=73u
235
a Show that I, and I, are not parallel.

b Find the angle between the line Ly and the line L,.

@ 7 The vector equation of the line L, is given by

X -3 4
yi= 0 |+ ~1
z 8 -3

a Find the vector equation of the line L, that is parallel to L; and which passes through the point A(5, -3, 2).

b Show that A(5, =3, 2) is the foot of the perpendicular from the point B(4, -7, 2) to the line [,.

@ 8 The points 4, B and C are position vectors relative to the origin O, given by

(3 ) 1
Od=|1|0B=]| -1 |land OC =] 2
5 2 3

a Find a vector equation for the line L passing through 4 and B.

b The line through C, perpendicular to L, meets L at the point N. Find the exact coordinates of A



T,

Cambridge International AS & A Level Mathematics: Pure Mathematics 2 & 3

9.5 Intersection of two lines

In 2-dimensional space, two lines are either parallel or they must intersect at a point.
In 3-dimensional space it might be that:

e they are parallel
e or they are not parallel and intersect
s or they are not parallel and do not intersect.

Lines that are not parallel and do not intersect are called skew.

Parallel lines have the same direction vectors and so if a pair of lines is parallel, this can
easily be seen by examining the vector equations of the lines.

Non-parallel intersecting lines

In 2-dimensional space, to find the point of intersection of a pair of non-parallel lines
using their Cartesian equations ( ax + by = ¢ ), we solve the equations of the lines
simultaneously. In other words, we put the two equations equal to cach other.

The process is the same in 3-dimensional space and using the vector equations of the lines.

WORKED EXAMPLE 9.13

Given that the lines with vector equations
r=i-2j-4k + A(-i - j+ k)
and r = 2i-2j+ k+ p(i+2j~7k)

intersect at the point 4, find the coordinates of 4.

Answer

The lines are equal at the point of intersection, so write the vedtor equation in
parametric form so that the components can be eguated.

F=i= 2 Ak A== k) £ 20254 ko4 (i 2j - 7k)

x=1-2 Y= 24
Yol o =D 20
2= d A g b-Tu
Now equate the components,
b-=A=24p oo (1)
2 A =2 2 e (2)
Ak A b T e (3)
Solve these equations o find the value of X and of u:
From (1): A ]
Substituie into (3): e el N TR I ]

Opf = 6 gl
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When 1 = 1 Low o d o lm D

Check:

I

y=1o(2) =3 N L f = It is good to check that
- the value of 4 and of

poe 2 = (=2) =010 242=0 i
N el T |t that we have found
L - i give us the same point.

The lines intersect at the point A3, 0, ~0).

Skew lines
Skew lines have no point of intersection.

When two lines are skew, they are not parallel and they do not intersect.

WORKED EXAMPLE

i

Show that the lines with vector equations

il

r=4i+7j+ 5k + A(=2i+j+ 3k)
r=i+j+ 10k + u(-6i+j+4k)
do not intersect.
Answer
As 204§+ 3Kk s notascalar multiple of -6+ j+ 4k the lines are not parallel.
Writing the cquations in parametric form:
¥ oo A " 4 Sk ,M':"Zi E ' + 3Kk} oo j P10k ¢ H( 6i + i““’ 4[\)

xord e 24 xo= b

Now couale the COMPonents,
A0 TG - (D)
A B o . (;_?)

SL = Ay e (3)

Attempt 1o soive these equations to (ind the value of 4 and of g1 that should give a consistent point:

From (2): PR
Substitute 1nto {3) 343 -0y 10 sy
i s

When g = 2% PR S N A )

237
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Check:

2(-29) = 62
229 =)

3(-29) = 82

» Always carry out the
check with both 4

1 Find whether the following pairs of lines are parallel, intersecting or skew.

State the position vector of the common point of any lines that intersect. and g as it is easy to
make a4 mistake.

a x=3A+4 x=pu+1
=541 p=pu+d * Re-read the question
to check whether you
z=41-3 z=20+5 were asked to find the
b r=i-5{+4k+ A(3i—4j+9K) r=i-5j+4k+ A(-6i +8j—18k) position vector or the

. . : . . coordinates of the
r=7i+2j+6k+ A%+ 3j + 9k) r=dj+ktuBi+j+14k)

point of intersection

C
d r=2i-3j+4Kk + A(6i + 4] -2k) r=4i-9j+2k + u(-i-8j-k) and give your answer
m the correct form.

238
@ 2 Given that the lines with vector equations
r=2i+9 +k+ A(i - 4j + 5k)
and r = 11i + 9§+ pk + p(—i - 2j + 16k)

intersect at the point P, find the value of p and the position vector of the point P.

3 Threelines, L), I; and Lj, have vector equations
r = 16i — 4j— 6k + A(~12i + 4j + 3k)
r = 16i+28j+ 15k + u(8i+8j + 5k)
r=i+9j+ 3K+ v(4i - 12j - 8k)
The 3 points of intersection of these lines form an acute-angled triangle.
For this triangle, find:
a the position vector of each of the three vertices
b the size of each of the interior angles

c the length of each side.

4 The line L passes through the points (3,7,9) and (=1, 3, 4).
a Find a vector equation of the line ;.
b The line L, has vector equation
r=1i+2j+k+u(3j+2k).

Show that L, and L, do not intersect.
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5 The point 4 has coordinates (1, 0, 5) and the point B has coordinates (1. 2,9).
a Find the vector AB.
b Write down a vector equation of the line 4B,

¢ Find the acute angle between the line AB and the line L with vector equation
r =i+ 3j+4k+ u(—i-2j+3k).

d Find the point of intersection of the line 4B and the line L.

Checklist of learning and understanding

For position vectors Od=aand OB = b, dB=b-a

The magnitude (length or size) is worked out using Pythagoras’ theorem:
When a = aji + a,j + a3k, |a| = \/m;i

Two vectors are parallel if one iy a scalar multiple of the other.

Problem solving with angles will involve the use of the scalar product.

When a = aji + a;j+ask and b = bji + bj+ bk
a'b = ab +ab;y +uby =|al|b| cosd

Vector equation of aline: r =a+tbh

To find the point of intersection of two intersecting lines. solve the parametric equations of the
Iines simultaneously.
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Relative to the origin O, the position vectors of points 4, B and C are given by

. 2 3m 4
OA=|13| 0B=| 1 and OC = —in
7 1 —m(m + 1)
a ltisgiven that AB = OC. Find the angle OAB. 14}
b Find the vector equation of the line 4C. [31

With respect to the origin O, the position vectors of the points 4 and B are given by

-2 1

OA=| 0| and OB=| -

6 4
a Find whether or not the vectors OA and OB are perpendicular. 12]
b i Write down the vector 45. I}
il Find a vector equation of the line AB. 121

¢ The vector equation of the line L is given by
r="7i- 12§+ 7k + p{-3i + 10} - 5k).
Show that the lines A8 and L intersect and find the position vector of the point of intersection. - . I5]

H
pres—
E 7 R ——

The diagram shows a prism, ABCDEFGH , with a parallelogram-shaped uniform cross-section.

The point E is such that OFE is the height of the parallelogram. The point M is such that OM is parallel to
DC and N is the midpoint of DE. The side OD has a length of 5 units. The unit vectors i, j and k arc parallel
to OA, OM and OF, respectively.

The position vectors of the points 4, £, C and M are giveu by OA =9i, OM = 15§ and OF = 12k.

a Express the vectors AH and NH in terms of i, j and k. 2]
b Use a vector method to find angle AHN. I5)

¢ Write down a vector equation of the line AH. 2}
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4 The position vectors of 4. B and C relative to an origin O are given by

6) _ 2 [ 8
Od=131,0B=| n|and OC={9
2 -1 0

where # ts a constant.
a Find the value of n for which ]_ﬁl = !Z“T?i
b In this case, use a scalar product to find angle ABC.
5 a Giveathe vectors 8i- 2j+ 5k and i+ 2j+ pk are perpendicular, find the value of the constant p.

b . The line L, passes through the point (-3, 1, 5) and is parallel to the vector 7i - j— k.

i Wirite down a vector equation of the line L;. ‘ .

ii The line L, has vector equation

=i 2§+ 2k F u(i + 8§ - 3k).
Show that Z; and L, do not intersect.

6 The origin O and the points A, B and C are such that QABC is a rectangle. With respect to O, the position
vectors of the points A and B are —4i + pj ~ 6k and -10i - 2j - 10k.

a Find the value of the positive constant p.
b Find a vector equation of the line 4C.
¢ Show that the line AC and the line, L, with vector equation
r=3i+7j+k + (-4 - 4j-3k)
intersect and find the position vector of the point of intersection.
d Find the acute angle between the lines AC and L.
7 Relative to the origin O, the points A, B, C and D have position vectors
O4 = 4i+ 2~k OB =2i-2j+ 5k OC = 2j+ 7k, OD = —6i + 22j + 9k.
a Usea scalar product to show that angle ABC is a right angle.
b Show that AD = kBC, where k is a constant, and explain what this means.
¢ The point £ is the midpoint of the line AD. Find a vector equation of the line EC.
8 With respect to the origin O, the points A, B, C, D have position vectors given by
OA = -3i+j+8k, OB = —10i + 2j + 15k, OC = S5i - 2j— 2k, OD = i + 6j + 10k.
a Calculate the acute angle between the lines AB and CD.
b Prove that the lines AB and CD intersect. ‘

¢ The point £ has position vector Si + 3j + 4k. Show that the perpendicular distance from E to the
line CD is equal (o /5.

4]
3]
B3I

12

[4}

13
131

31
4|

131
12
141

141
131

131
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9 PQRS is a rhombus. The coordinates of the vertices P, Q and S are (9, 2, 4}, (-0.5, 6, 6.5) and (4.5, -4, -3.5),

respectively.

a Find the vectors PQ and P3. 2]
b Find the coordinates of R. I3}
¢ Show that PORS is in fact a square and find the length of the side of the square. 131
d The point T is the centre of the square. Find the coordinates of 7. [3]

e The point ¥ has coordinates (5,17.5, -13.5).

i Find a vector equation of the line V'T . i 13]
i Verify that T is the foot of the perpendicular from ¥ to PR. 12}
iii Describe the solid VPORS. 1)

10 The points P and @ have coordinates (0,19, ~1) and (-6, 26, —11), respectively.
The line L has vector equation

r = 3i+9j + 2k + A(3i — 10j + 3k).

a Show that the point P lies on the line L. {11
b Find the magnitude of F@ 12}
ba? ¢ Find the obtuse angle between PQ and L. [31
d Calculate the perpendicular distance from Q to the line L. [51

11 The points A and B have coordinates (7, 1, 6) and (10, 5, 1), respectively. ;
Write down a vector equation of the line 48. 13}
b The point P lies on the line 48. The point Q has coordinates (0, -5, 7).
Given that PQ is perpendicular to 4B, find a vector equation of the line PQ. [6]
¢ Find the shortest distance from Q to the line AB. 18]
12 The line L, has vector equation
r=3i+2j+ 5k + A(4i + 2+ 3K).
The points A(3, p, 5) and B(q, 0, 2), where p and ¢ are constants, lie on the line L.
a Find the valuc of p and the value of ¢. 2]
The hine L; has vector equation ‘
r=3j+k+u(7i+j+7k).
b Show that L; and L, intersect and find the position vector of the point of intersection. I5}

¢ Find the acute angle between L and L,. 14}



- This chapter is for Pure Mathematics 3 students only.

in this chapter you will learn how to:

® formulate a simple statement involving a rate of change as a differential equation

® find. by integration. a general form of solution for a first order differential equation in which the
variables are separable

® use an initial condition to find a particular solution

® interpret the solution of a differential equation 1n the context of a problem being modelled by the
equation.
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PREREQUISITE KNOWLEDGE

4 Where it comes from l What you should be able to do - Check your skills

1l IGCSE /O Level . Express direct and inverse variation 1 The weight, w newtons, of a sphere is
4 Mathematics in algebraic terms and use this directly proportional to the cube of its

- form of expression to find unknown radius, rcm. When the radius of the sphere
quantities, is 60 cm, its weight is 4320 newtens. Find
an equation connecting w and r.
1 IGCSE/ O Level Understanc‘i ar.ld apply 2 Iny-I(20-))= X in3
4 Mathematics ¢ laws of indices i 4

Find and simplify an expression for y in

: @ laws of logarithms i
; terms of x.

1 Chapter 5 Integrate '3 Find:

{ @ standard functions a j ! dx
. I Ix-1
® using substitution .
. sinx
& using parts b J- dx
cos x

C j xe ™ dv.

Chapter 8 Decompose a compound fraction - 2

with denominator 4 Find _[ (x-2)(3x + 1)‘ dx.
o (ax+blex+d)ex+ f)
o (ax+b)ex+d)

e (ax +b)ex? +d)

into its partial fractions and
integrate the result. i

Chapter | Sketch graphs of standard functions | 5 a Sketch the graph of y = e¥.
c.g. involving Inf(x) and e 12

(including understanding end et >k as x — o,
behaviour as xv — % o),

Find the value of the constant k.

What is a differential equation?

. Lo dy dy - .
An equation that has a derivative such as 5_ or —= as one of its terms is called a
X

o2
dx
differential equation. When the equation has the first derivative E}i as one of its terms,
X

it is called a first order differential equation. FFor example, the equation Fri 3x7 isan
dx

alternative way of representing the relationship y = x* + C, where C is a constant.

To solve a differential equation, we integrate to find the direct relationship between x
and y, such as y = x° + €. The direct equation y = x3 + C is called the general solation

of the differential equation (—iy— = 3x?. To find a particular sofution, we must have further
dx

information that will enable us to find the value of C.

The solution of an algebraic equation is a number or set of numbers. The solution of a
differential equation is a function.



Chapter 10: Differential equations

In this chapter, we will learn the initial skills needed to master the solution of one type
of first order differential cquations. These simple skills will be the foundation for further
study of this subject.

You might wonder about the usefulness of such seemingly abstract equations in the real
world. In fact, differential cquations are excellent mathematical models for many real-life
situations and are essential (o solve many problems. First order differential equations
can model rates of change, in other words, the rate at which one quantity is increasing

or decreasing with respect to another quantity. ‘There are many examples in the physical
world that can be modelled using such relationships. A few examples are the rate of
increasc of the number of bacteria in a culture, simple kincmatics problems, the rate of
decrease of the value of a car and the rate at which a hot liquid cools.

10.1 The technique of separating the variables

Solving a diffcrential equation such as % = 6(x + 1)* can be done using an
anti-differentiation approach. .

We know, from the Pure Mathematics 1 Coursebook, Chapter 9, that if we integrate both
sides with respect to x, we have:
Jgi dx = jé(erl)zdx
dx
TS
oS
’ 3
y=2x+ l)3 +C

C

245

Notice that the first line on the left-hand side is J -j—% dx = J- 6(x + 1)’dx and from

anti-differentiation we can sce that, if we integrate a’L with respect to x we obtain an
L X
expression for y.

This means that j 3’1 dx = ... is equivalent to J. dy = ..., whichis y=...

This result is generally true.

D) KEY POINT 10.1

Integrating an expression of the form () 9!3— with respect to x is equivalent to integrating £y}
with respect to ). o

Thercfore J () %— dx is equivalent to I f(yv)dy.
[§

The differential equation g-)\ = 6(x + 1)? is casy to solve because gl iscqual to a
X X

function that we know how to integrate. This is not always the case.

How do we solve the differential equation g)—} = xy when y>07?
x

As it is written, we cannot integrate both sides with respect to x and find a solution.



Cambridge International AS & A Level Mathematics: Pure Mathematics 2 & 3

Separating the variables in the expression xy means that we are then able to integrate.

1y .
;—) = Xy Separate the variables x and p.
X
1 dy . . . .
; ii{ =x Form integrals of both sides with respect to x.
.l. .CD_ dy = J xdx
y dx
1 : .
J —dy = j xdx Integrate each side.
¥
2
Iny+ 4= T + B The modulus of y is not required as
- we know that y >0,
Iny= —:; +C The constants of integration can be combined
- as one term and we only need to write a
constant on one side.
S o . . . .
y=e2 I'bis is the general solution of the differential

2 equation as we do not know the valuc of the
y=De?2  where D=e" arbitrary constant C.

When we have further information, we can find the particular solution of the differential
solution given by that information.

For example, solve g—i = xy giventhat y =2 when x=0.
X

Using this information:

x? 0%
lny=—2—+C and so 1112=~7—+C, C=In2

“

a?
p=ez "’ This is the particular solution of the differential
equation.
X7
yp=c2? xeh? Note that you often need to write your answer as
o an expression for y in terms of x. This commonly
y=2e? means using laws of indices or logarithms.

By separating the variables we are rearranging the differential equation to the form
d

N o ooy
fU)dx g(x).

f(y) dy_ g(x) (Note: Other variables may be used such as v
d dx and t.)
Jf(y) a% dx = J-g(x) dx

[y =[x



. .o dy
So, in the case where the derivative is ——:
dx
e form an expression in x only on one side of the equation

L dy . .
e form anexpressionin y X —d~"- on the other side of the equation.
X

This gives us a form of the equation that can be integrated on both sides, one side with
respect to x and the other side with respect to v.

WORKED EXAMPLE 10.1

Chapter 10: Differential equations

The variables x and y satisfy the differential equation %}—l« = I—;y‘i
x
It is given that » =3 when x = 0.

Solve the differential equation and obtain an expression for v in terms of x.

Answer

Fyen though the question does not ask for it direetly, vou are expected to use the initial condition that yon have

been given to find a particular solunion,

dy Separate the variables x andy.
dx
Here we have moved the 2y. It was not
essential to move the 2, we could have moved
the y only. This would be just as valid as
it would also give expressions that can be |
integrated.
iy . . .
25 ;-\_- w ]y Form integrals of both sides with respect to x.
j?\' & dx J T+ 20 dy
T ody
J 2ydr = J( o) dy Integrate cach side.
i SR L\;' E (
2 y=3 when x =0, .
I
\ N \7 + 9

vl e i You can check this by differentiating.

247
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WORKED EXAMPLE 10.2
Find the general solution of the differential equation (32 + 1)y + x2 g—’ = 0.
X

Answer

‘Separate the variables x and y.

Form integrals of both sides with respect to x.

Here we are assuming that y = 0.

Integrate each side.

- = e

2yt
Is this the complete solution?

Earlier in the solution (ai line **) we assumed that v # 0. However,when 3= 0, the onginal differential egnation

dv 8 .. L . ! . ) ) )
becomes - = — = 0. Since v = 0 is the x-axis. itis true that its gradient1s 0 sl all poims and so v = 0 malso
dv V2 ; = .
- v

a soiution of the differential cquation and must be included for the general solutian to be complerce.

['he complete general solution is, therefore, - 5 e o w0

In Worked example 10.2, we saw that, when rcarranging to the form f(») %}t = g(x), there

S . . 1
are cases where I{y) is a function such as, for example, —5. In these cases, a value (or

values) of y must be excluded for the separation of the variables to take place.

As a final step, when finding the general solution in these cases, we must check if the value
(or values) we have excluded when separating the variables gives (or give) a valid solution
of the original differential equation. When they do, we should include them.

WORKED EXAMPLE 10.3

dx _ x(300 - x)
dt 600
differential equation, giving your answer as an expression for x in terms of ¢.

It is given that, for 0 < x < 300, and x = 50 when ¢ = 0. Find the particular solution of the

Answer
dy _ 20300 - v) Separate the variables. The derivative is with
de G0 respect to 7 and so the expression in x needs to

be moved to the left-hand side.




b dy

06 de
dy

AL300 - vy dr

}
S S
X300 - v)

dr

b
600

: ! Jdl
60 J
|

! de
GO0
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Form integrals of both sides with respect to .

Note that it is simpler to leave the 600 on the
right-hand side here.

Write the expression on the left in terms of its

partial fractions.
Integrate each side.

|
el IRALS
[0

e The modulus signs are not required as we-

i ‘[ I i \
, Ay =
304 J X 300 - v

o (h) A= (300 - ) s e f
30 600 know that 0 < x << 300.
. | .
oy 300 -y S (
oo ~!»f - 50 when ¢t =0
00N 2 x =3 en t=0.
ey S0 . .
C o i (O In 02
300050
\
e s s 02
n 0 2 t in O
\ llih\ 0.2
3000 - 8
Y "
5 0.2
N SIN. LRVAPR T
RIS Y
|
0262 (300 ) 249

i I
v 0207w (et
T i
M1+ 0200 ) = 60¢7
‘,
60

1 Find the general solution of each of the following differential equations.

d} 3 dA4 2dS

—— =x"~0 b =2 — =cos{t +5

a . b% 5 o n c s a cos( )

d V‘lﬂ:z e dr_uytl f :f+secxsiny9—y—'=l
dr dx X

2 Find the particular solution for each of the following differential equations,
using the values given.

dy .
a cos’x E'L =y given y=5 when x=10
X

RS B
b xy (dii’ = ll:\/ﬂ% given p =4 when x =3

921

3  Given that
terms of x.

=¢"7 and y=1In2 when x = 0, obtain an expression for y in
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e

The gradient of a curve at the point (v, v) is 5y x.
a Write down the differential equation satisfied by y.

b Given that the curve passes through the point (1, 1), find »? as a function of x.

1 . A B
a Express —————— in the forr + .
P 2-x)}x+1D orm 2-x x+1
b The variables x and ¢ satisfy the differential equation { X is an alternative
: . dx
%’;—:(2—x)(x+l). - notation for ar

Itis given that ¢ = 0 when x = 0.
i  Solve this differential equation and obtain an expression for x in terms of ¢.

ii  State what happens to the value of x when ¢ becomes large.

The variables w and ¢ satisfy the differential equation

9 0.001(100 w2,
de

Given that when ¢ = 0 w = 0, show that the solution to the differential equation

can be written in the form w = 100 - 199(—)
t+10

Solve the differential equation 4 %:— =(3x% — x) cost given that x =04 when

¢t = 0. Give your answer as an expression for x in terms of ¢.

. . . . iy 2
Find the general solution of the differential equation xy ;—1’ = i—~)—_n~.
x

. - . ody 14”7
Find the equation of the curve that satisfies the equation % =73 2 5
dx - X

and passes through the point (0, 1). Give your answer in the form y = f(x).

Find the general solution of the equation x3 % +2y=1
X

Solve the differential equation %—; =4x cos? 1 given that x =1 when 7 = 0.
[§

Give your answer as an expression for x in terms of ¢.

a Use the substitution u = r* to find J.tc/’: dr.

. nE
b Solve the differential equation ((}} = Z—(-L——,ﬂ given that x =1 when 1= 0.

x*

At a point with coordinates (x, y) the gradient of a particular curve is dircetly
proportional to xy*. At a particular point P with coordinates (1, 3) it is known
that the gradient of this curve is 6.

Find and simplify an expression for y in terms of x.

The variables x and ¢ satisfy the differential equation

‘ (3x +2x%) %?— = k(3x% + x4 _
for x>0 wherc k isa éonstum. When t =0, x =1 and when 1 = 0.5, x = 2.
Solve the differential equation, finding the exact value of k, and show

that 7% = }i(_z__t_.x_i
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15 a Usec the substitution « = Inx to find J—u]] »»»»»» dx.
x lav

b . Given that x>0, 0, find the general solution of the differential equation

Inxd o
Tdy X
,‘fﬁ 16 A type of medicine that reacts to strong light can be used to treat some skin
problems.

it is important that, after treatment with this type of medicine, the person stays
out of bright light until the amount of medicine remaining in the skin is at a safe
level.

Jonty is treated with a medicine of this type.

After the treatment, 65 mg remains in the trcated area of skin.

The rate at which the medicine disappears from the treated area of Jonty’s skin ¢ Notice that the rate

at which the medicine
) disappears is with
medicine, in milligrams, in the skin ¢ hours after the treatment. . respect to time but the
| words ‘with respect to
! time’ are usually not

¢ included.

is modellcd by the differential equation %’—:—7 = -0.05m, where m is the amount of

Jonty is safe to go out in bright light when no more than 6 mg of the medicine
remains in his skin.

How long must Jonty wait before he goes out in bright light?

MNewion's taw of cooling or heating
Many differentinl equations arise from modelling natural laws and relationships. One

example is Newton’s law of cooling or heating:

The rate of change of temperature of an object is proportional to the difference
in temperature of the object and its surroundings.

We define T as the temperature of the object
¢ astime
Ty as the temperature of the object when 7 =90
s asthe constant temperature of the surroundings
k as the constant of proportionality.
Discuss the following.
e Why it is necessary to define the variables and constants.
s Why the differential equation dTl? = k(T -5), k>0 issatisfiedby T.
e Other possible correct ways to represent Newton's law of cooling or heating as a

differential equation with this set of defined variables and constants.

e Why the general solution of the given form of the differential equation may be
written as:

T —s| = 4¢* where 4 = e©.
|7~ ]
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¢ How many arbitrary constants there are in the general solution of any first order
differential equation.
Why the modulus in the general solution is required.
How the general solution can be used to represent the temperature of an object
cooling down or warming up.

10.2 Forming a differential equation from a problem

The key to forming a differential equation from a problem is the successful interpretation
of the language used in the question.

For example, when you are given a problem such as:

The rate of increase of the number of bacteria in a dish is & times the number of
bacteria in the dish. The number of bacteria present in the dish at time 7 is x. ..

Replacing the words the number of bacteria in a dish by x the problem becomes:
The rate of increase of x is k times x.

This rate of increase of x is with respect to time, r, and is much easicr to translate into a

differential equation: %’\7 =kx.

WORKED EXAMPLE 10.4

Velocity is defined to be the rate of change of displacement with respect to time.

The velocity of a particle at time ¢ seconds is inversely proportional to its
displacement, s metres, from an origin, O.

a Form a differential equation to represent this data.

b Initially, the particle has a displacement of 2 metres from Q.
After I second, the particle has a displacement of 5 metres from O.

Solve the differential equation giving your answer in the form 7 = {(s).

¢ Find ¢ when the displacement of the particle from O is 10 metres.

Answer

a  The velocity of a particle at time 7 seconds is inversely proportional to its displacement. s imetres, trom the
origin, 0.

dy dy ] . dy A

v o= and so == s which means that == = =

0 P "y At the moment, you do not have enough
{ & { S

information to find the constant of
proportionality. k&
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dy k
b= Separate the variables s and 1.
7 )
Cds i ) ) )
AP Form integrals of both sides with respect to ¢.
dy
N de J kodi
ds
J sdy = j{"" dr Integrate each side.
e ka0 s=2 when 7 =0.
¢ = s=5 when t=1.
5
5721 5
Es s Write in the form ¢ = f(s).
..... s 4
! ‘l

¢ Findrwhen s =10

{ = li)(—i]} = 45714, = 4 57 seconds correct to 3 significant figures,

The population density, P, of a town can be modelled as a continuous variable.
In the year when records began:

+ the population density, P, of the town was increasing at the rate of 0.5 people per hectare per year
» the population density of the town was 2 people per hectare.

It is suggested that, ¢ years after records began, the rate of increase of the population
density is inversely proportional to the square of the population density.

a Form a differential equation to model this information.
b Solve the differential equation, giving your answer in the form P = f(z).

¢ The table shows the actual population density of the town, every 5 years for the first 20 years after records
began.

Comment on how good a fit the model is to the actual data in the longer term.

(%
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Answer

a Therateolfin

crease of P s inverscly proportional to /'

e 1 dr_ &
dr  p? de o p°
1P
When 1 =0, dj = .5 and F = 2 therefore
dt
df & .k
e T 05— k=2
dr = P? 47
e _ 2
dr P
"§ l) el .
[ Separate the variables P and 7.
dr P
£
P2 L—{iif = 2 Form integrals of both sides with respect to ¢
¢
g4
JP" ey - J.zdz
dt
j PPAP =2 J di Integrate each side.z = 0, P =2
53
—173»— =204 (
-,i- =
/;3 8 .
o= %4 5 Write in the form P = {(7).
PY=60+8
P=36r+8
<
5 10 15 A
3.5 4 55 7
3.4 4.1 4.6 5.0

In the longer term, the model Is not a particularly good fit as the values it generates when time increases are
under-estimates of the known data.
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- WORKED EXAME

The value. $¥, of a motorbike as it gets older can be modelled as a continuous variable.

A model is suggested to estimate the rate of decrease of the value of the motorbike. This model is that the value V
when the motorbike is £ months old decreases at a rate proportional to V.

a Write down a differential equation that is satisfied by V.
b The motorbike had a value of $10000 when it was new.

Solve the differential equation, showing that ¥ = 10000e -kt where k is a positive constant.
¢ After 3 years the motorbike has lost half of its value when new.

Find the value of the motorbike when it was 2 years old.

Answer
a  The rate of decrease of 17 is proportional to 7. This describes exponential decay. The rate
is decreasing and so the constant of
I 3 . . rti ity i ative.
ar ~ and so 4 = L1 where & is a positive constant. proportionality is negative
Jr dr
d , < ;
h by Al Separate the variables 7 and ¢.
[ay)
L dv . . .
T k Form integrals of both sides with respect to ¢. 255
Fldr J‘ )
Ar e b —Lods
J ode ‘
] . . .
J 5 ¢ j ki Integrate each side.
il wkp e O t=0, ¥ =10000
In 1ODO0 = ¢ For this particular solution, V' is positive and
so the modulus is not required.
In b =kt In 100D Write in the form V' = [{z).
o= e el i apn
N o by PRORITEES]

e nonoe

¢ 1= 1000 4 =3, F= 5000
S000 = 10000¢
S000 Ly

10000
0.8 = -3k
TN
fow e
D
S il
o= 10000e 2
17 = 86299605 - K0300

correct to 3significant figures
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m 1 Write the following as differential equations. Do not solve the equations.
a For height /i and time 1;

The rate of decrease of the height of water in a tank is proportional to the
square of the height.

b For number of infected cells » and time ¢

The rate of increasc of the number of infected cells in a body is proportional
to the number of infected cells in the body at that time.

¢ For velocity v and time ¢:

The rate of decrease of the velocity of a particle moving in a fluid is
proportional to the product of v and v+ 1.

d For volume V and time ¢:

The rate at which oil is leaking from an engine is proportional to the volume
of oil in the engine at that time.

e Forcost C and time 1;

The rate at which the cost of an item increases is proportional to the cube of
the cost at that time.

f Forspeed v and time 1
The rate of change of the speed of a skydiver just after he jumps out of a
3

plane is inversely proportional to e2.

@ 2 Alargetank is full of water. The tank starts to leak. -
t seconds after the-tank starts to leak the depth of water in the tank is x metres.

The rate of decrease of the depth of water is proportional to the square root of
the depth of water.

a Write down a differential equation relating x, ¢ and a constant of
proportionality.

b At the instant when water starts to leak from the tank, the depth of water is
6.25 metres. Given that 120 seconds after the tank starts to leak, the depth of
water is 4 metres, solve the differential equation, expressing ¢ in terms of x.

¢ Find the time it takes for the depth of the water to halve.
m 3 The cost of designing an aircraft, $.4 per kilogram, at time / years after 1950

can be modelled as a continuous variable. The rate of increase of A4 is directly
proportional to A.

a Write down a differential equation that is satisfied by A.

b In 1950, the cost of designing an aircraft was $12 per kilogram. Show that
A=12e¥, where k is a positive constant.

¢ After 25 years, the cost of designing an aircraft was $48 per kilogram. Find
the cost of designing an aircraft after 60 years.
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ﬁ? 4 A liquid is hcated so that its temperature is x°C after  seconds. It is given that
the rate of increuasc of x is proportional to (100 — x). The initial temperature of
the liquid 1s 25°C.

a Form a differential equation relating v,/ and a constant of proportionality,
k, to model this information.

b Solve the differential equation and obtain an expression for x in terms of f and &.

c After 180 seconds the temperature of the liquid is 85°C. Find the temperature
of the liquid after 195 seconds.

d The model predicts thal x cannot exceed a certain temperature. Write down
this maximum temperature.

The diagram shows an inverted cone filled with liquid paint.

An artist cuts a small hole in the bottom of the cone and the liquid
paint drips out at a rate of 16cm? per second. At time ¢ seconds after

the hole is cut, the paint in the cone is an inverted cone of depth /cm. 15 cm
[/'

a Show that 97 = & 2.

di 9 dh
b Hence find an expression for a
¢ Solve the differential cquation in part b, giving ¢ in terms of /.
d Find the length of time it takes for the depth of the paint to fall to 7.5cm.

m 6 The size of a population, P, at time 7 minutes is to be modelled as a continuous 257

variable such that the rate of increase of P is directly proportional to P.
a Write down a differential equation that is satisfied by P.

b The initial size of the population is Fp.
Show that P = FeX’, where k is a positive constant.

¢ The size of the population is 1.5F; after 2 minutes.

Find when the population will be 3F,.

ﬁ} 7 A ballin the shape of a sphere is being filled with air. After ¢ seconds, the radius
of the ball is rcm. The rate of increase of the radius is inversely proportional to
the square root of its radius. It is known that when ¢ = 4 the radius is increasing
at the rate of Ldcms™' and r = 7.84.

a Form a differential equation relating  and ¢ to model this information.
b Solve the differential equation and obtain an expression for r in terms of 1.

¢  How much air was in the ball at the start?

ﬁ} 8 Maria makes a large dish of curry on Monday, ready {or her family to eat on %;
Tuesday. She needs to put the dish of curry in the refrigerator but must let it cool ;
to room temperature, [8°C, first. The temperature of the curry is 94°C when it t You must define your |
has finished cooking. | own variables in this |

At 6 pm, Maria places the hot dish in a sink full of cold water and keeps the | duestion as they hane :
- not been defined for i

water at a constant temperature of 7°C by running the cold tap and stirring the ! you i
dish from time to time. After 10 minutes, the temperature of the curry is 54°C. ;
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It is given that the rate at which the curry cools down is proportional to the
difference between the temperature of the curry and the temperature of the water
in the sink.

At what time can Maria put her dish of curry in the refrigerator?

The half-life of a radioactive isotope is the amount of time it takes for half of the
isotope in a sample to decay to its stable form.

Carbon-14 is a radioactive isotope that has a hall-life of 5700 years.
It is given that the rate of decreasc of the mass, m, of the carbon-14 in a sample is
proportional to its mass.

A sample of carbon-14 has initial mass m,. What fraction of the original amount
of carbon-14 would be present in this sample after 2500 years?

Anya carried out an experiment and discovered that the rate of growth of her
hair was constant. At the stari of her experiment, her hair was 20 cm long. After
20 weeks, her hair was 26 cm long. Form and solve a differential equation to find
a direct relationship between time, ¢, and the length of Anya’s hair, L.

A bottle of water is taken out of a refrigerator. The temperature of the water
in the bottle is 4°C. The bottle of watcr is taken outside to drink. The air
temperature outside is constant at 24°C.

It is given that the rate at which the water in the bottle warms up is proportional
to the difference in the air temperature outside and the temperature of the water
in the bottle.

After 2 minutes the temperature of the water in the bottle is 11°C.
a How long does it take for the water to warm 20°C ?
b According to the model, what temperature will the water in the bottle eventually

reach if the air temperature remains constant and the water is not drunk?

The number of customers, #, of a food shop ¢ months after it opens for the first
time can be modelled as a continuous variable. It is suggested that the number of
customers is increasing at a rate that is proportional to the square root of n.

a Form and solve a differential equation relating # and ¢ to model this information.

b Initially, » = 0, and after 6 months the food shop has 3600 customers. Find
how many complete months it takes for the number of customers to reach 6800.

¢ The food shop has a capacity of serving 14000 customers per month. Show
that the model predicts the shop will have reached its capacity sometime in
the 12th month.

Doubling time is the length of time it takes for a quauntity to double in size or value.

The number of bacteria in a liquid culture can be modelled as a continuous variable
and grows at a rate proportional to the number of bacteria present. Initially, there
are 5000 bacteria in the culture. After 3.5 hours there are a million bacteria.

a What is the doubling time of the bacteria in the culture?

b What assumption does the model make about the growth of the bacteria and
how realistic is this assumption?
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" EXPLORE 10.2

Nodelling growth

Many of the models we have been using have assumed exponential growth. This type
of grow th is unlimited as the rate of growth of a population is proportional to the
size of the population at that time.

R ' dr
This means that = = kD.
dr
Is an exponential growth model appropriate for modelling the population of the
planet Earth in the long term?

It is thought that the maximum capacity of the Earth is about 10 billion people.

In 1987, the population of the Earth was about 5 billion people and the growth rate
of the population was about 1.84%.

Some people think that the problem of the Earth's increasing population can be solved
by sending some people to live on other planets, such as Mars. In 2031, the first people
to live on Mars will launch into space. The environment on Mars is different to Earth
and many challenges must be overcome. This will all take time.

When a population is modelied as growing exponentially at a constant rate of » % per
. 70 .
year, it takes about -— ycars for the population to double.
r
e Use the data given so far to investigate whether going to live on Mars is a good 259

solution to the population problem.
& Comment on any assumptions you have made in your investigation.

There is statistical evidence that the population of the Earth is not growing at a
constant rate each year. In 2017, the growth rate had decreased to L11% per year.
The population needs resources to survive and so the growth rate has decreased as
resources have decreascd.

A different model, logistic growth, can be used when resources are limited. This
model takes into account the changing growth rates of the population.
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Here are sketch graphs of exponential and logistic growth models:
Exponential growth }
a
A
Musimum possible pahulation
B
P
=
2
=
e
o
o
[~%
0 Time
l Logistic growth
0
o vl ot
QL
N
@
=
.8
2
=
o
o
24
o Time
For example, for a population of size P,
dP _ rP(k - P)
dt k
where the constant r is the maximum natural growth rate (birth rate — death rate)
and the constant k is the maximum capacity of the limited environment.
& Show that as time increases this model suggests that P tends to k.
e Comment on the limitations of this model.
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General procedure to solve a differential equation using the technique of separating the
variables

& Separate the variables (y) gl— = g(x)

® Integrate both sides J () % dx = J- g(x) dx

j f()dv = J glx) dx.
Solve to find a general solution.
Substitute any given conditions to find a particular solution.
Check vour answer by differentialing.
Other points to rcmember
® Take care with modulus signs w expressions such as In]f('.x) |

e When finding a general solution. check to see if any values excluded when the variables are
separated are possible solutions.
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END-OF-CHAPTER REVIEW EXERCISE 10

1 The variables x and p satisfy the differential equation

and it is given that y =0 when x = 0,
Solve the differential equation and obtain an expression for y in terms of x. [9]

2 The number of birds, x, in a particular area of land is recorded every year for 1 years. x 1s to be modelled
as a continuous variable. The rate of change of the number of birds over time is modelled by

dy _ x(2500 - x)

dr 5000
It is given that x = 500 when ¢ = 0.

a Find an expression for x in terms of 1. 191
b How many birds does the model suggest there will be in the long term? 1]
3 Given that y =2 when x = 0, solve the differential equation
dy
3 4
yr=—==1+
Y dx y
obtaining an expression for y* in terms of x. {61

4 The gradient of a curve is such that, at the point (x, y), the gradient of the curve is proportional to xJy.
At the point (3, 4) the gradient of this curve is 3.

a Form and solve a differential equation to find the equation of this curve. 71

b Find the gradient of the curve at the point (~3, 4). [1]

5 a Giventhat x <35, find I 0 dx 3]
’ ’ (5-x)10-x)

b A chemical reaction takes place between two substances 4 and B. When this happens, a third substance, C,
is produced. After ¢ hours there are 5 — x grams of A4, there are 10 — x grams of B and there are
x grams of C present. The rate of increase of x is proportional to the product of 5 - x and 10 — x. Initially,
x =0 and the rate of increase of x is | gram per hour.

i Show that x and 1 satisf{y the differential equation 50 %—:— =(5-=x)(10 - x). 1]
i Solve this equation, giving x in terms of ¢. [6]

i According to the model, approximately how many grams of chemical C are produced by the
reaction? I1]

6 The variables x and y are related by the differential equation

dy _ xe?
dx  S5y* .
Itis given that p =4 when x = 0. Find a particular solution of the differential equation and hence find the
value of y when x = 3.5. [8]
3
7 a Use the substitution v = {v* =1 to find j L dy. 1

yi-1

C o 2x+ 1)t -1 X . .
b Given that %}; = -(—XJ(—I)—}L——, y=+3 when x=1, find a relationship between x and y. {6}
: Xy
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8 The height, h metres, of a cherry tree is recorded every year for ¢ years after it is planted. It is thought that the
height of the tree is increasing at a rate proportional to 8 — h. When the tree is planted it is 0.5 metres tall and
after 5 years it is 2 metres tall.

a Form and solve a differential equation to model this information. Give your answer
in the form & = f(1). [6]

b According to the model, what will the height of the cherry tree be when it is fully grown? 1}

9 The variables x and y satisfy the diflerential equation

A e and y=0 when x =0,
dx
Solve the differential equation and obtain an expression for y in terms of x. [6}

10 At the start of a reaction, there are x grams of chemical X present. Al time ¢ seconds after the start,
the rate of decrease of x is proportional to xt.

a Using k as constant of proportionality, where k > 0, form a differential equation to model this
reaction rate. 1

b Solve the differential equation obtaining a relation between x, ¢ and k. 151

¢ Initially, there are 150 grams of chemical X present and after 10 seconds this has decreased to
120 grams. Find the time after the start of the reaction when the amount of chemical X has

decreased to 1 gram. [K]]
1
11 a Using partial fractions find J-————-——dP. 4
ing par ractions fir PGP 4]
. . . . r . .

b Given that P =23 when ¢ = 0, solve the differential equation %I = P(5 - P), obtaining an expression
for P interms of ¢. 4]
¢ Describe what happens to P when ¢ — oo, (1]]

12 The population of a country was 50 million in 2000 and 60 million in 2010. The rate of increase of
the population is modelled by i

dP _ kP(100 - P)

dr 100
Use the model to predict the population of the country in 2025. ' 7
13 a  Use the substitution v = x? to find f,\‘sinxz dx. 131

dy _ xsinx?

b Given that a9 v =—1 when x = 0, find a relationship between x and y. I5]
- y
14 Solve the differential equation
dy _ tenx
dy eV
givén'that x =0 when y = 0. Give your answer in the form y = {{x). . [6}

15 There are 2000 mice in a field. At time ¢ hours. x mice are infected with a disease. The rate of increase of
the number of mice infected is proportional to the product of the number of mice infected and the number of
mice not infected. Initially 500 mice are infected and the disease is spreading at a rate of 50 micc per hour.

a Form and solve a differential equation to model this data. Give your answer in the form ¢ = f(x). 7

b Find how long it takes for 1900 mice to be infected. 11}
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16 The variables x and y are related by the differential equation

dy 2
X == =]~y
Cdx ’
When x =2, p = 0. Solve the differentiul equation, obtaining an expression for y in terms of x. 18}

Cambridge International A Level Mathematics 9709 Paper 31 06 November 2012

@ 17 The variables x and 6 satisfy the differential equation

% = (x +2)3in? 20,

and it is given that x = 0 when 6 = 0. Solve the differential cquation and calculate the value of

1 1 N X QW1 (™ - ot ' ~ A -y
X when 6 = i T, gtving your answer correct to 3 significant figures. (9§

Cambridge International A Level Mathematics 9709 Paper 31 08 November 2015



This chapter is for Pure Mathematics 3 students only.

In this chapter you will learn how to:

understand the idea of a complex numbet, recall the meaning of the terms real part. imaginary
part, modulus, argument and conjugate and use the fact that two complex numbers are equal
it and only i both 1eal and imaginary parts are equal

carry out operations of addition, subtraction. multiplication and division of two complex
numbers expressed in Cartesian form x + iy

use the result that, for a polynomial equation with real coefficients, any non-real roots occur in
conjugate pairs .

represent complex numbers geometrically by means of an Argand diagram

carry out operations of multiplication and division of two complex numbers expressed in polar
form r{cos@ + isin@) = re'®

find the two square roots of a complex number

understand in simple terms the geometrical effects of conjugating a complex number and of
adding, subtracung. multiplying and dividing two complex numbers

illustrate simple equations and inequalities involving complex numbers by means of loci in an
Argand diagram.
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PREREQUISITE KNOWLEDGE

Where it comes from

What you should be able to do

I Check your sknlls

IGCSE/ O Level
Mathematics

Add, subtract and multiply pairs of
binomial expressions.

1 Sxmphfy each of the fol 1()wmg
a (a+bx)+ (2a - 3bx)

b (a+bx)(2a— 3bx)

Assumed prior
knowledge (not in the
IGCSE /O Level course)

Manipulate expressions involving
surds and calculate with surds.

IG(,S]: / 0 Level
Mathematics

12 Simplity,

a J32-3./8

b (2 5)(2+5)
4-3
5+2J§

Draw simple loci.

Understand, for example, that the
locus of a point which moves so that

® it is always the same distance away
from a fixed point is a circle

@ it is always equidistant from two
fixed points is a perpendicular
bisector.

The dmgram shows a triangle ABC.

%/\\

Copy the diagram and shade the
region that is less than 4 cm {rom 4
and nearer to B than to C.

Pure Mathematics 1
Coursebook, Chapter §

Understand the convention for
positive and negative angles and use
trigonometry to find the size of an
angle that is not acute.

4 a Solve tanx = -1 for -m-<x<mn
radians.

i _ein—l 3)
b Find 7 -sin (4 :

| Chapter 9

e Find the magnitude and direction
of a vector.

® Know and use the relationship
AB = b - a when the position
vector of 4 is a and the position
vector of Bis b.

What are complex numbers?

To understand the structure of a complex number we must first introduce a new set of
numbers, the set of imuginury numbers.

- 5 The point 4 has position vector
a = 3i + 4j and the point B has
position vector b = 5i - 7§ Find:

a the magnitude of a

b the angle made between a and the |
positive x-axis

—

¢ BA

b
3
1]
i
§
i
H
!
!
1
[ ——

The number system we use today has developed over time as new sets of numbers have
been needed to model new situations. Early mathematicians used natural numbers for
counting. Later, zero and negative numbers were accepted as valid numbers and the set of
integers was established. In Pythagoras’ time, mathematicians understood that rational
numbers existed as they were the values in between integers. Pythugorean mathematicians
thought that all numbers could be writlen as rational numbers. These same
mathematicians were shocked by the discovery of irrational numbers such as +2 and



they did not trust them as valid quantities at the time. Even as late as the 17th and 18th
centuries, some famons mathematicians still doubted that negative numbers were of any
use and thought that subtracting something from nothing was an impossible opcration!

We will start with some simple facts.

In the set of natural or counting numbers (N) there are no negatives and no zevo.
In the set of integers (&) there are no part or fractional values.
In the set of rational numbers {(Q) there are no irrational quantities such as m.

® & & 2

In the set of real numbers (R) there are no aumbers that when squared result in a
negative valuc.

Until now, the numbers with which we have been working have all been real numbers. That
is, they belong to the set of real numbers, which includes the rational and irrational numbers.
Real numbers can be represented on a {.dimensional diagram called a number line.

In the 17th century, the set of imaginary numbers (1) was accepted as a valid number set.
René Descartes described the collection of number sets that had been accepted as valid
before that point as the set of real numbers. The new set, which he did not like very much,
he described as imaginary. ITe intended this to be an insult as he thought they were not
of great importance. Many other famous mathematicians agreed with him. They were.
however. quite wrong about that. This name has often confused students who are new to
this area of study.

So what is an imaginary number and how is it related to a complex
number?

In the new set of imaginary numbets there are nuinbers that when squared resultina
negative value.

KEY POINT1LY |

The set of complex nurubers combines the real numibers and the imaginary numbers into a
3_dimensional rather than a I-dimensional number system. Descartes described the numbers in the
set of complex numbers as the sum of a real part and an imaginary part. Complex numbers are
tepresented as points on a plane rather than points on a pumber line because of their 2-dimensional
nature.

Chapter 11: Complex numbers

Clearly, accepting new scts of numbers as being valid is something mathematicians have
struggled with over time. You might not feel comfortable with this new idea. The set of
real, imaginary and complex numbers does have application in the real world. Without
imaginary and, therefore, complex numbers there would be no mobile telephones, for
example, as they are used to find audio signals. Complex numbers are used to generate
fractals, which are used in the study of weather systems and earthquakes. Fractals are also
used to make realistic computer-generated images for movies.

11.1 Imaginary numbers

In the set of imaginary numbers we introduce a pew number i and we define i% = 1.
This means that i = V=1.

Note that:

e Engineers call this quantity j as iis used in engincering for a different quantity.
e Just as with some other important numbers, i is described as a letter rather than a digit.
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Consider the equation x? +1 = 0.
How many solutions does this equation have in the set of real numbers?
P4l=0 x2=-1 x=+J1 No solutions in the set of real numbers.
How many solutions does this equation have in the set of imaginary numbers?
2 2 . - . . . .
H+l=0 x*=-1 x=+J-1=4i Two solutions in the set of imaginary numbers.

We can use laws of surds to extend the use of i to find other imaginary numbers.

WORKED EXAMPLE 11.1

Write the following numbers in their simplest form.

a V-9 b J-5 ¢ J-18

© Simplest form for an
imaginary number

Answer means using simple

surd form and i.

a 9= 9% When solving x2 + 1 = 0 we needed + in the
solution. Why do we not need it here?

When the multiplier is a simple surd, it is better
to write the i before the surd to avoid any
confusion with /51 or we can write (Jg) 1

=2 xJO = T

= \/ixiw::r(; 'f’)

The imaginary number i is called the unit imaginary number as it has a coefficient of 1.
All other imaginary numbers are multiples of i.

Imaginary numbers are therefore of the form bi or 1y, where b is a real number or v is a
real number.

We calculate with imaginary numbers in the same way that we calculate with real
numbers.

Many calculators are able to calculate in the set of complex numbers. You must practise without a
calculator but can use one to check your answer.

You need to demonstrate your ability to work with these numbers without a calculator. Tt is
therefore important to practise writing down your method steps. Working without a calculator will
also help to nnpmve your understanding and recall of this subject {and do not forget that not all
calculators are able to calculate with complex numbers).
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WORKED EXAMPLE 11,2

Without using a calculator, find:

a (3i%)+(3i)? b 8+ (—41)° c \/?—l—g—l—@ d i
Answer
a (376 ) = 3T e 9 e 121 = 10

b =80+ (4D = =81 + 6di = 56

Dt
I
A

Pt
S

Do not use a calculator in this exercise.

1 Write the following numbers in their simplest form.

a J-144 b —%? ¢ -9 d J-16 +-81
2 Simplify. 269
e RS 100i* - 16i’ -5
a =517 43 b 91— (1\/2 ) "‘*——4"'"”"‘ d '6';7‘
3 Solve.
2 64 b 2
a x~+-,->~§=0 b 4x*+7=0 c [2x*+3=

Without using a calculator, find 2,

11.2 Complex numbers

A complex number is defined as a number of the form x + iy, where x and p are real
values and i is the unit imaginary number.

Note: Other general cases are common 100, such as « + bi, where ¢ and b are real.

A complex number is often denoted by the letter z s0 =z = x + 1yt

e the real number x is called the real part of z, Re z
® the real number y is called the imaginary part of z, Im =.

When x = 0, then z =1y and z is completcly imaginary.

© Sometimes iy is
considered to be Im z.

When y = 0, then z = x and zis completely real.
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The relationship between the set of complex numbers (C) and other sets of
numbers is often represented using nested rings.

Equal complex numbers

Two complex numbers are equal if and only if their real parts are equal
and their imaginary parts are equal.

Sowhen z) = x+1iy and z, = a + b1 then z; = z, means that x = g and y = b.

Complex conjugate
The complex conjugate of z = x + iy is defined as z* = x — iy. © Sometimes =* is

. written as Z.

WORKED EXAMPLE 11.3

Solve the equation 5z% + 14z + 13 = 0,

Answer

Usiog the quadrane formula a == 5.6 = 14, ¢ = 3,

B EANIEE TSR

~14 4 J6d x 1

10
. laxsi
i
- Z + _i‘, or - 4 —1;1 Note that the two roots are complex conjugates

of each other,

WORKED EXAMPLE 11.4

Cx+p)+i(y-5)=0
Find the value of x and the value of y.

Answer
Two complex numbers are equal it and only if their real parts are equal and their imaginaey parts are equal,
Qv+ 2)+ -5 =0+0

Therefore

Qx4+ p=0----- 1)
and
}» ...... *“)'- () wm-«.-A(z)

From (2): v = §

Substituting mnto (1) 2y + 5 = 0, x =

taiin
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Calculating with complex numbers

The processes we need to use are the same as those we use when manipulating expressions
involving surds.

For example, when z; =2+ 3i and z;, = 8 - i we have:

Addition 42y =2+3+8-1 Collect like terms.
1+ 2 =10+21

Subtraction zp—2z3 =2+31-(8~1) Collect like terms.
21—z =-6+4

Multiplication  z;z, = (2 + 3i)}8 - i) Expand the brackets and simplify.
77y = 16 = 2i + 24i - 3i? i2=-1
D15, =164+ 221+ 3 It is important to show all your
Dz =19+ 22i working out clearly.
oot = (2 + 3i)(2 - 31) Expand the brackets and simplify.
717 = 4 - 6i + 6i — 9i° it =-1
7 *=4+9
z1iz1*¥ =13

Division 2 - 8- Multiply the numerator and

1243 denominator by the complex
conjugate of z). 171

I (8-R2-3) Expand the brackets and simplify.
o (24312 -3

7 _ 16—24i-2i+3i° 21

z3 13

z _16-24i-21-3 We have already found 13 so we did

a 13 not show full working. You should
. . usually show all your working to

2 . ll;—;—(’l =1-2 demonstrate you understand the

2

method you are using.

D) KEVPOINTIL2

When we multiply a complex number by its conjugate the result is always a real number as, if we
let z = v+iy.and S0 z* = x — iy, then z=* = (x + iy)(x — iy) = ¥* + 2 Since x and v are real,
x* 4y is also real.
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Do not use a calculator in this exercise.

2]

06 6

1

10

y=5-31tand z, = 1+2i

Write each of the following in the form x + iy, where x and p arc real values.
a 7+ " b z¥-z C 21z d =L

2

Solve these equations.

a *+22413=0 b 4424520 ¢ 2:2-2:45=0

d z2-6z+15=0 e 322482+10=0 f 2:245:+44=0

Find the value of x and the value of y.

a (x+2p)+i(3x - y)=1+10i b (x+y-4)+2xi=(5- pi

¢ x=»)+Q2x-i=-1

Write each of the following in the form x + iy, where.v and y are real values.

a (1+3I(2-1) - b (4-50)(4+50) ¢ (7-3i)

_ 17 i ~1+ 1l

3-i) f —

d (-1 34 6 5i
. 2
g E(H.l) 8 -?)
2+ 3 S+1

6. . . . . - .
1 18 a solution of the equation 5:° ~ 2z + 5 = (.

I 2
St at - = —
a Show that 5 + 5

b Write down the other solution of the equation.

Find the quadratic equations that have the following roots.

a a=-71 ﬁ::?j b a=1+5 ﬁ:]—Si
c a=2-3 f=24+3i d a=——§~—€li ﬁ=—~;-+'-\/§zi

Find the complex number = satisfying the equation z + 4 = 3iz*,

Give your answer in the form x + iy, where x and y are real.
Find the complex number u, given that (3 = 5i) = 13 +1i.
z =5+1iJ3 is a root of a quadratic equation. Find this quadratic equation.

In an electrical circuit, the voltage (volts), current (amperes) and impedance
(ohms) arc related by the equation

voltage = current x impedance

The voltage in a particular circuit is 240 V and the impedance is 48 + 36i ohms.

Find the current.

Cz-a)z-B)=0
Z-(a+B)z+af=0
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11.3 The complex plane

As complex numbers have two dimensions, one real and one imaginary, a diagrammatical
representation must have two dimensions. This means it has to be a plane and not a line.
Jean-Robert Argand (1768-1822) is credited for the diagram used to do this.

Argand diagrams

The complex number x + iv can be represented by the Cartesian coordinates (x, y).

The horizontal axis is called the real axis and the vertical axis is called the imaginary axis.

For example, we can represent the numbers Im(z)A
z; = 2+ 3i and z; = 5— 3i by the points A(2. 3) and 4
B(5, —3)on an Argand diagram. 34 A

We can also represent the numbers z; = 2 + 3i and 27
—_— 1

z; = 5 - 3i by the position vectors OA = [ 2 ]and N

. 5 ; J0 1 2 3 4 5 R
OB = . -1

-3
Py
Tin(2)A ]
3 Xu

4

Modulus-argument form

When a complex number is written as x + iy where x and p are real values, we say it is in
Cartesian form. There are other ways of writing complex numbers.

The vector representation of a complex number on an Argand diagram helps us to
understand a different representation called the modulus-argument form.

Before we do this, we need to define the modulus and the Im(z) A
argument of a complex number.

The modulus of a complex number x + iy is the magnitude

. x
of the position \'cctor[ v ]

Therefore, the modulus of x + iy is defined to be \/.\‘2 + 2.

Notation: The modulus of z = x + 1y is|z|. : [ »
o x Re(z)

Also note that the plural of modulus is moduli.

i ) pip vou know?

Real numbers can

be ordered along a
number line. Complex
numbers cannot be
ordered as they are
represented by points
in a plane rather than
on a line.

i

 When drawing an

- Asgand diagram, make

¢ sure you choose equal

. scales for the real and

| imaginary axes. This

| will give you a good
picture and not stretch

. any shape you draw.

273
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The urgument of a complex number x + iy is the direction of the position vcctor[ ! )
)

More precisely, it is the angle made between the positive real axis and the position

vector. The principal urgwment, 8, of a complex number is an angle such that -m <6 < .
Sometimes it might be more convenient to give @ as an angle such that 0 <8 < 2n. Usually,
the argument is given in radians.

Notation: The argument of = = x + iy isarg z.
We can use trigonometry to find the argument. For example, when 8 is acute, tan 8 = L
x
A diagram must be drawn first to check the position of the complex number.
WORKED EXAMPLE 11.5
Find the modulus and argument of each of the following complex numbers.
a 5+12 b -3+4i ¢ 12-5i d -4-3i

Answer
A simple sketeh of the Argand diagranm s iwdways necessary when finding the argument,
a S+ 12il =57 127 = 169 = 13 From the definition of the modulus.

Im(z) A
The diagram shows that the angle is in the first
quadrant and so the angle is acute and positive.

9 [

(e} 5 R(}?}
arg(> 4 121) = tan ‘( -’731) = 1.1760... : From the definition of the argument.

= 118 radians correct to 3 significant figures

b [-3+41 = \/( ~3)"’ 4 = J235 =5 From the definition of the modulus.

Iinz) A The diagram shows that the angle is in the
second quadrant and is obtuse and positive.

)
! This is calculated by subtracting the value of
! the acute angle & from n. Remember that the
4} — principal argumentis —n <@ =<m.
LN
3o Re(z)

g=mn-d




: if A0 5
argl 340 = - §\ |= 22040
\\ /
2 21 radions correct to 3 significant figowes

SRR T -1

Drinz) A

O\<

R ('(r'.)

o s e o e o o o 2 7 i
A

= e

arg(12 - 51) = tan ‘L I’\? ) = =0.3947 ..
- ~1).395 radians correct to 3 significant figures
|42 = Jieay v 3 =25 =5

Im(z) A

EJ @0l 4 Re(z)
1]
i
t
t
$

arg(—4 - 3i) = ~it + lan 1( -}) = -2 498,

= =2 50 radians correct to 3 significant figures

Chapter 11: Complex numbers

From the definition of the argument.

From the definition of the modulus.

The diagram shows that the angle is in the
fourth quadrant and is acute and negative.
Again, recall that the principal argument is
-n<@=m

From the definition of the argument.

From the definition of the modulus,

The diagram shows the angle is in the
third quadrant and is obtuse and negative,
Agam recall that the principal argument is
-l =

From the definition of the argument.

275
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Using trigonometry, we can now write a complex number in modulus-argument form. Imz) A

X . X
cosf =~ and sinf = —.
F r

Therefore, x = rcos 8 and y = rsin 6.

Substituting these expressions into the Cartesian form of a complex number, we have v
z=X+1y
z = rcos@ + i(rsind) 9 [
z = r(cosé + isin @) 0 < Re(f)

where ris|z|and 6 is argz.

When a complex number is written as z = r(cos6 + isin@) where r is|z|and 8 is arg=, we
say it is in modulus-argument form.

WORKED EXAMPLE 11.6

u=06-31 and w = -7 +5i
Write each of  and w in modulus-argument form.
Answer
o= G- 3
p )= 67 T =3 From the definition of the modulus.
P76 = J45 = 35
Im(z) A The diagram shows the angle to be acute and
negative.
6 L.
o o L Re(;)
.
[
)
i3
3
[}
]
t
I
(]
0= -«
3
arg(6-- ) = ~tan l( - ]
- 0
= -0.4636... From the definition of the argument.
= ~0.404 radians correct 1o 3 sigruficant figures
u = 3J5(cos(~0.464) + i sin(~0.464))
W= —~7 4+ 5
r=lw] = J( st From the definition of the modulus.




Chapter 11: Complex numbers

In(z) A .
( The diagram shows the angle to be obtuse and
positive.
1
]
; -
5
mENL ,
7 [ Re(z)
O =m0
. . if 8
arg(—=7+ Siy = 7~ 1an ( 7 J
=D5213 From the definition of the argument.
= 2.52 radians correct to 3 sigaificant figures
w o= 7 {cos(2.52) + 1 sin(2.52))

Exponential form

The mathematician Leonhard Euler (1707-1783) discovered the relationship
cosO +ising = e'®.

This is the basis for another representation, called the exponential form.

z = r(cosB + isinB)
2 = reif 277

where r is|z| and @ is argz.
The coordinates (r, 8), where r is| z|and 8 is arg z, are called the polar coordinates.

When a complex number is written as z = re/®, where r is |z]and 8 is argz, we say it is in
exponential form.

The modulus-argument and exponential forms of a complex number are polar forms.
A polar form uses polar coordinates; a Cartesian form uses Cartesian coordinates.

'WORKED EXAMPLE 11,7

in ,
. had T .« n
zp =141 zy = Se3 Z;:Z(COS—-'-O-ISIH—*)
. 12 12
a Write z; In b Write z; in ¢ Write z3 in
* modulus-argument form + modulus-argument form + exponential form

* exponential form. * Cartesian form. * Cartesian form.
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Answer
a Im(z)A
The diagram shows the angle to be acute and
positive.
1
0 i,
o 1 Re(z)
|21] = P =7 From the definition of the modulus.
arg(l+ 1) = tan (1) = _2 From the definition of the argument.
Modulus-argument form:
- /«.’l/ cos © 4 isin n)
~1 2 -\ L 4 »il 4
Exponential form:
"
e e
R78 .
b |n]|=50=%
3
Maodulus-urgument form;
o= 5{ cos Zf_ +isin & } Comparing the modulus-argument form with
; 3 3 X + 1y,
Im(z) 1\
»
5
r
3 [ o
0 X Re(z)
. nw e U
X = 5 cos ;v 5 s — Evaluate.
Write in Cartesian form, x + iy.
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i
e PR
C l,zl =2 0= )
m
Exponential form: = = 2et2 Comparing the modulus-argument form with
X+ iy,
Im(z) A
[]
;
2 ty
i
s
12 [
o X Re(z)
T .on
No= 2 C0os— b 2 sin e Evaluate.
12 12
p L
/64 J2 /G- 2 Y . .
N ‘w-wi)»ﬁj— Write in Cartesian form, x + iy.
T 6+ 2 (63
Cartesian form; oy = J V2 + 1( Y Y
2 \ 2

WORKED EXAMPLE 11.8 279

u = 5e" and w = [0e™3

a Find the modulus and argument of:
. _—
i uw i -
w u
b Show u, w, uw and — on a single Argand diagram.
U

Answer
a i = Swed 10 e Using laws of indices.
i = S0 e :
) i The exponential form |

i = S ; ofacomplex number

VY is very useful when |

" " Using laws of indices. . multiplying or dividing |
W i ‘ two complex numbers.
= 2xe im(z) A L )
H e
1

=5isless than -7 and so this argument
s not a principal argument.

>
The cquivalent principal argument, in a? Re(z)
this example, is @ = 2n ~ 5§

W

PR LT
2 Dot

il




ﬂ
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b o= S(eos 2k isin 2) s =208 + 4.55 A (2, 4.5)
W 10@osl -3) + isinl 3)) = 9.90 - 141 B~ (=10 -1.3) Itis not essential to
W = 50(cos(-1) + Isini-1)) = 27.0 - 42 1 C o= (27, 42 find the Cartesian
W - form, but you might
= Heos(Zm — Sy psin(Zn - 5)) = L5067 + 1 92 1= (032} find it easier to plotin
the correct quadrant if
Im(z) you do.
AN D
B 0 Re(z)

C

Using laws of indices and the exponential form of a complex number, we can derive some
very important and useful results.

Let the complex number z) be such that |:1 | =1 and argz = 6 and
Jet the complex number =, be such that | z;| = » and argz, = 6, then:

rle""I

‘ , v . PR
7 = 169, 7, = ne'®, 21z, = ne'd x pe'® = npel®*®) and = = = L ¢it0 -6

2

v In

[N}

rzew:
Therefore, the complex number ;-5 1s such that:

|ziz2| = An =] 21]| 2] and arg(zz2) = 6, + 6, =argz +arg 2,

and the complex number =X is such that:
72

A

A |2

n |z

and arg(—f—‘—] =6, - 6, = argz —argz,.

2y =2

These results greatly simplify the multiplication and division of complex numbers.

We can see that, when in exponential form,

e to multiply two complex numbers we multiply the moduli and add the arguments
e to divide two complex numbers we divide the moduli and subtract the arguments.

WORKED EXAMPLE 11.9

The complex numbers & and w are given by u = 9+ 12i and w = -5 - 3i.

Find the modulus and argument of:

1
a uw b —

w

Answer

By definition for the moduli of 1 and .
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Im(z) AP From the diagram. the angle for u is acute

and positive.

o 1

(4 9 R(J(:")

R
arg u = tan "( 5 ) = (09272,

= 0.927 radians correct to 3 significant figures

Im(z) A

i.J a 7 y Rc(:)
y

1

1

6= -+

From the diagram, the angle for w is obtuse
and negative.

3
arg ow= o lan”"( ;,) ) = -2.601 281

= ~2.60 radians correct to 3 significant figures

a {'m'-.*' = I ul | u“ = 1534 Using ’lezl = Ik =]Zl| 'zll

arg(in) = arg i+ arg w = 09272+ (~2.601.. ) Using arg(z]:p_ ] =6, +0, =argz +arg s,

= ~1.67 radns correct to 3 significant figures

f 515y
b i_”_‘ K IR R E N Using

b = V347 24

:"l_,=i=b_[
2l o |z

aAre ” AL —are w o= (1927 — (=2 s - A .
\ub( - j g —arg wo= (09272, - (=2.601.. ) Usin (_}}_)= Op= 6, = arg 2 ~arg 2,
I |

= 3,528 radians

.
However. 3528, is more than n and so this argument is . In(z) A
not a principal argument. The equivalent prijcipal ) . .
argument, in this example. is 1
O = (23528 7/"‘*\\

= 2754 = 275 radians correct 1o 3 significant figures [ ol 1




r ¥ | po

1

1 u=5-2i

v . . . 3 .
a Onan Argand diagram, show the points 4, B and Crepresenting am complex numbers u, «* and —u,
'

respectively.

b The points ABCA f8rm a rectangle. Write down the complex number represented by the point D.

2 z=l+5and 5 =-7-1 )
a Onan Arga’nd.di,a;'u e v,\-;e points P and

b Write down the cbmp,' X numberrepresented by the poini R, the midpoint of PQ.

3 Find the modulus and argument of each of the following complex numbers.

a -12+5 ‘ . b S . c 8+15i

'

d 60-1h i e -9-401 fo-1-iJ3

g J5+2i h -24-Ti i k(1-1), where k>0

i

4
x 34 "

24

4 Im(z) A
"

14 x B

T L}
2?2
-2 . I

34 x
[& ' .

_4 .
a  Write each of the complex numbeérs shown in the Argand diagram in modulus-argument form.
b Show that 4BC is a right-angled, isosceles triangle.
5  Write each of these complex numbers in Cartesian form.

a 3( cds‘;EJr isin—EJ

3 b 5(cos%’£+isin%)

cin 3 . . _n
— o 4
< 3 o d 3e
6 Given that z(4 — 9i) = 8 + 3i, find the value of | 22| and the value of arg z2.
7 w= 5(cos—g+ isin—g) and z = —;——:—%
a Write w in exponential form.
b Write z in exponential form.
¢ Find and simplify an expression for z
w
8 The complex number a + bi is denoted by z. Given that |zl =5 and argz = %, find the value of
a and the value of b.

9 Given that z = {(gose + iin @), find and simplify an expression for

a = / b =
105’:=r(c059+jsir\\6?} » :!\ s Y

~ RS

[
b Show that z - L i(2rsin@).
Z»

a Show that z? = r2(cos26 + isin26).

'
H

ppresenting the complex numbers z) and z, respectively.
» .
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Using Argand diagrams and position vectors, investigate the transformations of the
plane that are:

® the geometrical relationship between a complex number and its conjugate

e the geometrical effects of combining two complex numbers by addition,
subtraction, multiplication and division.

11.4 Solving equations

We have already solved quadratic equations with complex roots.

From the Pure Mathematics 1 Coursebook, Chapter 1, we know that when solving
quadratic equations for solutions that are real:

2 real afd distinct roots aand 8

=0 2 real and equal roots (repeated roots) cand B, = 8

<0 0 real roots

283
We can now update this for solving quadratic equations for solutions that are complex:

>0 2 real and distinct roots aand 8
=0 2 real and equal roots (repeated roots) aand B.a = §
20 2 complex roots of the form x + iy with ¥y=0 o and o*
(a complex conjugate pair). '
This means that one root is the conjugate of the .
other root.

Using the set of complex numbers to find solutions, a quadratic equation always has
two roots.

Higher order polynomial equations

4

We solved cubic and quartic equations for real roots in Chapter 1. o

The degree of a
quadratic equation is
2, the degree of a cubic
equation is 3.., the
degree of a polynomial
. equation is the sam@ as
its Jargest power.

We will now consider solving these equations for complex roots.

The Fundamental Theorem of Algebra states that a polynomial equation of degree n has
n complex roots.
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WORKED EXAMPLE 11.10

a Show that z =.4 is a root of the equation 2 -3:2-32-4=0.

b Find all complex solutions of 2 =32 -3:-4=0
. o
Answer

a Let flzy =20~ 327 — 3z — 4 then

fid) = 4° - 344y - 34) -4
=hd - 48 -12 -4 =64 (=0 Y

b As - = 4 isaroot then £ -4 15 a luctor, therefore
334 s (2 - v az ) Multiply out and compare.
o < ‘
-7 =3z L S dze o z
- R gz ~ 4 This can also be done by synthetic or long
) ) division.
Salu~4)7 = (0 -da)y - 4 1vision
2334w D aa-At H (0 -da) -4 Compare the coefficients of z*.
a 3 = a4, therefore « =1 Check, using the coefficients of =.
R= -4V
(z=d)=* e+ ) =0
o g Given,
2azal=0
T e o)
S TN 5
R
=
+iy3

£ KEVPOINT 11.3

When a polynomial equation with real coefficients has complex roots, they accur in complex

conjugate pairs.

A cubic equation has three roots (by the Fundamental Theorem of Algebra).

A cubic equation can always be written as the product of a linear factor and a quadratic factor.

This means that a cubic equation must always have at least one real root.
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Cubic equations either have

e three real roots or
e one rea) root and two complex roots of the form x * iy with y # 0 (a complex conjugate

¢ To understand this, |
{ think about the shape |

pair). i of the graph of a cubic
A quartic equation has four roots (by the Fundamental Theorem of Algebra). § equat{on. !
Quartic equations either have
® four real roots or
& two real and two complex roots of the form x + iy with y # 0 (a complex conjugate pair) or
e four complex roots of the form x * iy with y # 0 (two complex conjugate pairs).
A quartic equation can never have one real and three complex roots. Make sure you
understand why this is true.
WORKED EXAMPLE 11.11
It is givenithat = - 2i is a factor of the equation z* + 1322 + 36 = 0. Solve this equation.
Answer
As 221 isafactor Z+ 21 must also be a factor Complex roots of the form x * iy with y # 0
occur in pairs.
(7 =200z ¢ 20) = 27 1 20z = 24z - 4id - I - BEB
4
23274 36 = (22 4 AN 4 kz 4 9) Multiply out and compare.
R R T [ O SRR P
bodrt ok dhe 436 This can also be done by synthetic or long
Skt 135 s Ak 1 36 yJivision.
P13 4 36 = 2t ket 132 s dke 36 Compare the coefficients of 77,
k=0 Check. using the coefficients of z.
0= 40) v
3T 430 = (T 9y =0
7= k2 From factors given. '
290 so - VAU Y
=43
D= = A3 4 complex roots of the form x # iy with y # 0.




Cambridge International AS & A Level Mathematics: Pure Mathematics 2 & 3

Finding the square roots of a complex number

We can find the square roots of a complex number.

WORKED EXAMPLE 11.12

ﬂ

Find the square roots of —2 — (2\/§ )i and show the position of these roots on an

Argand diagram.

Answer ‘ ¥

Find x+ip, where v and yoare real. such that x4+ 1y = 2y -2 5 INERTH

Nt dy = k-2 2300

Square both sides.

When we want to
 work in exponential

(v i)t = =24 (230 Multiply out the left-hand side.  form, we square re®
. B ) to obtain r2ei®),
M2+ Tt = 2 (231 Collect teal and imaginary parts. We then equate this to

(= )4 Qo = 22+ (2300

RO T

i+ 2 -3=0

A A1) =0

Equate real and imaginary parts.

Solve simultaneously.

Multiply by x°.

Rearrange and let u = x?2,

Solve.

W= -3 0
vI=3 oal = x is real, so disregard x* = -3.
. . 3
v ] Substitute into y = £
X
J3 "
w2 w3
Y =V
Therefore, the square roots of -2 - (2J3)i Notice that the modulus of the
are 1+ i3 and 1 ~iJ3. two square roots is the same
! and the difference between the
["'(zz)f‘ arguments of the square roots is
( ) n radians.
T T
-1 Re(z)
*x 2

the complex number
whose square roots we
are finding. -
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The cube roots of one (unity)
By the Fundamental Theorem of Algebra, z> — 1 = 0 has three roots.

We know that one of these roots is 1, since z = JT = 1 is the real solution we are familiar with.

To find the two complex roots of the form x + iy with y # 0, we can use this method:

As z =1 isarootthen z — 1 is afactor and so
P-l=(z- 1 +kz+1) Multiply out and compare.
Dol= vkt 2
- —kz -] This can also be done by synthetic or
S h-D +(1-k)z—1 long division.
Fel= (k=D +d-k)z -1 Compare the coefficients of 22,
k-1=0,k=1
0=1-1 v Check, using the coefficients of :.
P el=(z- )2+ ]) Solve.
celze e 2 -4 1+ 3
-~ = 4L 2F > y o )
sl se ~-1+iJ3 Lo i3
7=l —— 3

287

Solve =* = 8.
Answer
= YR - 20 _ Aszis 2 x Y1 replace YT by each of the cube
roots of 1 we have already found.
ol = :,L.i'.q...i.y”z =0 ;L,:;"J}:- Simplify.
N S VAN B A
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1 a Giventhat z; = ~i isaroot of the equation z* + z* + z + k = 0, find the value of the constant k.
b Write down the other complex root of the equation and find the third root, stating whether 1t is
real or complex.
2 Sole:
1
a (z-57°=8 b (2z+3)=—.
) ( ) 7
3 Find the roots of the equation 2z° + r + 3 = 0, giving your answer in modulus-argument form.
4 Ttis given that z — 3"is a factor of z% - 3z% + 25z ~ 75.
Solve 23 =322 +252 - 75 = 0.
5 (x+ip)* =55+ 48i
Find the value of x and the value of y, when x and y are real and positive.
6 Itisgiven that 2z + 1 isa factor of 2z% —112% + 14z + 10.
Solve 22 ~11z% + 14z +10 = 0. .
7 Given that z = 3i is a root, solve =% — 223 + 1422 - 18z + 45 = 0.
8 Find the square roots of:
a 24-10i b 7+(6v2)i ¢ L
1 i
d 7-24i e —~4+(23)i f o e2
2
9 31222+ pz+ ¢ =0 where p and q are real constants.
a Giventhat z = 2 +1 is a root of this equation, write down another root of the equation.
b Find the value of p and the value of 4.
¢ Represent the roots of this equation on an Argand diagram.
@ 10 f(z) = 2% — 23 + 2027 ~ 162+ 64 = (2% + a)(z? + bz + 4)
Solve the equation {(z) = 0.
11.5 Loci

A locus is a path traced out by a point as it moves following a particular rule. The rule is
expressed as an inequality or an equation.

In order to draw the correct locus on an Argand diagram, we need to interpret the
inequality or equation we have been given.
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Circles with centre (0, 0)
o [z[=r. |z|<r  |z|sr where r is a constant.

In this case, the length of the position vector representing the complex number, z, is the
constant value r. The argument of z can vary.

A point that moves so that is it always the same distance from a fixed point is a circl®.
The fixed point is the centre of the circle. The fixed distance is the radius of the circle.

Recall that a position vector is simply a means of locating a point in space relative to an
origin, usually O.
For the complex number = = x + iy, where x and y are real, the locus of the point
P(x. v) that satisfies:
® |z| = r is the circumference of a circle with centre (0, 0) and radius r
. fz] < r is all points within a circle with centre (0, 0) and radius r, but thé
circuniference is not included
® |z| =< isall points within a circle with centre (0, 0) and radius r or the
circumference of the circle.

WORKED EXAMPLE 11.14

On separate Argand diagrams, sketch these loci.

FEEE JEEE ¢ Jol=e 2

Answer

a |- =5 is the circumference of a circle, centre fn(z) A
(0, 0. radius 5. 6 -
It is enly the circle, not the points within the
circle.
The circle is drawn as a solid line as it is
included.
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Im(z) A

b || <3 s acirce, centre (0.0 radius 3. ]

" 1ts only the points within the circle.
PRE A BRI

The circumference of the circle s drawn as a dotted L’ ..

line as it is not mcluded. R

3
>

ks
4 L3
¥ *
T T L) O T 'l A} T
4 424 T S
A

¢ |z =4 isacircle centre (0,0), radius 4.
It is all points within the circle and on the
circumference.
The circumference of the circle is drawn as a
solid Iine as it 1s imcluded. . .

E

Circles with centre (a, #
e |z—z|=r|z-27|<r [z-2z|sr whererisaconstantand z is
the fixed point a + bi. A

We need to understand the vector representation of the complex Px.y)

number z - z;.

Let P(x, ) be the moving point that represents z = x + iy onan
Argand diagram.

Let O(a, b) be the fixed point that represents z; = a + bi on the
Argand diagram.
Qta, by

z:b?andzlx@ >

(2] Re(z)

Therefore, —Q’I” =-—zZy+ 2

QP =z -1z
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We now interpret |z - zi| = r as:
the length of the vector QP is r.

For the complex number z = x + iy, where x and y are real, and the fixed point
£y = a + bi, where a and b are real, the locus of the point P(x, y) that satisfies

. [z -z | = r is the circumference of a circle with centre (a, b) and radius r

® |z-7 | < r is all points within a circle with centre (a, b) and radius r, but the
circumference is not included

» |z - z;| < r is all points within a circle with centre {a. b) and radius r or the
circumference of the circle.

WORKED EXAMPLE 12.15

On separate Argand diagrams, sketch these loci.

a |z—(2+4i)|=3 b ]z—3i‘<4 ¢ |z+5|=5
Answer
a ;=244 In(z) A
7_

! = (2% 4i)[ = 3 is the circumferenee of a circle. centre
(2, 4). radius 3.

It is only the circle, not the points within the circle. 291

The circle is drawn as a solid line as it is included.

)..
b T T T T T T L) ;
=2 10 1 2 3 4 5 6 Rez
~1
b o =3 Ini(z) A
{ . . PR '7-"'~._
iz 4 s acirele, centre (0. 3), radius 4. Lt N
. . ," 6 “s‘
It is only the points within the circle, Ry ] .
'l 5! \‘
The circumterence of the circle is drawn as a K '
dotted line as it is not included. N 4 '
L] A
: 34 i
] L]
L] 1]
“ 2_ "
L) I3
. L4
\‘ 1._ 'l
. [4
- L
- L -
T T - T T L T hdl T 1 Bl
4 3 T o1 O 1 2273 4Re(d)
~.~_’? e
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¢ z-5=c48=1-(-9 Take care with signs.
I Im(z) A
i
I
Iz 45} 22 isacircle, centre (-5, 0), radius 2. 3
2
Tt is all points within the circle and on the circum ference. i
"l‘hccircumiércncc of the circle is drawn as a solid Hine as it i 1Tt 24 301 2 RBE)
included. ~1-
24
-3
__4..
Half-lines and part-lines
e arg(z — ;) = @, where & is a fixed angle and z; is the fixed point a + bi. fmiz) A
P(x, )
With z — z; defined as previously
:=5—ﬁ, z =® and 0P == -1,
!
bg2 Ai ___________
O, b)Y
o Re(z)
We now define arg(z — z;) as the angle made between the direction parallel to
the real axis and the direction of the vector @?
Points below Q are not part of the locus as the angle made between these points
and the relevant horizontal line is © — &, not .
e arg(z - z) = B, where § is a fixed angle and z; is the fixed point a + bi. im(z) 1\
With z, — z = ~(z — ),
2=0P, 2,=00 and PO =1z -z Py
/@
Qla, b) -
o Re(2)

We now define arg(z, — z) as the angle made between the direction parallel to
the real axis and the direction of the vector PQ.

Points above P are not part of the locus as the angle made between these points
and the relevant horizontal line is 7 - 3, not .
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WORKED EXAMPLE 11.16

On a single Argand diagram, sketch the loci |z| = 4 and arg(5 +2 + 3i) = z
Show that there is only one complex number, z, that satisfies both loci.

Label this point as P on your diagram.

Answer
fo] =4 Circle. centre (0. 0), radius 4

T
arg(z + 2+ 3i) =
g ey

Ty s o+ 24+ 3
= 0 (=2 31
oL 11

. : LT .
Half-line from {-2.--3) atan angle of i radians.

Ini(z) A

293

-5
54
-6
Perpendicular bisectors
e |- z|=|z-2z]| |z- 5| <]z - 2], |2 —z]<|z- 2| wherez isthef;lxedpoima+bi

and z, Is the fixed point ¢ + di.
Let P(x, y) be the moving point that represents z = x + iy on an Argand diagram,
Q(a, b) be the fixed point that represents z; = a + bi on the Argand diagram,

R{c, d) be the fixed point that represents z, = ¢ + di on the Argand diagram,

then



Cambridge International AS & A Level Mathematics: Pure Mathematics 2 & 3

e when |z -z | =]z - 2| the point P(x, y) moves so that it is always the same
distance from Q as it is from R. The locus is, therefore, the perpendicular bisector

of the line OR.

® |z-2z|<|z~ 2z isall points such that P is nearer to Q than to R. The
perpendicular bisector marks the boundary of this region but is not included.

e |z~ z|<=|z - z| isall points such that P is ncarer to than to R or equidistant
from Q and R. The perpendicular bisector marks the boundary of this region and

is included.

WORKED EXAMPLE 11.17

Find the Cartesian equation of this locus.

Answer

Midpoint of P, (4, -1} and (0, -3,
< ( 4 : 0 ‘.".'Ill,i”w(.":?l ) = (2, -3)

Gradient of ¢F =1 and so the gradient of pes pendicular
bisector = ~1.

Cartestan equation is y+ 3 = ~1{x - 2)
po=-x =1
In(z) A
34
2
1

On an Argand diagram, sketch the locus |z — 4 +i| =]z + 5i|.

Write as |z — 7| and find 2,

Write as |z — =2| and find z;.

The locus 1s the perpendicular bisector of
(4, -1y and (0, -5).
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1 Describe, in words, the locus represented by each of the following.

a arg(z~2+3i)=—1% b |z-10]<|z - 6i
. . S5n
zZ+ - = d b4 Z) = —
¢ [z+6-i]=7 arg(z) = 3
2 On different Argand diagrams, sketch the following loci. Shade any regions where needed.
a [z-Q+i)=|z~(4+30)] b arg(z+3i):~§
¢ |z+4-5i|=<2 d |z-2i|=<|z-4]

@ 3 Onasingle Argand diagram, sketch the loci |z| =% and |z + 2| =|z — 4|. Hence determine complex numbers
that satisfy both loci, giving your answers in Cartesian form.

4 Onan Argand diagram, sketch the locus |z|’—- | z + 8i]. Find the Cartesian equation of this lotus.
]

5 Sketch the locus |z —(3-6i)| = 3 on an Argand diagram. Write down the Cartesian equation of this locus.

6 Sketch theloci arg(z + 4+ 2i) = %[ and |z - 5i| =4 on an Argand diagram. Determine whether or not there

is a complex number, z, that satisfies both loci.

7 For complex numbers z satistying |z — 8 — 16i| = 2J/5, find the least possible value of | z| and the greatest
possible value of | z},

N
Y
&

By sketching the appropriate loci on an Argand diagram, find the value of z that satisfies |z| = 13 and
T

arg(z - 12) = 5

O 0 0 0

9 On asingle Argand diagram, sketch the loci |z +3- 21'] =4 and arg(z + 1) = I Hence determine the value
of = that satisfies both loci, giving your answer in Cartesian form.

10 The complex number z is represented by the point P(x, y) on an Argand diagram.

Itis given that the locus of P is |z ~ 5 - 5i| = 5.

a Write down the Cartesian equation of the locus of P.

b Sketch an Argand diagram to show the locus of P.

¢ Write down the greatest possible value of arg z and the least possible value of arg z.
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Checklist of learning and understanding
i2=-1
Cartesian form: x + iy where x and y are real values.
Arithmetic operations on z; = a + bi and z; = ¢ + di:
Addition: n+z=(a+c)+(b+di
Subtraction: a-zn=(@-c)+b-dji
Multiplication: 2123 = (ac - bd) + (ad + be)i

o _ (ac + bd) + (he — ad)i
2 - d?

Modulus: Iz{ = Jx? + 2

Argument: Found using a diagram with tan@ = L
X

Division:

|21z2] = i =] 21 || 22| and arg(z)2,) = 6, + 6, = argz, + arg 23,

(5—)= 6, — 6, =aigz - argn
22

Polar forms

® Modulus-argument form: r(cos 8 + i sin 8)

® Exponential form: ret?
Roots of equations occur in complex conjugate pairs

@ (Quadratic equations have 2 real or 2 complex roots of the form x tiy with y # 0.
e Cubic equations have 3 real or 1 real and 2 complex roots of the form x t iy with y # 0.
e Quartic equations have * 4 real " 2 real and 2 complex roots of the form x iy with y # 0.

or 4 complex roots of the form x *iy with v # 0.

~1+i3 -1-iJ3

z=

The cube roots of one are: z =1,z = 5 3




END-OF-CHAPTER REVIEW EXERCISE 11

Chapter 11: Complex numbers

5-2i . . .

Express T the form x + iy where x and p are real numbers.

3i

b Solve w? = 2w+ 26 = 0.

¢ On asketch of an Argand diagram, shade the region whose points represent complex numbers
satisfying the inequality |z + 1 - 5i] < 2.

a The complex number : is defined as z = k — 6i, where & is a real value.

Find and simplify expressions, in terms of k., for zz* and :—* giving your answers in the
form x +ip where x and y are real. ‘

. S .. Sm ;
b The complex numbers i and 1 are defined as u = 4 (cos-}-; + lsm-l—i and w = 2e'™
Find and simplify expressions for 2w and —, giving your answers in the form re'?,
Ww
where r >0 and - <@ =<,
The complex number w = | + 2i.

a  Represent w and w* by points P and Q on an Argand diagram with origin O and describe
the polygon OPQ.

) . . u . . ..
b  Given also that u = =3 — i, write the complex number — in the form r( cos@ + xsme),
W
where r> 0 and - <0 < .

z=2-51
a  Find thereal values x and y such that z* = (2x + 1) + (4x + WL

b Onan Argand diagram, show the points 4, B and C representing the complex
numbers z, z* and —z. What type of triangle is ABC?
il

¢ Without using a calculator, express ~—
i inthe form x+ iy where x and y are real
i in the form r(cos@ +isin@), where r > 0 and ~x <@ < 1.

22+ (4Y3)z+13=0

a  Find the roots of this equation, giving your answers in the form x + iy where x and y are real.

b Onan Argand diagram with origin O, show the position vectors OA and OB representing
the roots of the equation. Describe the geometrical relationship between OA and O8.

¢ Find the modulus and argument of each root.
z =43 - 4

a Find the exact values of the modulus and argument of z.

. T .. Lz ,
b Given that w = 2\/2_(cos—- + 1sm—), write — in the form re'®, where r >0 and -t <6 <n.
w

12 12

13
21

K]

131

151

12

4l

121

131

K]
131

121

12
3]

13
B3]

297
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7 a Find the complex number w satis(ying the equation w * -2 - 2i = 3iw. Give your answer

in the form x + iy where x and y are real. |5}
b i Onasingle Argand diagram, sketch the loci |z-3-3il=2 and arg(z-3-3i) = g (4}
ii Hence determine the value of z that satisfies both loci, giving your answer in the
form x + iy, where x and y are real. (2]
8 a (x+ip) =7-(642)
Given that x and y are real numbers, find the values of x and the values of y. {51
b i Showthat z—3 isafactorof 223 —4z% -5z 3. i
ii Solve 2z* -4z -5z-3=0. 4]
9 a Giventhat 7, = 5-3i and zz, = 21 + i, find z,, giving your answer in the form x +1y,
where x and y are real. 12}
b Solve (3z +1) = =27. 31

10 a Itis given that w = 1 is a root of the equation f(w) = 2wt + 5w = 2w2 +w—6=0.

i Show that w + 3 is a factor of 2w* + 5w® - 2w? + w - 6. (1}
ii Solve the equation. 141
b i Onan Argand diagram, sketch the locus |z +1- i3l =1. 121
ii Write down the minimum value of argz. ' 1}
jii Find the maximum value of argz. 121
11 a i Giventhat z; =~ % + —\/21 is a root of the equation 2?2 + pz+¢ = 0, where pand g
are real constants, find the value of p and the value of ¢. 131
i Find|z]. i
b i Find the rools of the equation z° +1= 0. 131
ii On an Argand diagram, show the points 4, B and € representing the roots of the equation.
What type of triangle is ABC? 121
12 z=5-1
2 Showthat 5 =2- —‘gx 7 13
b Find the value of -::—— and arg ( % ) 121
¢ Find and simplify a quadratic equation with integer coefficients that has roots :ZI and its conjugate. 12]
13 The complex number = is defined by z = —12%(_—:4—: where & 1s an integer. )
a Theimaginary partof zislm z = :15 Find the value of k. {41

b Find the argument of z. 131



Chapter 11: Complex numbers

Without using a calculator, solve the equation

3 + 2iw* = 17 + 8i,
where w* denotes the complex conjugate of w. Give your answer in the form a + bi. (4]
it Inan Argand diagram, the loci

. 1 .
arg(z — 2i) =™ and |z - 3| =|z - 3i

intersect at the point P. Express the complex number répresented by P in the form re', giving

the exact value of @ and the value of r correct to 3 significatt figures. is1

Cambridge International A Level Mathematics 9709 Paper 31 Q7 June 2013

m 15 Throughout this question the use of a calculator is not permitted.
" i  The complex numbers u and v satisfy the equations
, u+2v =2 and iw+v =3,
Solve the equations for 1z and v, giving both answers in the form x + iy, where x and y are real. [5)
ii  Onan Argand diagram, sketch the locus representing complex numbers z satisfying |z +i] = 1

and the locus representing complex numbers w satisfying arg(w —2) = %n. Find the least value
of |z —w| for points on these loci. 5]

Cambridge International A Level Mathematics 9709 Paper 31 Q8 November 203
@ @E’? 16 Throtighout this question the usc of a calculator is not permitted. 299
The complex numbers w and z satisfy the relation

Z+1
iz+2"

W=

i Giventhat z = 1+1, find w, giving your answer in the form x + iy, where x and y are real. (4}

ii Giveninstead that w = z and the real part of z is negative, find z, giving your answer in the
form x + iy, where x and y are real. [4}

Cambridge International A Level Mathematics 9709 Paper 31 Q5 November 2014
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(‘5‘3 This ¢ vercise is for Pure Mathematics 3 students only.

1 Relative to the origin O, the position vectors of the points 4 and B are given by

-5 1
OAd=| 0|and0OB=|7
3 2

a Find a vector equation of the line 4B. 3l

b Theline AB is perpendicular to the line L. with vector equation:

4 m
r= 2 (+ul 3
-3 9
i’ Find the value of m. 131
ii Show that the line 4B and the line L do not intersect. 4]

@ 2 Giventhat y = 0 when x = I, solve the differential equation

d
xy L=yt a,
dx
M obtaining an expression for ? in terms of x. 161

Cambridge International A Level Mathematics 9709 Paper 31 Q5 June 2010

3 Thepoint P(p,q,-1) lies on the line L with vector equation
r=i-j+2k+ A(i+8j+ k).
a Find the value of each of the constants p and ¢. 12]

- The position vector of Q, relative to the origin O, is O_Q = -10i + j - Sk.

i  Find the unit vector in the direction OQ. 12]
ii Find angle POQ and hence find the exact arca of triangle POQ. {51
4  'i..e complex number z is given by
- (\/37 ) +1.
i  “ind the modulus and argument of z. 12]

ii " he complex conjugate of z is denoted by z*. Showing your working, express in the
" sm x + iy, where x and y are real,
. iz*
a 2z+z% b —. (41
z
ili On . sketch of an Argand diagram with origin O, show the points A and B representing

th. ¢ 'mplex numbers z and iz* respectively. Prove that angle 40B = %n . 131
Cumbridge International A Level Mathematics 9709 Paper 31 Q6 November 2010



5

Cross-topic review exercise 4

The variables x and 8 are related by the differential equation

sin 20 % = (x+1) cos 26,

where 0 <0< é—m When 8 = én x = 0. Solve the differential equation, obtaining an
expression for x in terms of 8, and simplifying your answer as far as possible. 17}

Cambridge International A Level Mathematics 9709 Paper 31 Q4 November 2011

PQRS is a parallelogram. The vertices. P. Q and R have position vectors, relative to an origin O,

1 3 2
0P =4 ,5§= 2 land OR =| -1

5 0 5
a Find OS. ' 121
b Find the lengths of the sides of the parallelogram. 131
¢ Find the interior angles of the parallelogram. 13}
The complex number w is defined by u = Q;f—ll); .
i  Without using a calculator and showing your working, express # in the form x + iy,

where x and y are real., ]

i Sketch an Argand diagram showing the locus of the complex number z such that |z — u| =|u|. 13

Cambridge International A Level Mathematics 9709 Paper 31 Q4 June 2012

The complex number 2 + 2i is denoted by u.
i Find the modulus and argument of u. 12}

ii  Sketch an Argand diagram showing the points representing the complex numbers 1, i and u.
Shade the region whose points represent the complex numbers z which satisfy both
the inequalities | z ~1|=|z-i|and [z-u|=L 4]

iii  Using your dragram. calculate the value of | z | for the point in this region for '
which arg z is least. i3]

Cambridge International A Level Mathematics 9709 Paper 31 Q7 June 2010

A certain substance is formed in a chemical reaction. The mass of substance formed ¢ seconds

after the start of the reaction 1s x grams. At any time the rate of formation of the substance

is proportional to (20 — x). When 1 =0, x = 0 and %)’i =1

i Show that x and 7 satisfy the differential equation

~dx
—— = 0.05(20 — x). . .
a7 ( x) 121
i Find, in any form, the solution of this differential equation. [51
iii Find x when ¢ = 10. giving your answer correct to 1 decimal place. 12}
iv  State what happens to the value of x as ¢t becomes very large. 1]

Cambridge Internationul A Level Mathematics 9709 Paper 31 Q10 November 2010
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10

® un

14

The line L, has vector equation

r=-2j+k + A(i + 3k).

The line L, passes through the point P(-2, 1, ~1) and is parallel to L,.

a Write down a vector equation of the line L,. 12}
b Find the shortest distance from P to the line L;. 151
In a certain country the government cﬁarges tax on each litre of petrol sold to motorists. The revenue.

per year is R million dollars when the rate of tax is x dollars per litre. The variation of R with x is
modelled by the differential equation

d—R= R(-l-—0.57),
dx X

where R and x are taken to be continuous variables. When x = 0.5, R = 16.8.

i Solve the differential equation and obtain an expression for R in terms of x. (6}

ii ‘This model predicts that R cannot exceed a certain amount. Find this maximum value of R. 31

Cambridge International A Level Mathematics 9709 Paper 31 Q7 November 2014

The complex number z is defined by z = zfé—i—?l Find, showing all your working,

i anexpression for z in the form re'®, where r > 0 and —-t <8 < r, 51

i the two square roots of z, giving your answers in the form re'®, where » > 0 and -n< @< . 13]

Cambridge International A Level Mathematics 9709 Paper 31 Q5 June 2014

The variables x and y are related by the differential equation

fl_y__ 6_}’63x
dx  2+e¥

Given that y = 36 when x = 0, find an expression for y in terms of x. (6}

Cambridge International A Level Mathematics 9709 Paper 31 Q4 June 2014

a Show that the straight line I with vector equation

| 8
r= 2 {+A ~1
-10 3

intersects with the line through the points 4 and B with coordinates (0, 2, 7) and (7, 1, 27),
respectively and find the position vector of this point of intersection. [5]

b Find the acute angle between these two lines. : 4l

The variables x and y satisfy the differential equation x % = p(1-2x?), and it is given

that y = 2 when x = . Solve the differential equation and obtain an expression for y in
terms of x in a form not involving logarithms. [6}

Cambridge International A Level Mathematics 9709 Paper 31 Q4 June 2016



Cross-topic review exercise 4

16 The complex number u is defined by u = 63

1+2i°
i Showing all your working, find the modulus of # and show that the argument of u is - %n‘ [4]
ii  For complex numbers ¢ satislying arg(z — u) = %1:, find the least possible value of | z|. [31
ii  For complex numbers z satisfying |z — (1 + i)u| = L, find the greatest possible value of |z|. 131

Cambridge International A Level Mathematics 9709 Paper 31 Q8 June 2011
17  With respect to the origin O, the position vectors of the points 4. B, C and D are given by

2 3 1 2
5= 1 |,0B=| m |.0C= -5 | and OD = —4
5 4 m+11 -2m
a In the case where ABC is a right angle, find the possible values of the constant m. 31
b In the case where D is the midpoint of the line BC, find the value of the constant m. 2]
¢ Inthe case where m = -5, find whether the lines 4B and CD intersect. I51
@ 18 The complex number w is defined by w = (222 +;;21 .
‘W i  Without using a calculator, show that w = 2 + 4i. 3]

ii [tis given that p is a real number such that %n <arg(w+ p) < %n‘ Find the set of
possible values of p. 13] 303

ili The complex conjugate of w is denoted by w*. The complex numbers w and w* are
represented in an Argand diagram by the points S and T respectively. Find, in the
form |z — a| = k, the equation of the circle passing through S, T and the origin. &]]

Cambridge International A Level Mathematics 9709 Paper 31 Q8 June 2015
@ 19 Given that y = | when x = 0, solve the differential equation
B ax@3y? ¢ 10y +3),
dx

obtaining an expression for y in terms of x. 9]

Cambridge International A Level Mathematics 9709 Paper 31 Q7 June 2015

h

60°

c
A tank containing water is in the form of a cone with vértex C. The axis is vertical and the
semi-vertical angle is 60°, as shown in the diagram. At time ¢ = 0, the tank is full and the depth
of water is I7. At this instant, a tap at C is opened and water begins to flow out. The volume

of water in the tank decreases at a rate proportional to /4 where / is the depth of water at time ¢.
The tank becomes empty when ¢ = 60.
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i - Show that 1 and ¢ satisfy a differential equation of the form

dh -3
=4l 2,
det
where A is a positive constant. 4]
ii  Solve the differential equation given in part i and obtain an expression for 7 in terms of h and H. [6]

iii Find the time at which the depth reaches ;IH.
[The volume I of a cone of vertical height A and base radius r is given by V' = % wrh.) {1
Cambridge International A Level Mathematics 9709 Paper 31 Q10 November 2013

21 a Find,inthe form r =a + Ab, a vector equation of the line 48 where the points have
coordinates 4(2.5,7) and B(9, -1, -2). (K]}

b Find the obtuse angle between the line 48 and a line in the direction of i+ 3j + 2k. 14}
22 The complex number 3 — i is denoted by u. Its complex conjugate is denoted by u* .

i Onan Argand diagram with origin O, show the points 4, B and C representing the

complex numbers u, u* and ©*— u respectively. What type of quadrilateral is O4BC? {4}
.. . . . . u* . .
W ii  Showing your working and without using a calculator, express — in the form x + 1y,

1
where x and y are real. f 31
S u*
ﬂ iii By considering the argument of ——‘—~, prove that
173

tan™! (i—): 2 tan™! (%) . 13}
Canbridge International A Level Mathematics 9709 Puper 31 Q9 November 2015

23 The complex number 1+ (v2)i is denoted by u. The polynomial x*+ x* + 2x + 6 is denoted by p(x).

i  Showing your working, verify that u is a root of the equation p(x) = 0, and write
down a second complex root of the equation. {4l

it Find the other two roots of the equation p(x) = 0. l6]
Cambridge International A Level Mathematics 9709 Paper 31 Q9 Noveinber 2012



Cross-topic review exercise 4

24 G F
Ny |
t hem
b : E
o S R— N 8
4 .
’ M
k \ 27 4cm
o i 10cm A

The diagram shows a cuboid 04 BCDEFG with a horizontal base O4BC. The cuboid has a
length 04 of 10cm, a width 48 of 4cm and a height BF of hcm. The point M is the
midpoint of CB and the point N is the point on DG such that ON = j+ 3k The unit
vectors i, j and k are parallel to 04, OC and OD, respectively.

a Write down the value of 4. d [1]
b Find the unit vector in the dircction ON . 12]
¢ Find angle NME. 4]
d Find, in the form r = a + Ab, a vector equation of the line MF. 131
25 The variables x and y are related by the differential equation
dx ¥y 305

[t is given that ¥ = 2 when x = (. Solve the differential equation and hence find the valuc of y when
x = 0.5, giving your answer correct to 2 decimal places. I8

Cambridge International A Level Mathematics 9709 Paper 31 Q7 June 2012

@ &% 26 i Showing all your working and without the use of a calculator, find the square roots of the complex

number 7 — (6+/2)i. Give your answers in the form © + iy, where x and y are real and exact. IS1
i a Onan Argand diagram. sketch the loci of points representing complex numbers w

and z such that ]w -1- 2i] =1land arg(z-1) = %n. 14]

b Calculate the least value of |w — z| for points on these loci. 2]

Cambridge International A Level Mathematics 9709 Paper 31 Q10 June 2016
, -2 1
27 The line L; has vector equation r =| 3 |+ 4] -]
0 2
-4 -1
The line L, has vectorequation r={ 5 j+uj 0
m 1

a Inthecase where m = 2, show that L; and L, do not intersect. ]

b  Find the value of m in the case where L) and L, intersect. 12]

¢ For your value of m from part b, find the acute angle between L, and ;. [4}
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@ 28 The number of birds of a certain species in a forested region is recorded over several years.
At time ¢ years, the number of birds is N, where N is treated as a continuous variable.

The variation in the number of birds is modelled by

dN _ N(1800 - N)
dr 3600

It is given that N = 300 when ¢ = 0.

Find an expression for N in terms of . 191

According to the model, how many birds will there be after a long time? {1}
Cambridge International A Level Mathematics 9709 Paper 31 Q10 June 2011

Showing your working, find the square roots of the complex number 1~ (24/6)i. Give your

answers in the form x + iy, where x and y are exact. i5]

On a sketch of an Argand diagram, shade the region whose points represent the complex
numbers z which satisfy the inequality |z — 3i| < 2. Find the greatest value of argz for
points in this region. [4]

Cambridge International A Level Mathematics 9709 Paper 31 Q10 November 2011

Liquid is flowing into a small tank which has a leak. Initially the tank is empty and r minutes later,
the volume of liquid in the tank is ¥ cm? The liquid is flowing into the tank at a constant rate of
80cm? per minute. Because of the leak, liquid is being lost from the tank at a rate which,

at any instant, is equal to k¥ cm? per minute where k is a positive constant.

Write down a differential equation describing this situation and solve it to show that (

v = L (80 - 80e ), Cm
k 4 - 4715

It is observed that ¥ = 500 when r = 15, so that & satisfies the equation k = 55

Use an iterative formula, based on this equation, to find the value of & correct to 2 significant figures.

Use an initial value of £ = 0.1 and show the result of each iteration to 4 significant figures. I3)

Determine how much liquid there is in the tank 20 minutes after the liquid started flowing, and state
what happens to the volume of liquid in the tank after a long time. 12)

Cambridge International A Level Mathematics 9709 Paper 31 Q10 June 2013



PURE MATHEMATICS 2 PRACTICE EXAM-STYLE PAPER

Pure Mathematics 2 Practice exam-st, "« cap2r

Time allowed is 1 hour 15 minutes (50 marks)

1

. oS X
By writing cot x as
sinx

show that a—d~ (cot x) = —cosec x.
X

Solve the inequality |3x - 1] =|2x|.
Solve the equation 32¥ — 3%*! = 10 giving the value of x cotrect to 3 significant figures.

The polynomial x* +8x? + px — 25 leaves a remainder of R when dividedby x -1 and a
remainder of —R when divided by x + 2.

a Find the value of p.

b Hence, find the remainder when the polynomial is divided by x + 3.

The sequence of values given by the formula

. — 8:{"2
Xpet = g
3sec.x,

with initial value x; = 1, converges to a.

a Use this formula to calculate o correct to 2 decimal places, showing the result of each
iteration to 4 decimal places.

b State an equation satisfied by o and hence find the value of o correct to 7 decimal places.
The parametric equations of a curve are x = In(2t +1), y =1 — e¥.

a Find an expression for %i— in terms of ¢.

b Find the equation of the<normal to the curve at the point where ¢ = 0.

a Express 8sin8 + 6¢os® in the form Rsin(8 + o), where R >0 and 0° < o < 90°, giving
the value of « correct to 2 decimal places.

b Hence solve the equation 8sin@ + 6cos& = 7 giving all solutions in the interval 0° < 8 < 360°.
¢ Write down the greatest value of 8sin8 + 6cos@ + 3 as 6 varies.
a Show that cos3x = 4cos’x — 3cosx.

e
b Hence show that Jz cosPxdx = %—
0 K

131

14
151

4l
12

13
13l

307
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PURE MATHEMATICS 3 PRACTICE EXAM-STYLE PAPER ’

Time allowed is 1 hour S0 minutes (75 marks)

1

Use logarithms to solve the equation e?* = 2**> giving your answers correct to 3 decimal places.

, 5o 25 )
Show that | xInxdx = - (In25-1).
0

The polynomial 2x* — 9x% + ax + b, where a and b are constants, is denoted by f(x). It is given
that x — 4 is a factor of f(x), and that when f{x) is divided by (x — 1) the remainder is ~12.
Find the value of « and the value of b.

Solve the equation 2sin{x — 60°) = 3cos.x for ~180° < x < 180°.

VA

=Y

Q
The diagram shows the curve y° = 4x? — x* + 5. The curve is symmetrical about both axes.
The point P is one of the curve's maximum points and the point Q is one of the curve’s minimum
points. Find the exact distance between the points P and Q.
Tx? —5x +27

flx) = —

(x=2)(x?+5)
a Express f(x) in partial fractions.

b Hence obtain the expansion of f{x) in ascending powers of x, up to and including the term in x?.

y
0 = %
2
The diagram shows the curve y = xsin2x for 0 S x < f
, 2,
a Find %}; and show that x? %’;— ~2x _g}y_ + 2(1 +2x%)y = 0.

b Find the area of the region enclosed by this part of the curve and the x-axis.
a The complex numbers u and w are such that:
3u—-iw=15
u+w=>5+10i

Without using a calculator, solve these equations to find « and w, giving each answer in
the form x + iy, where x and y are real.

b The complex number z is defined by z = 2¢” i Onan Argand diagram, show the
points A, B and C representing the complex numbers z, z* and z2, respectively and
find the length of the longest side of triangle ABC.

151
151

17

151
151

131

(41



Pure Mathematics 3 Practice exam-style paper

9 a Given the vectors 5i+ 7j+ pk and i— 2j+ pk arc perpendicular, find the possible values of
the constant p. [31

b The line L, passes through the point (5, 0, 2) and is parallel to the vector i - 6j + k.
i  Write down a vector equation of the line L. 21

ii  Theline L, has vector equation:
r=4j+3k+ p{3i+9j+k)

Show that L; and L, do not intersect. 4

10 A liquid is heated so that its temperature, x °C, at time ¢ seconds satisfies the differential equation

dx
@ (100 - x)

where « is a positive constant. The temperature at ¢ = 0 is 25°C.

75
Show that | = o,
a Show tha n(lOO—xJ o 16}
b It isgiven that x = 500 when 7 = 2. Show that & = 0.2 ~ 0.15¢72%. 2]
¢ Use an iterative formula based on the cquation in part b to find the value of « correct to 2 significant
figures. Use a starting value of 0.1 and show the result of each iteration to 4 significant figures. 13}
d Find the temperature of the liquid when ¢ = 30. [1}

309
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3
8 x=zx=
YT
9 x=7,p=5
Prerequisite knowledge | . Exercise 18
1 a 357 b 381 1 a v-shaped graph, vertex = (-2, 0), y-intercept = 2
¢ 133 remainder 27 X+2 ifx=_2
2 Straight line, gradient 2, crossing axes at (;, ()) - ~(x+2)if x <=2
and (0, -5). b v-shaped graph, vertex = (3, 0), y-intercept = 3
Exercise lls\ . x=3ifx=3
1 a -3 b 2,3 ¢ -6, Y 3o xif x <3
¢ -15,3 e -20,40 f 7 ¢ v-shaped graph, vertex = (10, 0), y-intercept = 5
9 11 7 23
2 a >3 b ~1,3 ¢ riirsy %.x._sifle()
d 1,3 e 2 f -7,3 Y= 1
S—=—xif x <10
I 3 2
3 a -L,-- b -3,= ¢ 2,4
3 5
2 2 a
d—4,-—g e -7,1 f(),i—;— 0111213141516
S1410312 131415
4 a 3 ;
1 | b v-shaped graph, vertex = (3, 2), y-intercept = 5
b -1, 2, 5 (-1-33), 5 (V33 -1) pedg p3 (3,2),» ercep
¢ -2, +l ¢ Translation( 5 }
d S3-1,1+.5 _
e L2, 1-J3,1+3 3 a Translation( *21 ) b Translation( ,57 ]
f 0,2,6 =
8 16 ¢ Reflection in x-axis, translation ( ) )
5 a x=0,y=40rx=~—y=-— <
35 315 d Stretch, stretch factor 2, with y = 0 invariant,
x = ~] - r =— = e .
b x »y=3orx 27773 translatlon( 0 J
46 =3 >
6 x= 3 or x = 3 e Reflection in x-axis, translation L
7 a x=12, x=13 f Stretch, stretch factor 2, with y = 0 invariant,
b ¥ reflection in x-axis, translation [ (5) )
6
4 a v-shaped graph, vertex = (-1, 2)
b -shaped graph, vertex = (5, -2)
¢ A-shaped graph, vertex = (0, 2)
d v-shaped graph, vertex = (0, —3)
N e na-shaped graph, vertex = (-2, 1)
Y e 0 T X
0 -4 -2 2 4 6 f A-shaped graph, vertex = (0, 5)
¢c x=0 5§ 3=sfix)<14




3 4

Exercise 1C -

x<-§~ or x>2

Answers

3 a -2=x=x] b -2<x<6
cC X<~ % or x=3
7 1
—sx=< > =
4 a 3 x=<3 b x 3
c x=1
5§ a x<—% orx>4 b x<2o0rx>-=
¢ x= % d I<x<7?
e x<2orx=8 f 1<x<§
6 x<-—-=orx> 2
4
Exercise 1D
1 a x?2+3x-1 b x2-5x+7
c 3x%-4x+2 d x2-2x+5$
e —-5x2+3x—4
f —6x3-6x2-6x-19
2 a Quotient = x? + x + 4, remainder = -8
b Quotient = 6x? + 19x + 38, remainder = 70
¢ Quotient = 4x2 + —;-x + %, remainder = %
d Quotient = —2x? + 3x + 9, remainder = -36
e Quotient = x + 3, remainder = -10x - 4
f Quotient = 5x% — 7, remainder = 15— 13x
3 a Proof b Proof
4 Proof
(x=2)2x-3)x+17)
5 a Proof b il,—i
27 3
6 a Proof b Proof
1
7 -3, =,5
T2
Exercise 1E
1 Proof
2  Proof
3 a=-4
1-b
4 = ———
=73




5 a=-2b=1

6 a p=-1, ¢g=-6
7 4,01
8

a p=-7 g=-6

b Proof

b (x+D(x+2)(x~-3) and (x +I)Nx+3Xx+4)

9 a p=-19, ¢=30
b (x-D(x+2}x-5)(x+3)
10 a £2,5 b -7, -1
5
¢ -3.2.3 d 4, -2
e -3, 42, 1 f ;_
11  Proof
12 0<k<5
Exercise 1F
1 a6 b 8 , ¢ 4
a a=5 b =8
a=2b=2
a=4,bh=0
a a=6 b=-14
b (3x-4)2x+ D(x+2)
6 a p=14 b 57
7 a a=5 b=-15
b 2 ~7+53 -7-J53
? 2 ’ 2
8 a k=2 b -36
2
9 2550

10 a=2 b=-4, ¢c=-2.

End-of-chapter review exercise 1

4 2
1 -2 =
377
2 xs-§-ox.\'>2
5
3 I<x<=
¥ =3

10

11

12
13

14
15

16

17
18

19

20

21

22

*

5, +3

a==6
BGx+D2x+3)x~-4)

(Bx - D2x + 3)(x =~ 5)

+1 s

==10, b =8

Quotient = x — 3, remainder = 2x — 6
Proof

Quotient = 4x? + 4x — 3, remainder = 5

ERNRE

2; :571

b Cx-Dx+3)x-2)}x+1)

a= 7 b _5: g: 2
3
33
Quotient = 2x + 13, remainder = 41x - 15
a=3,b=-10 b 3x-4
a=-21 b --é,—l,Z
3 2
a=-3 b=-11
Cx-D{x+2)x~-3)
a=2b=-16 b -18
Quotient = 5x% —8x +9
Proof
k=-29 b -2, l 9
) 4
+3. + -
+3, + 5
a=3 b=50
Quotient = 2x - 3, remainder = 56 — 4x
a=-11, b=30 b -2, 25
2
x+2,3x+4 ii Proof



. . 1
23 i -16 ii ~ 5 2,3
2 i a=2,b=-6
it 2x+3)(x—D(x=-3)
1 a L b 4 ¢ 1
- 25
:
_.Z 1 5 8x|5
2 Zox2 e,
3 a 2x b Sx c 57
Exercise 2A
1 a 2=log;l00 b x = logy200
¢ x =logy0.05
2 a 1.72 b 240
¢ -0.319
3 a 10000 =10 b x=I0"2
¢ x=109¢
4 a 759 b 575
c¢ 0.0398
5 a 2 b 4 ¢ 1.5
[ 1
d 3 e 2§ f 0.5
6 f(x)=logp(x+3)
7 10J10
Exercise 2B
1 a 2=logs25 b 4=1log,16
1 |
-5 = logy=—— -10 = logy—~—
¢ 83743 d -10=log2 7557
x = logg 15 - f y=log.6
g b=log,c h 5y=1log,7
2 a 22=8 b 3*=281 ¢ 80 =1
! 1
d 162=4 e 83 = f 2=y
g a(’=l L :5
3 a 8 b 9 c 1 d 7
4 a 4 b 11 c 3
5 a3 b 2 c -;— d -3

Answers .

3 1 4
e -2 f ) g -5 h -3
1 5
- = -4
6 a3 b 3 c 5 d
) S 2 9
e -0 f 5 g 3 h 3
7 i (x)=3+2%"
8 a 3 b —3,%
9 log, 3, log; 2, logs 4, log, 3, logs 9, logs 20, log, 8
Exercise 2C
1 a log,77 b loges c logs2
d log;2 e log; 18 f log,8
2 a3 b 2logel0 ¢ 2+1logy,3
3 a logs4 or 2logs?2
b log;4 or 2log;2
3 42 3
4 2°,2°4 > , \
5 3 b — - -=
a i ¢ -1 d )
x-2
6 ) =
) 2
1
TEE I,
8 a 5 b 2+y
3 3
23 a 2
c 2y 5
1
9 a 3+x b —-
X 3 y
. |
¢ 4 d 2x-—y-1
x=2Y
9
10 a 3 b -~
2
S
c 16 d =
3
11 x=2logs2-2log,5,
y =logy 5 -2 loga 2,
z =log, 5-log;2
Exercise 2D
1 a 10 b 3.5 c ——%6 d 54
41 9 3

2 a — b = c -— d

N
-~
—
o
Bl— W




a 8 b 12
a 8,32
1
L9
¢ 35
a x=3y=27

c x=4y=-12

logip x = 3,logjg y = -2

Exercise 2E

1

10
11

12
13

a 1.80
d 3.64
g 0.397
i 6.76
a Proof

a -0.322
d 1.03

2,3

a 0.431, 0.683
¢ 0,1.77

2, 2.58

a 2.8l
¢ 0431, 1.29

a 1.58
c 158,232

a 1.77
0, 2008

a 1.29 1.66
d 0.834
g *1.89

a 135
0,12

o =

5.13
3.86
0.682
—0.443

1.26

1.11
3.21

b

b

0.510

1.63
-0.515
+2.81

1.45
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0.946
1.71

i -0.756
I -154

- o

©

1.83
0.535

—

0,2.32
0.792, 1.58

1.46
0.792, 0.161

~0.792, 0.792
1.37

¢ 1.98

¢ 191,291
f 1.87

Exercise 2F
1 a <__10g5
log?2
x < Jog?
logg
1
2 5 -
ax log8
b xo1(loz20
2\ log3
logE
C xSl 2
2] log5
4
log—
d x>3- g
log:
05,6
3 x <0 or x>k)~g—2
log5s
4  Proof
5 a 6l
Exercise 2G
1 a 20.1
¢ 2.23
2 a 110
¢ -0.105
3 a2 b 3
4 a5 b 15
5 a 2.89 b 1.61
6 a Inl3
c %(l+ln6)
7 a x>Inl0
b ,\‘$%(2+1n35)

[ x<—%(3+ln$)

b x;]_‘ig_z
log$

> log0.3
log0.8

b 149
d 0.135

b 0.336
d -1.90

c 30 d
¢ 4 d

c 1.08 d

b li In7

d 2[In(4)- 3]



Answers

a logm y= %.\' +2

8 a 148 b 0.0183
¢ 405 d -0.432
9 a 122 b 5.70 ¢ 1.41
0.690 e 1.16 f 1.08
|
10 a }—.\'—2
2
b v=
’ ex?—1
11 a In3 b In2,In3
c In(—g—) | d In7
12 f"'(x):ln(x "‘2)
5
13 0.151

14 a x=e,y=~5~
e

b x=2In2, y=——;-ln2

15 —-—-<x=3

Exercise 2H
1 a lny=ax+b ¥Y=lny, X=x,m=a,c=b
b logy=ax—-5b,Y =logy, X =x, m=a,
¢c=-b
¢ lny=-blnx+Ing, Y =Ilny, X =Inx,
m=-b, ¢c =Ina
‘ d ny=xlnb+lnag,¥=Iny, X =x,

m=1Inb,c=Ina

e x2=-by+Ing, Y =x% X =3 m=-b,

¢ =1Ina
£ 1ny=~%1nx+1‘2—8,Y=1ny,X=1nx,
m=_4 - In8
T T

g Inx=-ylna+Inb, ¥ =lnx, X =y,
m=-1Ina,¢c=1Inb

h ny=-bx+lna, Y =lny, X =x,
m=—-b,c=1lna

2 a=66,n=-0.53
3 k=95n=042

3.
b y=100x102

5 a lny=3inx-2

b y==
b4 o2
. In3 In3
6 Gradient = —, y-intercept = -
= s ymereep (0’ ZlnS)
7 a Inm A
44
.
™
L J
3 . .
2 4
14
0 0 20 30 4 50
b my =50, k =0.02
¢ 35 days
8 a In(r-25=-nt+Ink
b k=45 n=008
¢c i 70°C
ii 34 minutes
iii 25°C

End-of-chapter review exercise 2

1 S log7
log2
2
2 p= g
3+g¢q
“{2)
PO
3ox log8
4 201
2log2 - log3
5 -}, —=—7
log2
4
¢ 3
7 K=739,m=137
8 i Proof ii 0,1.58
9 983
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10 i

2
i 3==

(x+2)4x +3)3x - 2)

=-0.360
3

11 3.8l

12 22.281

13 0438

14

15 K=173,h=1.65

Prerequisite knowledge

1 a
b
c
2 a
3 a
b

270

<Z
ud
=)
=Y

0
N
-1
3

2
31.0° 211.0°

2
2

30°, 150°, 270°

oI5

Exercise 3A

1

10

a

d

a2 e

LTINS R - PR A - A b T TN ~ PR e B~ A ]

[— 2

[¢]

>

2 b

S-4 6

<
|

Gl

h

S
é‘l [$S]

70.5°, 289.5° b
199.5°, 340.5°

T Sm

6 6

0.464, 3.61

28.2°, 61.8°

22.5°, 112.5°

60°, 180°

2.82, 5.96

-2.28, —1.44, 0.865, 1.71

ToaeT s T

-150°, -30°, 30°, 150°

51.3°, 231.3°
41.4°, 318.6°

T
2.76, 5.90

37.8°, 142.2°
24.1°, 155.9°

35.9°, 84.1°

~109.5°, -70.5%, 70.5°, 109.5°

~112.6°, 112.6°

-180°, 0°, 180°

~135°, 45°

~60°, 60°

48.2°, 180°, 311.8°

31.0°, 153.4°, 211.0°, 333.4
19.5°, 160.5°, 203.6°, 336.4°
60°, 180°, 300°

107.6°, 252.4°

27.2°, 152.8°

41.8°, 138.2°

13.3°, 22.5°, 103.3°, 112.5°
45°, 60°, 120°, 135°

97.2°, 172.8°

2n 4n
—_ n’ ——
3 3

o



o =3 o~
- w2 ST
A= ° 9 ) AN 3_6
5 g2 - I L N N7 ol
]
........... S AR 5
— e v
C o
X o= = _ﬁ ﬁ

llllllllllllllllllllll

x
9
8
b Proof
e Proof
h Proof
N
2
1
b 2+.3
J6 —
4
J6 +
4
16
65
36
85

...................... x, w ® @ v = = =
- 2|y F._oo
“ =
w3
o
3 2 ~ley _
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)
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=
o
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t-2 1
8 e A
Tl 8 2(1+u)s4x)
9 1 9 a Proof
2 1 b sin3x = 3sinx — 4sin’x
10 a — h 2
; 10 35.3° 60°, 120°, 144.7°
d -0.2
I a 2 b -02 11 a Proof b 4
2 )
12 a Proof b -30° 150° 12 a Proof b —:g’f, ’35 1; “f
13 a 19.1°,199.1° b 70.9°, 250.9° \ st onom St
. 13 a Proof b -2, -, =, ==
¢ 5.9° 1859° d 150°, 330° 6 66 6
14 a 384° 111.6° b 18.4°, 116.6° 14 a Proof
c 16.0° d 35.0° sin 360 = 3sinf — 4sin* O, cos20 =1-2sin’ 6
e 18.4° 26.6° f 74.1° ¢ Proof
5 -1
15 22.5°, 112.5° d ——
16 Proof 15 %rt_<9<%1£
2 2
S +gt -2
v A== 16 210° < < 330°
. 17  Proof
Exercise 3C
1 a sinS56° b cos68° c tan34° 18 a Proof
5 24 b 7 b 0°<x <<45° or 120° < x < 135°
a = 1
254 25 19 45° <@ <135 or 225° < < 315°
¢ 2 P _
7 117 Exercise 3D
3 a —2—%% b - %—23—2 1 a Proof b Proof ¢ Proof
7 24 d Proof e Proof f Proof
¢ 3 d 7 g Proof h Proof
4 a —% b %—;—? 2 a Proof ‘b Proof ¢ Proof
24 d Proof e Proof f Proof
¢ 7 d 2 g Proof h Proof
5 t;— 3 a Proof b Proof
6 a 14.5° 90° 165.5°, 270° 4  Proof
b 60°, 300° 5 Proof
¢ 48.6° 131.4°, 270°
6  Proof
7 a 30°, 150°
b 33.6° 180° ExerCise 3E
¢ 30°, 150° 1 a 17sin(6 - 28.07°) b 64.1° 172°
d 33.2° 90° 146.8° 2 a JT3cos(8+56.31°) b 12.6° 234.8°
39.2°, 90°, 140.8°
o onee o8 a0 08 3 a 17sin(0 - 28.07°) b 3829 197.9°
24.9°, 98. c 34



4 a 2J03sin(6-56.31°)
¢ 49,-3

b 80.9°

5 a S5sin(+53.13°)
-2

bis
6 a 2cos(9— —3—)

b 103.3°, 330.4°

b Proof

7 a 4J5sin(20 +26.57°)
b 66.9°, 176.5°, 246.9°, 356.5°
1

]
8 a 3cos(@+54.74°) b 70.5°, 180°
e 4
6
9 a ﬁcos(0+—}) b 2T32E
-=<k<J2
10 a 10sin(@-71.57°) b 32.3° 290.8°
1+ +/10, 80.8°
11 a 3cos(@-41.81°) b 41.8°
302.6°
12 a Proof b 5sin(@ + 53.13°)
c 115.3°, 318.4°
13 a J/3sin(8 + 609 b 84.7° 335.3°

14 a 10+5, 10-5
b 18.4°, 45°, 198.4°, 225°

End-of-chapter review exercise 3

1 Vi

34

W IO~ RR I

2 131.8°
JT5
8
4  0° 131.8°, 228.2°, 360°

3 —_

10

11

12

13

14

15

16
17

41.8°, 138.2°,194.5°, 345.5°

a Proof b 30°, 330°

Proof
b 61.3° 118.7°, 241.3°, 298.7°

i Proof ii 18.4° 26.6°

a Proof b 35.8°, 125.8°

i R=J10, a=1843°
ii 34.6° 163.8°, 214.6°, 343.8°
a Proof

V2

2
ii 15°, 75°
Proof
2J13 cos(9 — 56.31°)
52
R=2J13, a=5631°
ii 80.9° 211.7°
iii 60, 8

[ - ]

e

i Proof “ifi Proof

iii 0.322, 0.799, -1.12

Proof

60°, 104.5°, 255.5°, 300°

Proof b 21.8° 161.6°
Proof b 3sin(2x + 36.87°)
71.6°, 161.6°

[T B~ S

Cross-topic review exercise 1

1
2

I Y R S

[= -]

%<x<4

0.631, ~0.369

iox=1 i 0222
P2, 2 i ~0.569
A=85b=16

i 17 i 4177

i n=150,C=6.00
it #nlnx+Iny=InC islinearinlny and Inx.

—0.405, 1.39
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3
10 i —3,% i -0.161 (=24
3 3 | 3 x-5y=16
11 i a=-16 i =, -3
2 2 4 (0, 2) maximum, (2, -2) minimum

12 i a=-4,b=6

ii quotient = 2x ~ 4, remainder = -2 Exercise 4A

: . 200,

13 i R:m, a=71.57° 1 a (6.\’-—2)(.‘(-—2)4 b 5(2.x+1) (8,\+1)

i 61.2°,10.4° o 3x+4 a9

. 2Jxi2 25 +s
14 i Proof ,

i (x - 2)(dx +1) x(x-3)

i (x-2)dx 1) e X

iii 2 .

f (13x7 +2)(x? + 2)?

15 i a=6,6=-3 ) ) 2Jx

H o (x+DEx+D)2x =1 g (x=3)x+2)%Tx-11)
16 i a=-17,b=12 h 202x - )*(3x +4)3(27x + 14)

i 4 " N 2 2

H x=-3 x= T 1 i 203x° +D(15x* - 30x + 1)
17 i a=156=-10 2 -15

il quotient=x-1 x=1 x=2 x=-4 3 16x + y = 32
18 i u=19 b=-36 4 S

il (x+2)(x+3)5x~6), 0.113 s 3 3
19 i quotient = x? +2x + I, remainder = Sx + 2 _ ( >

. 6 - —

ii p=7,9g=4 ) 3

i x=-1 7 a VA

.2 " 9
20 i 3 ii — 30 8\

21 i /20sin(20 + 21.80°)

i 13.1° 55.1°, 193.1°, 235.1° IS 20143
i —
116 »
22 i a=2b=-5 0 ~
ii a Proof b 2
b 109 5° Exercise 4B
11 1
GO T EEe vangui sE b iy 1 TNy b ——bs
L A T AT TR | (x — 4)2 (2= x)?
Prerequisite kgowl}edge o AP -x+3) d 1
, 2xT-x+3) 5
; 2,6, 1 x <1y 2-5%)
_ a 15x°+ P + NF
5 1 _2@x+D _ 20
b —2—x4—4x~§—;—2- , (x +4)? (x* -1}

2 a 12(3x-5)



13x2 4+ 30x ~ 35
(x2 +2x+5)

. Answers

2+ 42X+ 12x - 1)

b (x2 +D*
1
2 2
3 (-6,-7),(,0)
4 (2, 1), (8,-5)
5 y=9x-4
—5x -1 x+4
6 a ——=—5 b —m~=
x(5x —1)2 2
23 G -1 (2x +3)2
Xxx*+1) d 5(x — 1)2(5x +13)
B 3 3
(x2-1)2 2(x +2)2
7 3
8 3y=x+7
9 a -3, 1,15 s
b33
Exercise 4C
1 a 5% b —de*
c 12e5¢ bood —15e
X
e 2e? f 2c27
2 30\/:
xex 73 h 2
B 2xe 2 N
i 5\/26' +2e72x i 6e>

/

u y=-x+2
3 .0283 grams per year

4 a xet+e* b 3x%e3 + 2xe
¢ e2(5-10x) d f—%_‘;fﬂ
. SEx-1) § _E€T@x+1)
x? 2xJx
3e*
g oy 5 h 3xe? + 3eb% + ¥
2x2%e” + 5xe” +2xe?  —e* -2
(e* + 2)?
4
> 7y
6 ( -1, - 1)
e
7 y=3x+3,(-1, 0)
8 (3,—¢*) minimum
9 (1, %) minimum
10 a x =0 minimum, x = 2 maximum
b Proof
1 1
11 x=l-— x=1+—
I x 7 x=1+ 7
1
12 - 2
(32)
13 Proof
14 3+3In3
Exercise 4D
1 a 1 b 1
X x
2 2x
¢ X+l 4
4 1
f
MY 2x-3)
5 1
g x+3 h 3- x
(s 2 .
2x -1 ) xlnx
K 1 1 1+ 5x
Vx (Vx -2) x(5x + Inx)
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Possible justification: In3x = In3 + Inx and
In7x =In7+1Inx

—(%c‘ (In3x) = dd_\ (In3+Inx)=0+ —)l: and

d d I
= X)= — (1 = =
; (In7x) x(n7+lnx) 0+¢

a l+Inx b 2x2(1+3Inx)
2X_ L n(2x 41 d 3(1+1n2
2x+l+“( x+1) ( n2x)

e 1 +In(nx) g 1zindx
Inx ¥

2

g —x(lnx)l

p 3= (x - 2)n(Gx-2)
x2(3x - 2)

2(4x - 1) -42x +DInRQx + 1)
2x + D(4x — 1)

5 ) =1ng2
1
o T >
1 2 3 4 s x
-1
-2
2
b =
7
-8

2+4Inl10,3+2Inl0

(5: i 2l_e)’ minimum

1 .
(e, — |, maximum
e

y=5x-5
5 3
P — e b —
? 2Gxo) 3x 42
1 5 2 1
—_ d e et
¢ x x+1 2x+3 x-1
. 3 2 1,1
3x-1 x x x-2

v 3)

& Y3 xv4 x4l
ho--2 1
x+1 x=2
oo 2 1
x+2 2x-1 x x+5
4x 9x2+2
11 ——m—— b ————
Y 3% 4 2x
c 2x-4
(x+D(x-5)
12 -5
Exercise 4E
1 a cosx b 2cosx -~ 3sinx
¢ —2sinx - sec? x d 6cos2x
e 20sec?5x
f —2(3sin3x + 2cos2x)
g 3sec?(3x +2) h 2cos(2x+-§)
) 7
i —6sinf 3x -2
1 bln( X 6)
2 a 3sin®xcosx , b —15sinéx
¢ 2sinx(l+ cosx) d 4sinx(3~cosx)?
e ]25in2(2x+16t»)cos(2x+%)
f ---12cos3xsinx+8tan(2x-—})secz(2x—%)
3 XCO8X + sinx
b 5(cos3x — 3xsin3x)
¢ x?sec?x +2xtanx
d cos?2x(cos2x - 6xsin2x)
e !5tan3x sec3x f secx(xtanx+1)
xsec? x — tan x I+2cosx
g ——m—— h ]
x (2 +cosx)
i (3x —=1)cosx — 3sinx
3x - 1)?
j —6cot2x cosec?2x
k 3(1-2xcot2x)cosec2x
) 2
sin2x ~— 1
4 a cosxed"* b —2sin2xetos2x



10

1

12

13

14

15

16

17

¢ 3sec?3xetn ¥

d (cosx + sinx)efsinx-eosx)
e (cosx —sinx)e’
f (2cos2x +sin2x)e”

e*(cos x — 3sinx)

=

x2(3 ~ xsinx)ets ¥

—tanx

-

j xcotx + In(sinx)
2(sin2x + cos2x)
k - 2x+1
o2
(1-2x)sin2x + 2xcos2x

1 2x

€
1
2J3-6
rr
6’3
Proof

a tanxsecx b -cotxcosecx
2
¢ -—cosecx

Proof

y=-133x+12.9

0.464, 2.03
T .
X =7 maximum
x==
T8
x = 2  minimum
12°
T . St .. 7
X = — maximum, X = — minimum, x = ——
6 6 6
) T ..
maximum, x = e minimum
0.452

Exercise 4F

1

dy dy
4 =7 2 , =2
a Sy ix b 3x"+4y i
1 dy dy
10x 4+ — — ) 2
¢ g y dx d cos) dx

IxT+2y
2 a -5
. 2x + 3y
c - 4x+ Sy
Sx+2y
zy(exy2 + 1)
e e
3e¥y? +2
4
)
g 2 - 3xy?
11
3o
4 3
1 9
S y= -4- X - Z
6 y= % x+ g
7 a Proof
8 a (4,18),(4,-2)
c y=4x+2
9 a Proof
44
10 - 7
11 (6: _3)1 (_2; 0)
12 5x-8y=1
13 ¢!
14
Exercise 4G
1
1 a ?l-

e 18x%y? d +12x)3
Y s :

" Answers

f 2y%+.x%+y

dy dy

X2 = Tx === Ty +3p? ==

g I -Tx gt T,

h xcos;«'%+siny—ysinx+cosx-§£
3 dv

i 5—92—+3.x21n,v
y dx

dy

i —2xsin2y <L 4+ cos2
i xsin2y dx y

k 59'—;i+e"cosy—

dx

. . d
1 —2xsinye®™" —=
dx

4y | evsi
dx +evsiny
1y + 2eSosy
5-2xy
p 2=
x> +2y
g 221y
x
D S
f 2xy* + x
h y(Sxy + 1)
x(2 - 5xy)

b (-1,5).(,-5)

b Proof

b (,2)

(—4, —8) minimum, (4, 8) maximum

2-2sin26
cos 26
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sin 26 d
1-cos28
sin@
- f
€ sec? @
2sec? O b
g —
sin28
1 2t
=t 3
i 2te (t+3) )
K 5(1;1) I
t
1
2 -3, =
3
3 373
4 (2,4)
5 x+y=2
6 a Proof b

7 a Proof b
8 a Proof b
9 y=- % x+4

10 a Proof b (1,2)
11 a Proof b

4cos26
3sec?

sin26
smé — 2sin26
21 1

-€

2e!(t +3)
4

Jt

(64’ 'i" - I)
.
(1,2)

6, minimum

¢ Proof

Proof

End-of-chapter review exercise 4

1 i Proof ii
2 i 4 ii
3 i Proof ii

iii (e, 4e7* +13)

4 i 5 i
5 i Sx+4y-6=0 i
6 i Proof ii Proof
7 y=866x-253
8 i Proof ii
i — 12
9
9 Sx-9y+22=90
T J R — i
JI—-x (x + l)i
11 . —cost

dx

(1,6)
2

25

Proof

-3
Proof

iii (-3, -2)

0.294, 1.865

SRR

12 i Proof i (5.47,0.693)
13 i Proof ii A=35¢=68

Prerequisite knowledge

1 a 6cos2x+5sinx b Se’¥-2
2
2x +1
2 Proof
Exercise 5A
1 a % e2,\' +c b — % e~4x +e ¢ 2(33"‘ e
L
d 8e? +c e —2e"+c
l 2x+4 . l Iv-1
f S e e g 3¢ He
h 223 +¢ i %es\ ----- LR
2 a x-et+c b %e‘(e“’+8)+(
e4x
c x-«ez"+T+c d x—-2e?¥ ¢
e —21— e ¥ (e¥ —d)+ ¢ f x-2e4de " 40
3 a Lo b L1
3 4
L 1
Y d ~e(e®~-1
¢ 3 ) ( )
e 4e—fl f l(,3+4e+ez)
€ 2
g 1"12— (=17 + 6e% + 8¢3 + 3e*)
19 25 9 1 2
h -2 - =5+ 2e2 [ 2=
2 22T b3 264 o2
4 y=3M-2eV+]
5 y': 53"“2" + 2)( _ 2
] 1
6 ?2-(4—~—C—3~+e)
3
7 4e2-4
8 a Proof b 1+2¢
9 a 7-2e% - 5e¢ b 7



10 6-7In2
11 a1l

Exercise 5B

1 a 6lnx+ec

c %ln(Bx +D+e¢

e —%1n(2—3x)+c

7
] —
2 a n2
c 2ln]—2
2 3
e ~—3—1n—7—
2 53 14
3 a ]2+3‘ll’l"‘5—
¢ 4+ 1n8l
4 a A=2
5 a
b Proof

6 y=x+3In(x+e)-3In2e

7 k=4c2-3
8 (2In2, 2In2-13)

Exercise 5C

1 a ——;—cos3x+c

X
¢ —-2cos - +¢
2

e %sin3x+c
g —%—sin(l——Sx)+c
i %tan(Sx -2)+¢
J3
2 ——
A 7g
J3
€5
e 123
4
3 a xcosx

p = \‘+§cos2x~£
yEATRE 4

15 I N

b

o

b

Proof

ilnx +c

2
IIn(2x-5)+c¢
i%ln(Sx -D+c

%m
1. 17

29
-In9

Ing—z
25

Proof

Quotient = 3x + 10, remainder = 50

%s}in4x+c
~-—cos2x +¢
12osx c
~tan2x +

S tan2x +c

- %Cos(2x+ N+c

1
2
sm_
2
1
g( 37[—3)

y=3sin2x +2cosx —2x+ 1w~ 3

10

a

Answers

y= 5—2cos(2x-—§)

b x+2y=10—2\/§+—§

o

2tV

21

4

a %(\/3—1) b Proof
a -i—(\/?-—ﬁ) b Proof

Exercise 5D

1

4
5
6
7
8

9

10 a Proof c

—3-x+§sin2x+c
2 4 ’

2x + 2sinx + ¢

1 X - isin6x +c
2 12

2tanx - 2x + ¢

2tan3x - 6x + ¢

. 1.
sin2x + ——sindx + ¢

32
b 2v3-2

|3 oolw
*
“+
H|—

i

&

+
a|la *®
)
+
a

2m - 3J3) f

Bl- 2 mfty

(2n—5\/§) b

(2 + 5m) d

oo | —
W
(%)

1
74 (27 +1143)

Proof

—

Proof
Proof Proof
Proof Proof

Proof Proof

T > T o T

Proof Proof

5w
n(2+—4—)

b

Proof
Proof
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Exercise 5€ i 14 i Proof it xsinx i |
I a5 b 17.09 ¢ 092 15 i Proof ii Proof
d 5.61 e 040 f 7.68
2 155 Ceieig : .
3 a 676 Prerequisite knowledge
2
b Over-estimate since the top edges of the strips 1 a 7—,/% b —48.7505...
all lie above the curve N )
‘ ¢ 0.223130 d 5.405465
¥
y—13 y+7
2 = = ]
a x 7 b x 3
1Ny 7 s 1+ y
P T €= 27
[ S R S B
HE I 3 Proof
0 T

12
R

4  1.77, under-estimate since top edges of the strips

all lie below the curve 5 a A
5  4.07, over-estimate since top edges of the strips
all lie above the curve /.
. . 0 x
End-of-chapter review exercise 5
1 Proof
81
2 12 +In ( 35 )
3 1.8, under-estimate since top edges of the strips b oA '
all lie below the curve
1
4
]2 T ‘;
S Proof 0 n X
-2
| _ i 2
6 a g(19~15e 2k _ 4em¥y 4\/\/
19
b =
6
7  Proof c A
8 a A=-20 b Proof /
9 i Proof i Proof PY W ™
10 a 12"+ % e+ ¢ b Proof
R .. 5 1
11 i Proof i on+ o 164
12 i Proof ii Proof

iii —-]-cot‘c+c
3 A

13 i %taan + ;— X+ %sin4x +c¢

ii In(16e%°)




Answers

p=xt+5x2

=Y

o
3 points of intersection, so 3 roots.
b YA b Let fix)=x*+5x2+2x~5=0 then
" f(0) = 0% + 5(0)> + 2(0) - 5 = -5 and
ol 1 2 “x f(2) = 2% +5(2)* + 2(2) - 5 = 27. Change of
sign indicates presence of root.
3 a YA
J o= .\3
c YA 1
1.4
({ 2‘,{ “x y=1-5x

One point of interscction so one solution only
of x> +5x~1=0.

b Let f(x) = x® +5x—1 then

Exercise 6A f(0.1) = 0.1 + 5(0.1) — 1 = ~0.499 and °

I a f(0.5) = 0.5% + 5(0.5) - 1 = 1.625. Change of
sign indicates presence of root.
4 a YA y=3x-4
¥ =lIn(x + 1)
1 /0 4 %
3
b 2 points of intersection so 2 roots. /
¢ Let fix)=x*~JI+x =0 then
(=)= (=) - T+(=1) =1 and b In(x+1)=3x-4 in2 places and so
f{0) = (0)* - ¥T+0 = —1. Change of sign In(x +1)-3x+4 =0 has2roots.

indicates presence of root.
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One point of intersection for 0.5 < x < 0.5
and so only one root in this domain.

8 a YA

=Y

~Y

/% 0

Graphs intersect at 2 points, so 2 roots.

. . . s
. ) One point of intersection for —2n < x < — —
b Let f(x)=e*—x—6 then P >

sinx

f(2.0)= €2 —2~6=-0.610... and and so only one root of 1 = >3 On this
X
f(2.1) = e*' -2.1~6=0.0661... Change of domain. Also, should x be less than -2 or
sign indicates presence of root. should x be greater than - % the line and
6 a Letf(x)=(x+2)e’-1=0 curve will not intersect again and so this is the
then f(0) = (0 +2)e® —1=land only point of intersection of y = :in:g and
f(-0.2) = (02 +2)e" ~1=-0337 ... y=1 -
Change of sign indicates presence of root. sin x
b Let f{x) = ——= ~1=0 then
b yl\/y:eix 2x+3
- ()= Sn(=2) .
f(-2) = 213 1=-0.09070 ... and
* in(-1.9)
Sin{—1I.
- » el N = - = . Bt f
o x f(-1.9) 3843 1=10.1828... Changeo
sign indicates presence of root.
9 a YA
y= 44y
Graphs intersect at 1 point, so 1 root only.
7 a Let f(x)=cos™! 2x~1+x=0 then
f(0.4) = cos™'(0.8) — 1+ 0.4 = 0.0435... and 4/
£(0.5) = cos™' 1 -1+ 0.5 = -0.5. Change of » e
sign indicates presence of root. y=T7x+4
b YA One point of intersection for 0 < x < 5 and so
only one root.
n

b Let f(x) = x* ~3x — 4 then
/4 f(2)=2%-3(2)—~4=-2and
f(3)=3-33)-4=14

2 Change of sign indicates presence of root.

/4




10

11

12

YA

/

Two points of intersection, so two roots,

Let f{x)=2" —~x—-4 =20 then

f(2.7) = 227 = 2.7-4 = -0.2019... and
f(2.8) = 228 = 2.8 -4 = 0.1644 ... Change of
sign indicates presence of root.

y=x+4

<Y

YA

y=cotx

v
I
X

o

I

One point of intersection so one root.

Let f{x)=cotx—x? then

£(0.8) = cot 0.8 — 0.8% = 0.3312 ... and

f(1) = cot1 - 12 = -0.3579 ... Change of sign
indicates presence of root.

YA

3 points of intersection for 0 < x < 2rn and so
3 roots.

Let f{x) = x —tan2x = 0 then

f(2.1) = 2.1 -tan4.2 = 0.3222... and

f(2.2) =22 -tan4.4 = -0.8963... Change of
sign indicates presence of root.

13

14

15

YA
¥ = cosecx

y=sinx

2 points of intersection for 0 < x < 2x and so
2 roots.
Let f(x) = cosec x - sinx
t(—B—E ): coseczzt— - sin n 0
2 2 2

225 =471 correct to 3 significant figures.

f(x) = 20x* +8x2 — 7x - 3 and so

f(0.5) = 20(0.5)* + 8(0.5)> = 7(0.5) - 3 = =2
and f(1) = 20 + 8 - 7 - 3 = 18. Change of sign
indicates presence of reot.

YA
y=(5x-3)2x + 1)

=

Proof

T
800 = 3 5+ 1r(20)

f(r) = nr? + 30mr? — 1200 = 0 and

f(3) = —266.946 ... and f(4) = 509.026 ...
Change of sign indicates presence of root.
Or a suitable pair of graphs drawn.

Exercise 6B

1

a 1.1338, 1.1085, 1.1276, 1.1133, 1.1240
b 112, R1.115)=(1.115)* +5(1.115)= 7

=-0.0388 ..., f(1.125) = (1.125)% + 5(1.125)~ 7
=0.0488 ... Change of sign indicates presence
of root.
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a

10

f(H=In2)+2-4=-1306...
f(2)=In3)+6~4=3.098 Change of
sign indicates presence of root.

1.535

Proof

0.7231, 0.6142, 0.6584, 0.6387, 0.6472,
0.6435, 0.6451, 0.6444, 0.6447 s0 0.64

Proof b 0.5382
Proof b Proof

I
15
0.24207 - 0.242

or % = 0.24656, 0.24311, 0.24233, 0.24215,

0.24210 — 0.242
or 0.2 — 0.23224, 0.23982, 0.24157,

0.24197, 0.24206, 0.24209 — 0.242

0.6325, 0.8345, 0.7416, 0.7885, 0.7658,
0.7771,0.7716, 0.7743, (0.7730, ...) - 0.77

5524 2x 5= 0

Proof b oy, =4l+x,

1.2574,1.2258,1.2214,1.2208, 1.2208... — .22

— 0.23448, 0.24034, 0.24169, 0.242 00,

1
sin x,

ST _—
Nyl = SID ('\:"2") or X, =
vn

X = sin“’(—l—,) - 0.4605 ..., which leads to
2

mverse sine of a value > 1.

x = \/—L ~ 1.00125, 1.08970, 1.062 10,
sin.y

1.07004,1.067 69, 1.068 38, (1.068 18,1.06824,
1.06822) — 1.068

2.0794,2.1192, 2.1390, 2.1489, 2.1538, 2.1563,
2.1575,2.1581 - 2.16
x?=e" -4

Proof

- 1.5,1.2603,1.3713,1.3186, 1.3434,1.3317,
1.3372,1.3346,1.3358,1.3352, ... - 1.34

or 1.4 — 1.3053, 1.3497, 1.3287, 1.3386,
1.3339,1.3361,1.3351, 1.3356, ... — 1.34

or 1.2 — 1.4007, 1.3050, 1.3499, 1.3286,
1.3386,1.3339, 1.3361, 1.3351, 1.3356,... — 1.34

11 a YA
6 r
5 1=(2)-1
41 A
34
2]
1
> Zl1 234546 7x
2]
-3
vEx 4
.5
In(x, +1)
b eg y = 0% +1)
CE T T
¢ A(3.94,3.94) 5 04 = 5.6
12 a 33-3r b Proof
¢ Proof

d 8-5 8.05869, 8.03200, 8.04419, 8.03863,
8.04117, 8.04001, 8.040 54, 8.040 30,8.04041,
(8.04036, 8.04038), ... — 8.040

e The radius of the cone that would give a
container of the required volume

.3
B oegx,= Mt o3
X1 =171 = B = 698
14 a Proof b Proof

¢ 09082..., 0.9015..., 0.9069 ..., 0.9026 ..., "
0.9061..., 0.9032 ..., 0.9055 ..., 0.9037 ...,
0.9052 ..., 0.9040 ..., 0.9049 ... —» 0.90

d eg x,,, =tan” (———1——-) - 0.9063 ...,

s x,,
0.9038 ..., 0.9048 ..., 0.9044 ..
0.9045 ..., 0.9045 ... , — 0.90
Exercise 6C

1 a Proof

b eg x, = §+ e;‘ with x; = 1.5 - 1.574681,

1.567522, 1.568184, 1.568122,
1.568128 — 1.5681



Proof

eg. 1.5 — 1432164, 1.407497,1.398 602,
1.395404, 1.394256, 1.393844, 1.393696,
1.393643 -» 1.394

(8,-6)
Proof

e.g. x| = g — 1,0.9093, 0.9695, 0.9330, 0.9567,
0.9419, 0.9514, 0.9454, 0.9493 — 0.95

Proof b Proof
0.3 — 0.257594, 0.273768, 0.267 462,
(0.269900, 0.268954, 0.269 321,
0.269179) - 0.27

d 0.00730 correct to 3 significant figures

End-of-chapter review exercise 6

1

a 1.5-1.5397, 1.5546, 1.5606, 1.5632, 1.5643,

1.5647, 1.5649, 1.5650, 1.5650, ... — 1.57

4
x:g(x+—17)——>7x=6(x :—1)—9
x X

7
Txt=6x'4+6->x'=6->a=46

1, 2 b Proof

e.g. 1.5 — 2.1985, 1.7717, 2.0039, 1.8688,
1.9445, (1.9011, 1.9256, 1.9117, 1.9196) —» 1.9

Proof

fix)=e* <14+ x> =0 - (0.5) =

0 144 (0.5) = -6.4859 ... > f(1) =

e* M — 14+ (1)* = 7.08553 ... change of sign
indicates presence of root.

Proof

In(14 - x,3) ~ |
€.8. Xy4y = _('_Z—J“—

x; = 0.75 — 0.804230, 0.800597, 0.800858,
0.800839, 0.800840, ... - 0.8008

with

1 — 1.1825,1.1692,1.1662, 1.1657,
1.1656, ... — 1.17

Proof
Proof b 3and4

3 — 3.09861, 3.13095, 3.14134, 3.144 65,
3.14570, 3.14604, 3.14614, 3.14618, ... — 3.146

x =5 =3.146, y = logs 3.146 = 0.71

10

11

12

Answers

Proof b Proof

e.g. 1.5 - 1.3083,1.3689, 1.3495, 1.3557,
1.3537,1.3543,(1.3541)),... —» 1.35
-1.35

In(3x +5) e8¢ ]a <
LUCLSE) I )
[ 3 T3y =0

0.2-0.164717...,0.165896...,
0.165857 ...,(0.165858 ...),— 0.166

Proof

I — 1.06366, 1.07202,1.07311,1.07324,
1.07327 — 1.073

Proof

f(8) = 6 — cos™! \/—?2—12 =0 - f(0.8) =

0.8 - cos! 32(3(’;8) = -0.11882... , f(1.2) =
1.2 - cos™! 32?:2) = 0.1475 ... Change of

sign indicates presence of root.

1 - 0.99715,0.99622, 0.99592, 0.99582,
0.99579, 0.99578, 0.99578, ... — 0.996

e.g. flx)=e"? ~sinx = 0 — f{0.155) =
e®1%5-2 _5in0.155 = 0.00364 ...

f(0.165) = €*'-2 _5in0.165 = —0.00463 ...

Change of sign indicates presence of a root.

e.g e = sinx (take logs to base e) —
x—2=In(sinx) = x =2+ In(sinx) -
¢ =2 +In(sinq) when x = q.

e.g. 2 —1.9049,1.9431, 1.9290, 1.9344,
(1.9324, 1.9332,1.9329, 1.9330, 1.9329,
1.9329) - 1.93

Proof

eg 1.2 51.29439...,1.23493...,1.27370 ...,
1.24893,..,1.26498 ...,1.25467 ey
1.26133...,1.25704 ..., (1.25981...,

1.25802...,1.25917...,1.25843 ...,
1.25891...,..) > 1.26

Proof

Proof
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13

14

¢ eg. f(x)=secx—(—g »—x)(%—-fx)

b4

f(~0.215)=sec(-0.215) —(—- +0.215 )(g—-— 0.215 )

2
= 0.00495...

£(~0.205)= sec(-0.205) —(-’23 +0.205 )(% ~0.205 )

=-0.00928...

Change of sign indicates presence of root.

d 1 — 0.4102, 0.6822, 0.6936, 0.6913, (0.6918,
0.6917, 0.6918, ...) — 0.69

a Proof
b 0.2 — 0.30889, 0.31470, 0.31509
0.31511 — 0.315

a [xlnx——x]‘lJ =5

b 5 — 559201, 557241, 5.572 39,
5.572 39 — 5.572

Cross-topic review exercise 2

1

Proof

rr

6’3

i Proof it (In3,-2)

i Proof ii 2x-5y+8=0
a 0.11

\x’_
0 ( N
ii Proof iii 4.84
i Proof ii Proof
i Proof
i 1.854

9

10

11
12
13
14

15

16

17
18

19
20

21

22

dy _
dx
ii e2*>0and(l-tanx)?=0

i e—2x (SCCZ x —2tan X) = 6—2,\‘(1 - tanx)z

ili x = 1 n

T4
i Proof
i a 242 b 3
(~3a, -a)
i Proof ii Proof

i Proof it y=—=x+—

11 5
L1 g GS
) "%

i Proof ii Proof
iii Proof iv Proof
i Proof ii (2,3) jii —»g—

ge — 14

(=2, = 1), (0, 1.44)

0.678

i a=9 ii
i Proof ii
i Proof ii
i a x-3¥+¢

3sin2x  3x
2 er 2

b 4 2

ii 4.84

+C

R

ii Proof ili Proof iv 1.26

ORLQEeC Y

(0] »
x

ii Proof
iiia 066
b 248



23 i

Boolwv

Proof b (-5.15, =7.97)
24 i Proof

ii a 1.11,2.03
1
b =3
2\/_

25 i Proof

. 3.1
ii a -0.572, 0.572 b 3211:+4

26 i Proof ii Proof
27 i 0.362 or20.7°,1.147 or 65.7°
i 33
28 i Proof - i Proof iii 2.728
29 i Proof il a=2,b=-1
iii 4-3V2

Prerequisite knowledge

1 a 4=6,B=-3C=-9
b A=, B=—§, C=4

2 a 1+14x+84x?

b 243 -810x + 1080x2

3 Quotient = x — 5, remainder = —11

Exercise 7A

20 3
4+ b 2-
Lo de s 3x+2
1 7
2 7
¢ 2x7-x 2 20x+0)
X+ 7
4 x+2- 53
e 7x+2+30—;Hil f x2+1- 26
x< -5 x“+1
2 A=1,B=4,C=12, D=29
3 A=1,B=-1,C=6D=-6E=5

4 A=2,B=3C=-1,D=6

4 a 2+

[~}
»

~
m

Answers

Exercise 7B

L oa b2 5__3
x+3 x-2 x-4 2x
7 6
x—1 3x+1
1 1
2(x-3) 23x-5)
e 2,3 __4
x x-1 2x+1
2 2 1

2x+3—x+2+x—3

2 4
x+2 (x+2)

3 4 2

2x+1 x+1 (x+1)
2.3 1
AR T

S . 4 1

2x-3  2x+1 (2x+1)?

3 3 ., 3
16(x+2) 16(x—-2)  4(x -2)°
2 2 7
T9x+2)  9x=D T 3xo1

23

3 a —-

x  x?+1
3 2
+—=—
2x+1 x*+5
2
3x+5 2x?+1
7 3
2x2+5 3x-5
3 2

x-1 x+2
7 7

1+ -
4x-2) 4(x+2)
x =1

5 A=2,B=-3,C=4, D=~

Qx-D(x=2)x+1)
5. 3 . 1
2x-1 x-2 x+1

2x + D(x-3)?
2 1 3

2x+1 x-3 (x_3)¢
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8 aa=-45b=-3
Cx+D(x+3)}x-1D

6 32 10
c - +—
x+3 2x+1 x=1
l 1
9 2
a x x+2
31 b 3n+s
2 (n+l) n+2 2n+ D(n+2)
A
2
10 Telescoping series —-l[l— ! + I ]
ping Y PR TR
1
S, =—
4

Exercise 7C

1 a 1-2x+3x2-4x|x <1
b 1-3x+9x% = 27x3 | xl <%
¢ 1+8v+40x? +160x7, x| <
d 1—%x+;—x2—;51—.\'3,|x|
e 1+x~——;—x2+%x3,|x|<
f l~x~-—x2—%x3,|x|<§

g 2+16x +96x? +512x3,|x1<%

A

[3%] N | —

O | e

h 1-0x+42x2 —152x%, | x] <%

° 5 2 3 1
2x+ = xt+4x, x| <o
i 1+2x 2\ x| x| 3

2 a 1-3x2+6x4|x] <]

2, 4, 1
—Lxro2 <
b i-3x-gxhix<g

c 1—6)(2+6.\'4,|x|<%
15 3,13 4

3 2+43x+5x7 +x
4 a Yes,(3x-1)2=(-1)2(1-3x)2=(1-3x)"72

b No,v2x—1=+/=IJ/T=2x and J-T isnota

real number.
5  —1-6x—24x* —80x3
6 Proof

177
7 k=
2

11 a a=8 n=-3 b -5120x°

11 35 1o
AL xrZxto— X xl<2
1 a ) 4x+l6x 8\ | x|
12 4 , 8 s
L I . N
b st st M)
1 I, 1
P ey x2 - X, x| <9
€ 3-pxmge X gy ¥ X
1 1, N 8
Ihdx o242 x <
d 24 g x -t o <3
4 4 8 , 40
A b S 3 x| <3
e SrH57 Xt ¥ 1l
LIS [N . S S NP
125 625 31257 31257 70 T2
1 1, 3 4
_——— — x| <2
A +16x,|>c| J2
L o 1 4 8
b 2——:4—); —3—2')»‘ X <\/—;
9f—l§£.x2+L5—J——§-.x4,|,x[<ﬁ
2 8
25 23 67
12 p =22, 3
3 ¢t Tt
4 a feliileicexar?
2 47 877 T
b -;——141):+282x2,|~c|<%
75 125
:2 Egpus R
5 a , b TR
6 a=-2
,
7 a l~—‘—'—+i,——§3— b Proof
X X X
Lx 0
2 48 16
d i%t<lgives x<-2orx>2, ;;;‘<lgives

-2 < x < 2. The two ranges do not overlap.



Exercise 7E

1

2 3

a T-x 1+2x

b ~1+8x—-10x% +26x*
2 1 3

a

1-3x  1-x (l-x)?
b x+10x2 + 433

5 + 3x-1
I-x  1+2x2

b 4+8x+7x2 - x>

a + 6 + 3
1+2x 2-3x
237
b Pantuii
8
. 3 3
x—4 x+3
7 7 91
LR TR
. 5 1 3
x+1 x-2 (x-2)°
15 69
b Y 6x 16\

End-of-chapter review exercise 7

1

10

11

1+ 8x +40x2 +160x°

1—2x—4x2-@x3
3

2—7x+18x?
1+2x— = x?

34202 135 4
1 2x+ 2 X 6
2.2 B
2 27 8’
LIV IV E I
2 16 256
A:—8,B—-4,(-%§

A=5 B=3C=-2

2 5S5x-3

T
A=3 B=-1,C=2 D=2

12 2- 9 _ 23
52x-1)  S(x+2)
13 k=16
1 3 12
14
x+1 x-3 (x-ap
ii i—ivc+i1c2
3 9° 3
1 3x-1
15 -
x=2 x*+3
n 6+4x+72x
16 1 +2x+l

5

Prerequisite knowledge
1 a 3cos3x
c 5
5x-3
2 a -;— ey e
c %ln(i;x -2)+¢
3 a 3 + !
2Ax+3) 2Ax-1
5 5 5
¢ =~ + s
x x=-1 (x-1)
Exercise 8A
2
1 [
T
c 3
x2 49
R 2x
x*+1
X -
2 a -;‘2":.—_'-1‘ + tan ! X
b 2Y- (4x% + 1) tan' 2x
x*(4x? + 1)
of 1 -
c e (—;2»:? + tan 'x)
3 x-4p=2-n
4 3+m

Answers

b 2xex'+!

d 2sec?2x + Ssinx

1.
—sindx + ¢
8

tan3x + ¢

o
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Exercise 8B
1 a lmn"(ﬁ) b

3 3
|
[ Elan (2x) d
e —\gtan“'[z—%@}:) . f
n 7
i h _
2 a3 4

Exercise 8C

1 a 2ln(x'-1+c¢ b
¢ 2In(x* -5x+)+¢ d
e —%ln(2—x2)+c f
1 3
—In] = b
2 a 21n(2)
c %ln(—sz—) d
e %lnz f
3  Proof
4  Proof
5 p=+et-1
Exercise 8D
1 JxI-3+c¢
Ix+2
— T b
CR T T
6
c —S}-rlé—{+c d

e x+—;————;—1n(5x+l)+c

3

2 3 9 3
= -2+ —= c —1)2 .
f Bx-D2+ > (Bx-1)2 +¢

a5

P g

4 a% | b
e 2mn(3+2v2) d

—‘?mn"'(-if— x)
(M igg‘ 14

In(1+sinx)+c¢
In(sinx) + ¢

In(l+tanx) +¢

1 3
—g(1~2x2)2 +c

3
%—(e“' +2)I+¢

18In3 - 16

2J2

Exercise 8E

1 a

g
i

a

l1 SIS,
2 M2 7%

3in(x+2)~In(l-x)+¢

21n(2x% - 9x = 5)

1

In(x —3)+ 2tan™ x +¢

-

2-x

Sin(x+ D+ In(2-x)+ + ¢

2x =3ln(x~D+In(x +4) +¢

In2 b

n 27 ]

m3
16

T

Z+ln2

In10
7
—(n—-4
d 1O(n In3)

f %(n+ In4)

g
é+ln4 h 2ln%—§

2
9 1
In=- =
373

1+lnlé b 4-In— ¢

5 5 2-In2

Proof

3
4  Proof
5
6

Proof

Exercise 8F

1 a
b

C

3xe* - 3e* +¢

XSInX +COSX + ¢

-;—lenle—‘lix2+c

%sin 2x — %xcos2x +c



T 4 1 4,
e 4xlnx ]6x+c

f 2JxInx—-4Jx +¢

1
— (n=2
2 a l8(1! )

1 3
b ln16—-2—1n?.—z

c i—(ez+1) d In27-2
e é..._z_. f _8_
9 9¢? 25
1
- 12 A2
3 a 2(1n2-1 b = (n’-8)
¢ n?-4 d lez
4
e 2 f i(l+c")
2
4 a Lasaey b
9
1 26
[ 5 d 2___(.:.&
5 i1:(::“—5)
4

End-of-chapter review exercise 8

1 1_1

4 2°¢
2 4(nd-1)
14
3 =
9
4 i Proof ii Proof
5 i Proof i %n——l/;-
6 i Proof ii 15In5-4
s ;L1 )
Y+1 x+3 ii Proof
iii Proof
8 a 3x+%tan2x+c
1 1 1
2 — | ——
b 8nJ§ 3 n(ﬁ)
9 i Proof il Proof
10 i J5-1 ii 24 -3¢

11 Proof

] . 15
i [e~3, __I_J ii 41112-Tg

i x=32 il p=340

Cross-topic review exercise 3

1

10
1
12
13
14
15
16
17

18

19

20

21

1+15x +135x2 + 94553

Ll 3
2 8 64"
n-2
l+5x+§x2+%%x’
Proof
i 1+2x+6x2 ii 5
a=i—2~ i 1= Ix 4 52
2 2
i Proof ii 8+2ln—21—
Proof _
a Proof b Proof
a Proof b 6.56
i Proof i 2e2-10
. 3 4x .
i 2——x+ZTx_2 it Proof
i Proof ii 194
. 1 3 i
i + -
3-x 2(1+2x) 2(1+2x)?
T
3 97 27
i 21 3
I-x 2-x (2-x)
T
4 2 16
3 6x +1
a —————
x-1 2x2-1
b -2+3x—-x?+9x3
I 15
A==, B=4 C= ===
5 ,C=2,D >
b Proof

N0 U I R (S
I[Jé_, 26) 119(2e+1)
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22 i Proof i

23 i Scos(6 - 0.6435)
ii a 180,577
b 2tan(@ - 0.6435)+ ¢

N UL S
SR

Prerequisite knowledge

1 36.7° (correct to 1 decimal place)

2 a y——-%x—l b y:—;x—()'

_ 3
3 a 4cm b -‘[—6—1~
2
4 (2,12
Exercise 9A
| a dB- Eﬁ:[g)

\ m_m(g)—(.‘fH"?]

3 DR=PR-PO=PR+QP=0P+PRQED

4 a W:bfaandﬁ'(_z,:zb—Zazﬂb—a)
BC is a scalar multiple of XY, therefore BC is
parallel to XY,

1

b =3
12, 3
5 a 2 b | 4
0 2
6 a i q+s—p i it p—-2q-r-s

b -Forexample, angle AHC = 45° (Interior angle of
a regular octagon = 135°and angle GHC = 90°)
and the exterior angle (at 4) is 45° and so the line
segments 4B and HC are parallel.

k=142
7  Proof

Exercise 9B
1
L b A=3
1 a 7= (347K
2 ad=2 b ON = 6i+ 4j+ 2k
2. 2. 1
C '3°l+§!+§k
-6 2 -8
3 a i I—A—D’l=|d—al= -6 {~{ 2 lj=|1 -8
0 0 0
= J128 = 82,
13 2 11
|4B|=jp-a|=|| 5 |-|21=|] 3
4 0 4
=2+ 37 + 47 = J146,
5 13 -8
|BE|=]e-bl=|| -3 |-| 5 ||=|| -8
4) 4 0
=82,
5 -6 3
|DC|=le-d|=|| -3 |-| -6 ||=|] 3
4 0 4

IR = T

ii Opposite sides are parallel and equal in

length.
1 |2 1 7.5
b i OM=0A+§AB= 2 [+=1 3 |=| 35
0 4 2
so M(1.5, 3.5, 2)
i 5?:5%%35
13 1' -6 13
=l s |+3 -6 |-1 5
4 L 0 4
13) -19 ([ 20
= 5 +§' ~11 =§ 4
4 —4 8




4

¢ PO =9i-

a |2i+6j-4k|=VE+36+16 = /56 = 2JI4
b |04]| = VT+4725 = V30,
|0B] = S5FT6+1 = V36 and 30 + 26 = 56
%xﬁﬁxﬂ:ﬁ@g
16+(q-2) =22 andso g =2+ 5.
a 25cm
b ON = 9.6i + 20j + 4.2k
V4+25+ a7 = i+ (1+a) + (3 sou =9,

a OP = A0Q and using the y-component, A = —;:

Hence. —6k=i(2k+n) k:—-;—' and

checking 8(1+ k) = — ( 32k) gives k = — 1—

N

3
b oP=| -2 |=3i-
4
12
-8 | =12i~
16

2j+ 4k and

¢

8j + 16.

6j + 12k and

|PO| = JoT + (<67 + 127 = 35

0}
Home is the null displacement | 0 | Total

13 0
vector sumis| 8 [soto gethome the
0
-13
displacement is| -8
0

. The distance home is

104169 + 64 =153¢cm , correct to the nearest cm.

Exercise 9C

1

a a-b=0,alb

12 .
W)-Sl-“

c e-f=0,elf

b 6= cos"l(

OB - 04 = (=5)(1) + (0X7) + (3)(2) =
|04| = v34.|0B| =

Answers

BOA = cos“( 7?%/57) = 88.7° correct to

I decimal place.
6a+(-2X4)+(5)~2)=0a=3

a Sk?-3(k+2)-(Tk+9)=0
5k2-10k -15=0 k* =2k -3=0
(k+I)k-3)=0>k=~lork=23

. [0 2
b OP=|_3|,00=| 4
23 -1

OP - 00 = 10(2) + (-3)(4) + (23)(~1) = —15
|OP| = 107 + (=3)7 + 237 = V638,
|00| = 2T+ @+ (C1)F = val
— @ = cos™! \/(')T\/—-)—9740
NP = 2j+ 3k and MP = —3i - 2j+kandso
NP MP = 2( -2)+3(1) = -1,| NB| = VI3
|32P| = via
NPM = cos"( J:J—) =94.2509... = 94.3°

a-j=(4)0)+(-8)(1) +(1}0) = -

[a] =4 +(-8)2 +12 = BT =9 [j| =1

0= cos“‘(:—g—g) =152.733... = 152.7° correct to
1 decimal place.

a-bis ascalar and the dot product is a product of
two vectors.

a OM =2i+4j+4k NG = —4i + 3 + 4k

b OM - NG = 2(~4) + 4(3) + 4(4) = 20,
|03 | = 6,| 7G| = v, cos“(~2—(}—) = 58.6°
. 64T
correct to | decimal place.
AM = ~77i + 30j + 36k and
|DB| = V777 + 36 = 8550
ﬁ":ﬁohéﬁﬁ - 60j+§(—77i+36k)

36
-5— +60]+-§—k

aM - AN*—77(—152)+30(60)+36('

| 437 | = 2513

.»\

6)= 3245




| AN | = V3889

MAN = Los"( 25\/3_2:‘/'51@— ) = 54.7° correct to
1 decimal place.
U B IO Wi v
10 a 4N = 1_5 Jan| ==~

2

cos” ( 1 5\/_) 74.5° correct to
1 decimal place.

-3
b MN = 0

4.5 3
C ﬁ-m:o,ﬁz IS N
3(-3)+ 4545 p) =0 5

Exercise 9D

1 a r=-j+5k+AQRi+6j-k)
b r=A7i-i-k)
¢ r=7i+2j-3k+ A3i-4k)

2 a x=24 b x=74
y=-1+6A y=-A
z=_5~l z=-1

c x=T7+34
y=2
z=-3-44
3 Direction of line through 9i+ 2j - 5k and

i +7j+ k is, for example, 8i - 5j - 6k. The
direction of this line is a scalar multiple of

16i — 10j - 12k and so the lines are parallel.

4 a x=2+1 b x=2t
y=13+1 y=10+5¢
z=1-1¢ z=0

¢ x=1+2t
y=-3+3
=4t

0 1 t
OA+1AB=| 4 |+1| -3 |=| 4-3¢ |andso
-2 8 -2+ 8¢
x=t
y=4-3t
z=-2+8t

Oxy plane — z = 0, -24+8=0,¢t :%

1 3 13 I 13
sx=for=asg=g (5 90)
r=(u+di+(p=-Ni+ Gk
1 =4i-7j+ pi+j+3k) — direction is
i + j + 3k which is not a scalar multiple of
6i + j + 3Kk, so the lines are not parallel.

cos™! (Tl—%%fg) = 44.7° correct to 1 decimal

place.

X 5 4
y =1 -3 |+t -1
- 2 -3
1 4
Bd-d =| 4 || -1
0 -3
= 1(4) + (A1) +(0X-3) =
. -3 R 0 -3
AB=| -2 |soOB+(AB=| -1 |+1| -2
-3 2 -3
. 3143 — ' ~3t+2
ON =! -2t+1 |, and then CN =| -2r-1
=3t+5 -3r+2

Since CN is perpendicular to L,

(*31+2)(<—3)+(——2t~1)(—2)+(~3t+2)(r3)= 0

5
22t-10=0,s0¢ =
SO 1]
3 -3 18
57\7 =11 {+ % -2 |= '1!1‘ 1
5 -3 30



Answers

Exercise 9E

1 a Skew

b Parallel

¢ Intersecting (8, 5, 15)
d Intersecting (5, — 1, 3)
p=-80, P(5, -3, 16)

3 a 4i-3Kk, —8i+4j 12§ + 5k

b 55.8° 72.3°, 51.9°
¢ 13, 414, 317
4 a r=3i+7j+9k+ A(4i + 4j + 5k)
Proof
5 a AB=-2i+2j+4k
b eg.r=1i+5k+A(=2i+2j+4k)

c cos‘l(wé%?—) =56.938 ... ° = 56.9° correct

to I decimal place
d (0,17

End-of-chapter review exercise 9

4
2J14J62

correct to 1 decimal place
b r=2i+3j+7k+A(2i - 5§ - 13k)
2 a Not perpendicular as
OA- 0B = (=2)(1) + (0)(=1) + (6)(4) = 22 # 0

1 a cos™! ( J =47.2466 ...° = 47.2°

3
bi AB=| -l
-2
i r=-2i+6k+ AG3i- j-2k)
c 4,-2,2)

3  a 4H =-9i+15j+ 12k, NH = 2.5i + 15§ + 6k

b cos-‘[—z«”—‘s——J =37.6695...° = 37.7°

—-—"1269 x 1542

correct to 1 decimal place
¢ eg r=9i+A(-9 + 15§+ 12k)

4 a n=17

T

[£]

cos™! (77:97&*1‘) = 623923 ...° = 62.4°

correct to 1 decimal place

8~4+5p=0-—>p=—§

i r=-3i+j+5k+ATi-j-k)
ii Proof

6
r = —4i + 6j - 6k + A(~2i — 14j + 2k)
~5i—j-5k
50.6°
. -2 2
AB-CB=| 4 || «
6 {2

= (=2)(2) + (~4X(4) + (6)(-2) = 0 v
. (-0 . [
AD=| 20 {and BC =| 4 | AD =5BC.

10 2

The lines 4D and BC are parallel,

-1
OF =| 12 r=—i+12j+4k + A3 - 10 + 3k)
4
36.3°correct to 1 decimal place.

Point of intersection is (4, 0, 1)
Foot of perpendicular is N(3, 2, 4) and
|EN|=|2i-j|=vZ+ P = /5

-9.5 4.5

Pa = 4 FS‘ = -6
2.5 ~1.5

R(-5, 0, 1)
Proof and side length = 7,53
T(2, 1, 1.5)
i egr=v+A(t-v)
5 -3

175 [+4| -165
135 15

-
il

ii  Proof
iii Right, squared-based pyramid
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a When A = -1 the position vector given is P.
b V185

¢ 143.0° correct to 1 decimal place

10

d Foot of perpendicular is (=3, 29, —4) so
perpendicular distance is 67
11 a r=7i+j+6k+A(3i+4j-3k)
b P(4,-3,11) and r = =5j+ Tk + u(4i + 2j + 4k)
c F’-@‘ =6
12 a p=2,g=-]
b 7i+4j+8k
c cos"‘(—mil*—)
V2999

correct to 1 decimal place.

=17.8584...°=17.9°

Prerequisite knowledge

1 w = 0.02¢3
:L\I'
2 = 60e _
1+ 3e4
38 ghidx-ilee
b —ln|cosx|+c
¢ —xe¥—ev+c
2
4 :7~(ln|x—2|—ln|3x+1|)+c
5 a J‘{x
0 >

b k=12

Exercise 10A

1 ———X4 6x+C
o = —6x +
a y=-6x

b A=nr’+€

s
¢ —{: sin(t +5)+ C
d ln[V]-——21+c0rV=0
e In|y+1j=ln|x|+C or y=-I

f —cosy=(l-2x)sinx—cosx+ C

b

dy
4 —& = 5)%x
a o yoX
1
b =
J 6— 5x*
1 i
5 +
3(2-x) 3x+1)
e —
b i x="(;,+21-)~ i ox o2
6 Proof
2
7 X = I
6_64*5111’

10 1nll—2yl=L2+B

11 x=¢ 2

12 a ,)e’+C
N A
e = — -
b 3 2 2 6
3
13 = —
Y 2 - x?

14 k=In7, %ln(f‘xz +xY) =tIn7+1n2
15 a Injlnx|+C

b |»]= B|lnx| where B = e¢
16 48 hours (to the nearest hour)
Exercise 10B

a — = —kh* where k >0



b Y~ kn where & > 0
dt
dv

¢ 4= —kv(v+1) where k> 0

d dl ==kV where k >0
de .

. =kC? where £ >0
de

f gﬂ:—k— where k > 0
dt i

e‘v

dx

a o= ~kJx wherek > 0

b t=600-240Jx

¢ 176 seconds correct to 3 significant figures

a 1_;1 = kA where k is a positive constant

b Proof
¢ $334 correct to 3 significant figures

a %z\_ = k(100 — x) where k is a positive

constant

b x=100-75¢*
86.9°C

d 100°C

a Proof

p dh_dv. dh 36
dr ~ dr T dV T w2

d  85.9 seconds correct to 3 significant figures

a % = kP where k is a positive constant
b Proof
¢ 542 minutes correct to 3 significant figures
. Or_392
de  Jr

b r=3(588 -1.568)
¢ ¥V =10.3cm’ correct to 3 significant figures

At about 6.34pm

Answers

9  Approximately g—g or 74%

10 % = k where k is a positive constant;
L=03+20

11 a 7.47 minutes correct to 3 significant figures
b 24°C
dn

12 a ar s k/n where k isa positive constant;
2Vn=kt+C
b 9

¢ =11=>n=12100and t =12 = n = 14400

13 a 0.458 hours correct to 3 significant figures

b Unlimited growth, unrealistic

End-of-chapter review exercise 10

1 y= __ln(g. _ :1‘_ 2 4 % e2x _ _;_ xZeZ,\')
!
L
2 = 250()6,
4+e2

b As - oo, x — 2500
3y =17t

4 2 Lok U5 =915
b 5
5 a 100n[10- I~ In|5-x)+ C

b i Proof

i
10
i x= l()(e, 1)
pely _ |
iii 5 grams
6 »°=xe*-e* +1025; y = 4.06 correct to
3 significant figures

1
7 —Jrt-1+C
a 2 y +
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10

11

12

13

14

15

16

17

EENIS st aR I RIS 40 |

a %’ = k(8 — h) where k>0,

1 olst

lz=8—7.5e(5
b Ast? oo, h— 38

y= —%1[}(2 )

dx
— = —kx
ar xt

b 1nx'=-——,)~+C

¢ 47.4 seconds correct to 3 significant figures

] .
a g(ln|1’1~111|5—P])+C
o 15e™
b P_2+3€5'

¢ Ast— oo, PS5

73.4 million correct to 3 significant figures

1 2
a ——cosx?+ce
2
2
b %:—%cosszrl

_In(l- 31n|cos x|)
- 3

dx —x B E BN
a .57._k(2000 x)x, t= 2‘“(2000-ax)

b 30.3 hours correct to 3 significant figures

2
X -

E-S

Y=gy

N

=
N

ln[x+2| = —g—— % sin4g + In2, x = 1.09 correct

to 3 significant figures

Prerequisite knowledge

1
2

a 3a-2bx b 2a® - abx - 3b%x?
a -2J2 b -1
¢ 2-3

3

4 a
b

5 a
b
c

iy
2.29 radians correct to 3 significant figures

5

0.927 radians correct to 3 significant figures or
53.1° correct to 1 decimal place

2i+1

Exercise 11A

1 a
¢
2 a
c
3 a
c

Exercise 11B

1 a

C

12i b 2 ;
1 31
(3J10)i d 13
8 b (9+2V2)
J29 d %
N
=1 b Y-
2
-1
6-5i b 4+1
. 1 13
11+7 - -
+ T d 5 51
~1£(243)i b -2+i
1, 3. .
—+= 3t
> 21 d iv6
_4, 14, ¢ 5.7,
3 3 4 4
x=3y=-! b x=1,y=3
x=1y=2
S+ 51 b 41



Answers

c 40-42i
e 5-2i
g 5-i
5 a Proof
6 a z2+449=0

¢ 22-4z+13=0

7 X =

N W

.1_ S =
2’}
8 [+2i

9 22-10z+28=0

10 3.2-2.4iamps

Exercise 11C

2245:414=0

All angles are given in radians correct to 3 significant

figures where rounded.

1 a c Im(s)lr
x 2 xB
1-
5 4 3 2 ]0 2 3 4 5
-1 Re(z)
=2 XA

b -3+2i
3 a (13,275

¢ (17, 1.08)

g 0 1 Re(z)

" [+3)

d (61, -0.181)

c

(41, -1.79) f (2.~%’E)

(3. 0.730) h (25, -2.86)
n

(2. -%)

V10( cos(1.89) + i sin(1.89) )

VI0(cos(0.322) + i sin(0.322))

JI0{ cos (~1.25) + i sin(-1 25))

AC is a straight line, midpoint O as | z;| = | z3].
I

Angle 408 =~ tan™ (3) - ta“"'(%) sy

Triangles 40B and AOC are isosceles, since
|z =|2|and| 2| =| 23] QED.

3 . .
3+ b 1.91+4.62i
1 o 223,
2 2 2
T3 s
6 |z = 97,drgz = 3.02
in . .in
7 a Seé b 2e ¢
_sni
J2e 12
5
8 a:.&?.’ b:é
2 2
9 a r? b c0s26 +isin26
10 a Proof Proof

Exercise 11D

All angles are given in radians correct to 3 significant
figures where rounded.

1 a
b
2 a
b

1

Zy =1, z3 = | and real

z=7,z=4+i\/§.:=4‘i\/§
Lo M -25+i3 Z=—25—iJ§
- 8" 16 16

3 \—g—q (cos1.78 +1isin1.78),
V6

ER (cos(—1.78) + i sin(—1.78))

4 z=3 z=5i, z=-5
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5 x=8 y=3

6 :z=-05 z=3+i,2z=3-1

7 =31, z=-31,z=1+2i, z=1-21
8 a -5+1,5-1i

\/§~il/2-‘3—, —«/i+i~‘—/—3—
d 4-3, -4+%
e 1+iJ5, —1-iJ5

ﬁ n \/i;%":,
f Mo ed X4
2e N 2€
9 a z=2-1 b p=37 g=-40
c Im(z)A
2-
1 X B
. T >
o | 2 3 4 s ¢ 1 8 9k
i X 4
.2
10 a=16,b=~1,z=4i,z=—4i,z=-;:+‘/—z_§—i,
1 JT5 . -
z=-—-—1
2 2

Exercise 11E

1  a A halfline from (2, — 3) at an angle of%
radians.
b The region to the right of the perpendicular
bisector of the points (0, 6) and (10, 0)
¢ A circle, centre (=6, 1), radius 7.

d A half-line from (0, 0) at an angle of%t
radians.

Im{z) A

R REER 5\7 Retz)

b Im(z) A
o Re(?)
0.-3)
4
3
c Im(z) 1\
74
6<
5_
4..
3.
2_
l_.
Tt T T T T T 0 T 1 L] 4>
7 6 -5 -4 3 -2 - 1 2 3R«
14
74
d Imiz) A
5..
4
3..
23
1_
1Ol /2 3 4 s 6 7 Rl
1
-
3/
Im(z) 1\
5 1£TS
3_
2-
]..
-5 SRe(;)




4 Im(z)

Y

=

Y
=

M
<

(0, -4)

0, -8)%

3

Im(z) Ar

(x- 32+ (+62=9

L.

,.;«
4

o]

T T Y T

3 4 5 ¢

>

% Re(z)

7 lm(:)lr
204
104 4
/
’I
/
K
2 10 Re(:)

least = 6vS
greatest = 10V5

z=12+5i

5

10 J1's Re(z)

10 a (x-52+(y-5)2=25

b Im(9)A

¢ Leastargz = 0, greatest arg z =

End-of-chapter revi

A 4

x
i)
PN
'
~—

(]

ew exercise 11

Answers

All angles are given in radians correct to 3 significant

figures where rounded.

1 a -0.1-17i
b w=1-5i, w=1+5j
c Im(z

)y A

-

4 -3 2 .

Ol 1 2 3R
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k2 - 36)—12ki n (-5):
2 a mr=k2+36 4 =200 20 6 a (s,m—] b 242e\ 4
z* k2 +36 6
ny. Tny. . s i
b aw =8e("if)l, U _ 26(_E)l 7 a w I+1
w ) b i In)A
3 a In(z)A Isosceles triangle
“ ) P
T
-1 0 .RL‘(;) y 7;
- 3.3
21 b
1 0
(3 0 5
b —14~=J'2"(cos(%1r)+ism(zn)] Rez)
W

4 a x:%,y:} ii z=4+(3+\/§)i

8 a x=-3 y=-2orx=3 y=-VJ2

b Im(z)A 5 Right-angled
¢ @—=%
) b i Proof
4“
31 N ISP R
2 i =3 n=mgty. BTy
\ 9 a z=3+2
TN ] > 4 1 3. 1.3,
3 -2 -1 1 3
3 z=m——, 2=, T =t
N Re() b 3776 2 6 2
3 10 ai {(-3)=0
e L L 1 J15 .
N | 4 1 Z—Lp——""%,-——‘z'f‘—‘(‘—‘l,
c i 2’—1—21
29 29 b i :
i cos(—0.761) + isin(~0.761)
5 a z=-2Y3+1 2 =-2/3-1i
b Im(zy A A
4 I ' .
O™~ Re(z)
03 | R
) ii Min. argz=§
14 n n 5w
B iii Max.argz=—+—~+ == —
ii Max. arg Stet e 8
1M ai 22+3:+44=0

Reflection in the real axis

ii l:ll=2
¢ |a|=|z|= J13, argz = 2.86, argz; = -2.86




Answers

1+iJ3 .- 1-iv3

b i :‘-—l’ zZ =
1 Zz z 5 5
ii Im(z) A
2 Reo)
Equilateral
12 a Proof
z z
b ,—z—*— = l, arg(:* ): ~0.841
¢ 322-4z+3=0
13 a k=-1 b argz=0.862
4 i 7-2i
|
i 6.69¢4" M)A
6_
\\ 51 V=X
\\ 4l
~,
Y P =1
3 " y-ﬁx+2
3 i
1 \\\\
3\\\ éR:(;)
14 N,
2 ™
i .
15 i u=-2-2i,v=1+2i

ii

In(z) A

2

-5 6

ar=| 0 ({+1] 7

3 -1
b i m=-=2
ii Proof
yi=4x2 -1

a p=-2 g=-25

. 14 -
b i —4—5—(-—10|+]—5k)

ii Angle POQ = 90° 6343

i lzl=2argz= % or 30° or 0.524 radians

ii a 3/3+i

NI
b5 *3

iii Im(z)

4
a 05 =| -3
0
b 33, V26
¢ 65.8° 114.2° correct to 1 decimal place

ii
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8

9

10

11

12

13

14

16

i |u|=VBor 22, argu = 17: or 45°

ii Im(z) A
3 -
2
13
B RERERR
Re(z)
jii |z| = v8 -1 =7
Im(z) A
3 p
2 1
18
|
—' £l 123 45
Relz)
i Proof
ii —In(20 — x) = 0.05¢ - In20
iii 7.9
iv ¢ becomes very large, x approaches 20
a r=-2i+j—k+u(i+3k) b 5
i InR=Inx—-0.57x+3.80 R=xe057x+380
. 1
i R=—— e "% =28.850..
ii 057 e 8
5
i 9e3
; Zy : L -2
ii rei® =3¢6 or re’® =3¢6 =3e®
y =42 +e¥)?
a -7 b 50.1°
3
-13
Iny=Inx—x2+1+In2andy=2xe™"*"
i Jul=3

ii Half-line from (0, —3)

In(z) 1\
2

14

/265

(= 32
Least|z| = 35111( - ) =—
ast] =] 4) 2
Im(z) 4\
Io) \\ Re(z)
\\
hY
3- N,
n
4

iii Circle, centre 3 - 3i, radius 1.
Im(z) A

e
T T T T T

APl 20304

2
- .3 @
-4 -

Greatest |z] = /32 + (-3)? +1=32 +

Ini(z) A

Lol
"1--l- \l 2 3 4

2 ™
IS
4

17 a m=-1, m=-4

b m=-3
¢ AB and CD do not intersect.
18 i Proof

i 6= p=2

niz) A
4 -4
4 €15
. 4 —>
-4 0 4
Re{z)



Answers

19
20

21

22

23

24

25

iii w*=2-4i
In(z) A

5
60H? ~ 60h
l = —

H?

2
i 2h
ii 5

iii 1=49.3933... = 49.4 |
r=2i+5j+ 7k + A(7i - 6j - 9K)

127.0°
i Im(z) A
2 4&
| B
1 0 2 4
Re()
| W y

OABC is a parallelogram.
u* .
il —=0.8+0.6i iii Proof
u
i Secondrootis I - (v2)i.

ii Other two roots are -1+ .

a h=3
NITO
RALUPIE
b m (j+3k)
¢ 94.9°
d r=5i44j+AGSi-3K)
3
P oge_Z2ey 10 437 —oaa
3 3 3

correct to 3 significant figures

3
2

26

27

28

29

30

i Therootsare: -3 +iv2 and 3 —iV2.

i |w— (I+2i)| = L circle, centre (1, 2) radius 1

arg(z - 1) = %n: halif-line, above and to the left
of the point (1, 0)

Im(z) A
3 4

b Least|w—-z|l =2 -1
a Proof
b m=-4
c 73.2°
. lSOOe%I
1,
ii 1800 SHel

i Therootsare: —/3 +ivZ and —J3 +iV2.

ii Circle, centre (0, 3), radius 2. Greatest
value of arg z = 2.3005... = 2.30 correct to
3 significant figures.

Im(z) lr

6

Y

s 2 O 2 4
Re(z)
dv
i — =80-kV
i o 0-k
4 - 4~k
ii kn = —, U, 4
ii l 75 0.1

iii V = 540cm? correct to 2 significant figures, V'
approaches the value given by 80 = 570 cm?
correct to 2 significant figures.
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3 a=7 b=-12
4 -101.9°, 78.1°

1 Proof s 211
1 5 2x —1
< = 6 AR
2 x 5or,)c 1 a x~2+.\~2+5
3 146 p 2717y 17
) 10 20 200
a p=-17 , b 71 7 a -(-jl— =sin2x + 2xcos2x
a | — 1.2003,1.1794, 1.1895, 1.1849, 1.1871, dx
1.1861, (1.1865, 1.863),... — 1.19 b T
_ 4
8x~ . 8 . .
b Answer x = obtains secx = — 8 a u=2+1, w=3+9%
3sec x 3
—- —2) -
cosxz—'%—) 1.186 399 6 b A(1, 1), B(, 1), €(0, ~2); BC = V10
6 L or 4 1)1 = 2¢2) S
a —(2t+ — 4L b y=2x —1
2 y=ex b i r=5i+2k+A3i-6j+k)
i Proof
7 a 10sin(6 + 36.87)° b 7.56° 98.7° 10 a Proof
¢ 13 b Proof
8 a Proof b Proof ¢ 0.1->0.07719, 0.07146, 0.069 98, 0.069 59,
0.069 49, 0.069 46 — 0.069
Bure mnihonaing b d 90.5°C

IS TN RN R e L

1 2652
2  Proof




Glossary

A
Absolute value: the non-negative value of a number
without regard to its sign

P(x)

x)’
where P(x) and Q(x) are polynomials in x, is said g(be
an improper fraction if the degree of P(x)= the degree
of Q(x)

Arbitrary constant: a constant that may be assumed to be
any value

Algebraic improper fraction: the algebraic fraction

Argument of a complex number: the argument of a
complex number x + iy is the direction of the position

X
vector [ ; J

C

Complex number: a number that can be writien in the form
X + iy where x and y are real (this form of a complex
number is called the Cartesian form)

Compound angle formulae:
sin{A+ B)=sinAcosB+cosAsinB

sin(A - B)=sinA4cos B-cosAsin B
cos(A+ B)=cos Acos B—sinAsin B
cos(A— B) = cos Acos B+ sin A sin B
tanA+tanB

By —— T anst .
tan(4 + B) l-tanAtan B
—tan B
tan(A-B)E_gln_A__}iy_

l+tanA4tan B

Converging: the sequence of values generated by an
iterative formula is convergent or said to be converging to
a root if the Values in the sequence approach the actual
value of the root

. 1
Cosccant: cosecl = ——
sing

) 1 cos@d
Cot t:cotf = -ooe | = =
otangent: co nd ( Sind ]

D

Decompose: split a single algebraic fraction into two or
more partial fractions

Degrec: the highest power of x in the polynomial is called
the degree of the polynomial.

For example, 5x* = 6x2 +2x -6 isa polynomial of
degree 3.

Direction of a vector: this is represented by the arrow on
the vector and can be, for example, the angle of the path
that takes you from one point to another along the length
of the vector
Dividend: the quantity being divided by another quantity
Division algorithm for polynomials:
dividend = divisor x quotient + remainder
Divisor: the quantity by which another quantity is to be
divided
Double angle formulae: sin24 = 2sin A cos A

cos24 = cos’ 4 - sin? 4

2tan A

tan24 = ——s—
1~tan‘4

E

kxplicit functions: Tunctions of the form y = f(x) are
called explicit functions as y is given explicitly in terms

of x

F
. . - 353
Factor: a portion of a quantity that, when multiplied by
other factors, gives the entire quantity
Factor theorem: if for a polynomial P(x), P(c) =.0 then
x —~ ¢ is a factor of P(x)

G
General binomial theorem:

nin—1 (n—1)}n-2
I+ x)" =1+ nx+ J_,,__' ) X AR U 13)5 =2) x e
where » is rational and lr| <1
General solution: a solution for a differential equation that
works for any value of the constant C

I

Imaginary number: any multiple of the unit imaginary
number i where i2 is defined to be -1

Tmplicit function: when a function is given as an equation
connecting x and y, where y is not the subject

Tntegration by parts: ju 91—3 dx = uv — J-V %l- dx
X

Integration by substitution: can be considered as the
reverse process of differentiation by the chain rule

Iteration: an iteration is one trial in a process that is

repeated such as when using an iterative formula (see
iterative process)
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Tterative formula: this type of formula is one that is used
repeatedly. The output from each stage is used as the input
for the next stage. It is commonty used in numerical
methods.

Iterative process: a process for finding a particular result
by repeating trials of operations. Each repeat trial is called
an iteration and each iteration should produce a value
closer to the result being found.

L

Laws of logarithms:

Multiplication law Division law Power law
log,(xy) = log, (; ) = log,(x)" =
log, x + log, y mlog,x

log,x —log, vy

I.ocus: a locus is a path traced out by a point as it moves
following a particular rule. The rule is expressed as an
inequality or an equation.

Logarithm: the power to which 4 base needs to be raised to
produce a given value

M

Nagnitude of a vector: the length or size of the vector
Alodulus: the magnitude of the number without a sign
attached. The modulus of a number is also called the
absolute value.

Modulus of a complex number: the modulus of the
complex number x + iy is the magnitude of the position

X
vector
[ )’ ]

N

Natural exponential function: the function y = e*

Natural logarithms: logarithms to the base of e. Inx is
used to represent log, x

P

Parallel vectors: two vectors are parallel when one is a
scalar multiple of the other

Parameter: sometimes variables x and y are givenas a
function of a third variable ¢. The variable ¢ is called a
parameter and the two equations are called the parametric
equations of the curve. ‘

Partial fraction: each of two or more fractions into which
a more complex fraction can be decomposed as a sum

Particular solution: a solution for a differential equation
that works for a specific value of C

Polynomial: an expression of the form

A X" + g X" X" +uax? +ax + ag

Position vector: a means of locating a point in space
relative {o an origin
Principul argument: the principal argument, 0, of a
complex number is an angle such that —n << <.
Sometimes it might be more convenient to give 6 as an
angle such that 0 < § < 2n. (Usually the argument 18
given in radians.)

dp du

1) == e e P e
dx Ge) = u dx ' dx

Product rule:

Quotient: a result obtained by dividing one quantity by
another

o dv 8
u ) _ _dx dx
= 3

Quotient rule: Li (
) dy v

R

Real nunber: the set of all rational and irrational
numbers

Remainder: the amount left over after a division
Remainder theorem: il a polynonial P(x) is divided by
x — ¢, the remainder is P(¢)

Resultant vector: the combination of two or more single
vectors

S
Scalar: a quantity (often a number) that is used to scale a
vector

Sccant: secO = !
cos@

T

Frapezium rule: this numerical method involves splitting
the area under the curve y = f(x) between x = a and
x = b into equal width strips

9]

Unit vector: a vector with magnitude or length one

v
Vector addition: the process of finding the sum of two or
more vectors

Vector subtraction: the addition of the negative of a vector



Index

absolute value see modulus function
area under a curve
trapezium rule 1268
see also integration
Argand diagrams 273
argument ol a complex number 274

binomial expansion 181
of (a+ x)" where nis not a positive integer 177-8
of (1+x)" where nis not a positive integer 174-6
and partial fractions 179-80

calculus see differential equations; differentiation;
integration
chain rule 88
change of sign method, numerical solutions 136
circles, loci 289-92
cobweb pattern, iterative processes 142
complex conjugate pairs 284
complex conjugates 270
complex numbers (z) 267, 269--70
argument of 274
calculating with 271, 280--1
Cartesian form 273
cube roots of one 287
equal numbers 270
loci 288-94
modulus of 273
polar forms 277
roots of polynomials 283-5
square roots of 286
complex plané
Argand diagrams 273
exponential form 277-81
modulus-argument form 273-7
components of a displacement 212
compound angle formulae 58-60
cosecant (cosec) 53--6
graph of 54
cosine (cos)
compound angle formulae 58-60
derivative of cos x 96
derivative of cos(ax + b) 97
double angle formula 61, 62--4
graph of 55
integration 118--19, 122
cotangent (cot) 53-6
graph of 55
cube roots of one (unity) 287
cubic equations 284-5

degree of a polynomial 11
differential equations 244- 5

forming an equation from a problem 252-5
general solution 246

modelling growth 259-60

Newton's law of heating or cooling 251-2
particular solution 246

separating the variables 245--9

differentiation

chain rule 88

derivative of e*) 88-90
derivative of e 87-8
derivative of Inf(x) 92--3
derivative of In x 91-2
derivative of tan™' x 186-7
derivatives of trigonometric functions 95-8
implicit 99 101

parametric 103-5

product rule’81-3
quotient rule 84-6

addition and subtraction 213-15
components of 212

magnitude of 215-16

notation 212, 213

unit vectors 217-18

dividend 12

division law, logarithms 33
divisor 12

dot product see scalar product

¢ (Euler's number) 42

derivative of e™*) 88-90
derivative of e* 87.-8
integration of exponential functions 112--13

equations

exponential 38-9

of the form asin@ + bcosH = ¢ 68-70

involving the modulus function 3-6

logarithmic 35-6

parametric 103, 2324

quadratic 283

see also differential equations; numerical solutions of
equations

Euler, Leonhard 42, 277

explicit functions 99

exponential equations 38-9

exponential form of the complex plane 277--81
exponential growth 259-60

exponential inequalities 40--1
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factor theorem 14~17

factors 12

first order differential equations 244
Fourier, Joseph 70

fractals 267

general binomial theorem 174
general solution of a differential equation 244, 246
golden ratio (1:¢) 153
golden spiral 153
graph sketching 135-7
graphs
of the modulus function 7
of reciprocal trigonometric functions 54-6
transforming a relationship to linear form 44-6
growth models 259-60

1267-9
imaginary numbers 266-9
implicit differentiation 99-101
implicit functions 99
improper algebraic fractions 166-7
partial fractions 171-2
indices, relationship to logarithms
in base 10 26-9
in other bases 30--2
inequalities
exponential 40--1
involving the modulus function 8-10
integration

of — 1 115-17
ax +
of L 115-17
X
1
of —— 1878

of exponential functions 11213
of k11X 189 99
f(x)

solving differential equations 245-9
trapezium rule approximation 126--8
of trigonometric functions 118-19, 121-4
use of partial fractions 194-6
using different techniques 201-2
integration by parts 197-200
integration by substitution 191-3
intersecting lines, vector equations 236-7
iterations 141
iterative formulae 142
iterative processes 140-1
cobweb pattern 142
staircase pattern 145

subscript notation 142-3
trigonometric equations 149-52
using a calculator 143

worked examples 143--5

loci 288
circles with centre (0, 0) 289-90
circles with centre (a, b) 290-2
half-lines and part-lines 292-3
perpendicular bisectors 293-4
logarithmic equations 35-6
logarithms (logs) 26
to base 10 26-9
to base a 30-2
laws of 33-4
natural 42
derivative of Inf(x) 92-3
derivative of Inx 91-2
solving exponential equations 38-9
solving exponential inequalities 40--1
transforming a relationship to linear form 44--6
logistic growth models 25960

magnitude (modulus) of a vector 215-16
modulus function (absolute value) 2-3
graphs of p=|f(x)| 7
solving equations 36
solving inequalities 8-~10
modulus-argument form of the complex plane 273-7
multiplication law, logarithms 33

Napier, John 42
natural exponential function 42
natural logarithms 42
derivative of Inf(x) 92-3
derivative of Inx 91-2
Newton, Isaac 175
law of heating or cooling 251-2
numerical solutions of equations 135
iterative processes 140--5
starting points 135-7

parallel lines, vector equations 236
parallel vectors 213

scalar product 227
parametric differentiation 103-5
parametric equations 103

of a line 232-4
partial fractions 181

" application of 172-3
and binomial expansions 179-80
Heaviside’s cover-up method 174



improper 171-2
with a quadratic factor in the denominator that cannot be
factorised 171
with repeated linear factor in the denominator 169-70
use in integration 194-.6
where the denominator has distinet linear factors 168-9
particular solution of a differential equation 244, 246
perpendicular bisectors 293 4
perpendicular vectors, scalar product 227
polar coordinates 277
polar forms of a complex number 277
polynomials 11
complex roots 283-5
division algorithm 13
division of 1113
factor theorem 14-17
remainder theorem 18--20
population growth models 25960
position vectors 220
Cartesian components 220-3
power law 33, 46
principal argument of a complex number 274
problem solving, forming differential equations 252--5
product rule 81-3

quahratic equations, complex roots 283
quartic equations 285

quotient 12

quotient rule 84-6

reciprocal trigonometric ratios 53-6
remainder theorem 18-20

resultant vectors 21315

roots of polynomials 283-5

scalar product (dot product) 225.-6
for component form 227-9
parallel vectors 227
perpendicular vectors 227

secant (sec) 53-6
graph of 53
integration 118-19, 123-4

separating the variables, differential cquations 245-9

sine (sin)
compound angle formulae 58--60
derivative of sin x 95-6
derivative of sin(ax + )97
double angle formula 61, 62—-4
graph of 54
integration 118-19, 122, 124

skew lines, vector equations 237-8

square roots of a complex number 286
staircase pattern, iterative processes 145
subscript notation, iterative processes 142-3
substitution, integration by 191-3

tangent (tan)
compound angle formulae 58--60
derivative of tan.x 96
derivative of tan! x 186.-7
derivative of tan(ax + bh) 97
double angle formula 623
graph of 55
integration 118--19, 123
telescoping series 172--3
translation vectors see displacement vectors
trapezium rule 126-8
trigonometry
compound angle formulae 58-60
derivatives of trigonometrijc functions 95-8
double angle formulae 61.-4
equations of the form asing + cosg = c
68-70
integration of trigonometric functions 118--19, 121-4
proving identities 66
reciprocal functions 53-6
using iterative processes [49-52

unit vectors 217-18
vector equation of a line 231-2

parametric form 232-4
skew lines 237-8

vector spaces 225

vectors
addition and subtraction 213-15
angle between 225
displacement (translation) vectors 21118
magnitude of 215-16
multiplication by a scalar 213
notation 212, 213
parallel 213, 227
perpendicular 227
position vectors 220--3
scalar product 225-9
unit vectors 21718
uses of 211
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